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1. Introduction/Motivation
Vlasov equation, Closing Boltzmann hierarchy

2. Comparison of cold DM formulations

coarse grained Vlasov and
with

a) 2D simulations (visually)
b) General formulas and 1D examples
c) 2D simulations (quantitatively)

3. Discussion of CDM
Vorticity, Effective dark matter equation of state

4. Comparison of warm DM formulations
5. Summary & Outlook
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Vlasov equation: Preview and definitions

Continuous phase space distribution function [(7,x,u)

* ensemble average of Klimontovich fn,the N-body problem. G'”bert'l(‘APJ 152, 1968

* dropping gravitational collision terms ~I/N Eg‘;gfg;]i;g;“f;’;;ﬁ,'_ﬁﬁ,gso3.25
® moments _ ) _ cO
M . () = / Pu iy - uy, f(x,w) o velocity u(x) = C; " = M;"/n

* velocity dispersion Cl(Jz)(m) = MZ(JZ)/n — Uil

Vlasov (- Poisson) equation (collisionless Boltzmann)

a

Number of particles fd’xdu alongw nonlocality 1 X
/ d x/d u f =vol
vol

phase space trajectories is conserved
Boltzmann hierarchy

w _ o m n+1-18) ~SD | | Uh MK -
SeP(I={i,,i,})

C(”Zz)(;[;) =0 fit,z,u) = ny(t,x) 5D(u — uq(t, zc))

8tf(m,u):—% ' F 4 VDV, f A = TGP0 (/d3uf—1)
t

consistent truncation:
(pressureless perfect)

Definition of Cold Dark Matter (CDM) lin(} fo(t, e, u) = fq(t, x, u)
[—

For the purpose of large scale structure formation in cosmology
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1x6D
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Vlasov, CDM g single Wigner
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N — oo R ,\A Z;OO Madelung 1927
sheu-§' S fq 2x3D
6Nx0D crossing
I dust
N-body 0 < Xigp
Bertrand et al (JPP 23, 1980) o < l{typ
Skodje, Rohrs, van Buskirk, (Phys.
Rev.A, 40, 1989)  Z o, = — v
Takahashi (1989, PTP 98) 205

Widrow, Kaiser (1993,Ap) 416) ]; = 1x6D
’ f C

Markowich, Mauser 1993 o6x3D

fH 2x3D

Zhang, Zheng, Mauser 2002 :
NG, £heng, Flauser coarse grained
Davies,Widrow astro-ph/9607133

Schaller et al 1310.5102 Vlasov

Uhlemann, MK, Haugg 1403.5567
Garny, Konstandin 1710.04846

Mocz et al 1801.03507

<€ > .
Sil < |S.v] ~ COarse grained

MK, Vattis, Skordis, Wigner (H USimi)
1711.00140 Husimi 1940
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2a) Comparison
of
2D cosmological
simulations by eye

for coarse grained Vlasov and
Schrodinger method (ScM)

Michael Kopp | =lyzikélniustay | WP| | May 22 2018



Sousbie,
Colombi,
(JCPH,321,
644,2016)
1509.07720

a=100
Vlasov solver
ColDICE

5.x1077
4.%1077
L3.x10-
2.x1077

F1.x1077

Vel_ocipy

Schrodinger method MK, Vattis, Skordis,
1711.00140

- lﬁ,ijkz}

Vlasov solver
ColDICE

dispersion

velocity
curl

— —— | +gaussian filter
Schrodinger method with width o3, o,

MY =
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Vlasov equation: Definition

Newtonian N-body problem

Position space Phase space
-’\ : A “
s !
Fenumsnannnas > xl
/ Klimontovich phase space distribution
Fusssssssssns 2 'xl m N
k@, z,u) = — Z op|x — x;(1)] op|u — w;(1)]
PO “=
® fx evolves in phase-space (x, u)
N N ® \/lasov equation: neglect all discreteness.
En=) ui _mG y : _ L u
N — 2a2 a T |wi — wj' N — oo atf = _; ’ Xf + Vx¢ T Vl/tf
@ 4nG
) Ap = TP 3,
5’(1,1' 6.’.31' a
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Vlasov equation: Definition

Cold dark matter: the continuum Iimit 1 —=q x;(t) - X (¢, q)

Klimontovich phase space distribution Vlasov phase space distribution
u U(g)
..000. A A

L
L
r
L
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_L_.L_.l.__l__l__l__l__l__L_.I.__L__l__|__l__l__l__|__ X
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r ° ¢ (q)
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Cold dark matter: initial conditions X (i — 0,q) = q
U(g)

X(q)

A _~
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Vlasov equation: Definition

Cold dark matter: phase space sheet
Construct fix,u) fr}cam Lagrangian fields X(g) and U(q)  Vlasov phase space distribution

fe(t.wu) = = dpla - a] 6plu - u Ug)
PO % l .
1 — q

d°q oplx — X(q)]dplu — U(q)]

oplu - U(Q)] sumover streams [/ ~— = _~
| det 8inJ(q)| :

Cold dark matter: dynamics
a’6, X (q) = U(q)

X(A‘l) :U(q) = —ViDe(T)|x=x(q) A
DR N S :
[ 472G po | :
AD = . -1
L (@)= — = q;th [ det 9, X)(q) )
sum over streams is non-local in g-space x=X(q)
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Viasov vs Dust
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Vlasov: increasingly complex structure

ColDICE: 3D Vlasov solver with Adaptive Mesh Refinement
T. Sousbie & S. Colombi, J. Comp. Phys. 321, 644 (2015)

- Do we need to resolve the finest scale”
- Interested in coarse-grained f

- Interested in moments of f

projecredDensiy \'\“ -

Je+d N f/' ,’//f
\ = / ~=
oy - /
1000 a

Sy

-,
—




Vlasov: increasingly complex structure

Slide from T. Sousbie’s talk https://www.cirm-math.fr/ProgWeebly/Renc1683/SousbieTalk.pdf

Simplices count n

107

10°

—— CFL
--------- CFL + density

- We cannot resolve the finest scales
- Aim for method that directly gives coarse-grained f
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@ Need to stop refining at some point toreacha =1 ...

@ Very fast growth: n < a® witha ~ 12+ 1/2 J
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2b) Mathematical formulations
and 1D example

of coarse grained CDM and
Schrodinger Method
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Schrodinger-Poisson system

(1] &)

hZ
hogy = —5— Ay +mdy AD = 4rGp(ly)* — 1)
m
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coarse grained CDM and Husimi phase space density
Degrees of freedom: 2xd 2
R 5 R¥ . X(q),U(q) |R'>R: R{y@)} Iy)

Dynamics: non-local || local

aZatX(q) — U(q) Hamiltonian equations || Hamiltonian equatiggs Arriola, Soler, (JSP, 103,2001),

~ 7
o,U(q) = —Vx¢c($)|w=X(q) ihoy(x) = _Z_A'ﬁ(m) + Dy (x)Y(x)
4nG po 1 AnG
Adc(z) = a ( q;th | detd  Xi(q)| 1) ADy () = po("”(w)l - 1)

x=X(q) sum over streams new parameter: A= h/m

Phase space distr.: non-local || quasi-local

Je(x, u) = /ddq op[x — X(g)]dp[u —U(q)]

Gaussian smoothing with width oy and o}, = ii/(207) has effective range of few oy

[z X(q)]2 [u—U(2q>]2 %_gu.m
f(:l:u)—'/ddx’ =)
H ’ -

In eulerian space Gaussian filter

(2rm0;2)"*

fe(@, u) = /. (2m)4/2 g4 (271)‘”20'

(27172)
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ID pancake collapse: coarse grained CDM and SclV
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_ w=U(g)?

_ (=X(¢))?

RW), JW)

ID pancake collapse: coarse grained CDM and SclV
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ID pancake collapse: coarse grained CDM and SclV
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ID pancake collapse: coarse grained CDM and SclV

RW), J(¥)

X(q) [Mpc]

L 2 2
_ dq _w=U@)* _ (x=X(g)
Je(x,u) = / e fulx,u) =

0.006 — 0.006
a= 10.00 L %
” 14/ -
> N
0.004 \ 0.004
e e - \ W\ e
e A~ O\ \\
L rayd \ ! W\
o 4 4 \
- 7/ \ \
0.002 (7 e\ N\ 0.002 ,,
> / p, o
~ A o ~ A
O o /P O =
— 0,000~ ; —  0.000
* B o - ’
~ ) /] i ~
0.002 ‘ = // # 0.002
- - _ L P4 = - - _
\ N\ s/ e
W\ Y ’ =
NN N\ N —
. - W\ \ - . -
0.004 \ = 0.004
— \ = —
- \ e -

~0.006 ~0.006
—10 -10

Michael Kopp | =lyzikélniustav | WP| | May 22 2018



Convergence of to

fat, @, w) = ny(t, ) 6p(u — Va(t, x)) (@) =t Jny(@) exp (ip(x)/h)

l\/|asov equation ug = Vg uy, = V¢ lSchrbdinger—Poisson and ny # 0

1 1
oing = ——2V - (nquq) , afn%” - _ZVX ' (nl/’u)

a

1 1 1> A~y
Org = —;(Ud - V)ug — V&y, Oty = =3 Uy - V)ty = VP, + 2—V( N

V X Uq = 0 V X Uy = 0 S~——
47G py _4nGpo,

ADy = . (”d - 1) Aby = a (n,/, 1) Madelung 1927

cf. Philippe Brax’s talk

[
2a?

*Tells you how to set up single stream initial conditions () = Mexp(ngml/h)
*Breakdown of this condition and 7, = 0 are generic when CDM undergoes shell
crossing and multi-streaming.Why does the ScM not break down at this point?
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shell-crossing : 1D pancake

CDM trajectories

*Integral lines of wq (until first shell crossing)
*Fundamental dynamical variable
*Cross freely

2
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shell-crossing without shell-crossing: | D pancake
fngurlcom/gallery/kD3

5cM trajectories

*Integral lines of V¢ : Bohmian trajectories
*Derived concept in ScM (and not needed)

*Quantum pressure emulates shell crossing
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https://commons.wikimedia.org/wiki/File:Newtons_cradle_animation_smooth.gif

Convergence of 5¢[v to coarse grained Vlasov

Husimi - Vlasov correspondence

“Theorem?’”:
6 £ F) ; ﬁQ
815 (

Bertrand et al (JPP 23, 1980)
Takahashi 1989
Widrow-Kaiser 1993
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Convergence of to coarse grained Vlasov

Coarse grained f autom%tically satisfies (if f solves Vlasov):

o f = ——=Vif > ViV.f + Vi@ exp(or" Vi V)V, f
a
3.7 13..7 (@2 (u—u)? r
Fouy= [TEU B0 i ) = T TNy g =

(27Tcrxcfu)3

Husimi equation (automatically satisfied ( solves Schrodinger-Poisson)
2

I 2 . [he
6l‘fH — _%foH 0-2 VxVufH + Dy €Xp(()}2<€x€;)% Sln( V e))fH
a

Sy + Scev + 87 + O(° 0%, i)

Necessary to approximate

1 coarse grained Vlasov:

Sv = —; - Vifu + Vi@ - Viifu Vlasov source |S7g| < |chV|
0-2 e~ - —~meeyiih
chV = _va ) VMfH (0 a gzjH) (6 0 fH)
a’ coarse gralnmg source
h2
Sfl = __(0 a axkng)(auiaujauka)
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coarse grained CDM and SclVi moments

Phase space sheet has to be tracked Completely avoids phase space

Dynamics: non-local || local
a*0,X (q) = U(q) -
0. U(q) = —ViD(T)|p-x(q) ho(m) = == Ap(@) + By (@)y()

_4rG po 1 4nG p
AP () = — ( Z detd, X/(q)| 1) ADy(x) = — O(W(w)lz— 1)

g with
x=X(q)

. W for Wigner
Moments: non-local || quasi-local

~

G D= Y g || @D =l )i

q with
:B:X(t,q) sum over streams
: { ("0 g H(n) OXTZA{ S o307’

(x)=c¢e

M () =e 72 e :
() oJ; ...0J; Hoeemstn

[15ee0lp

oJ; ...,

G.(x, J)} Q) derivatives of @ Gy(x, J)}

J=0 J =0
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2¢) Quantitative Comparison
of
2D cosmological
simulations

for ColDICE and
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Sine collapse

Numerical convergence
* the larger 7, the better
* similar to CO1DICE

_ Etot (CZ)
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3a) Discussion:

DM equation of state and
cosmological backreaction
estimate

from Vlasov and
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Effective pressure

T'; = poM;] |a® = 2Pes

(Wett)

Weff = Peﬁa3/p0

» Excellent agreement between

. 0
and nonperturbative methods 00 02 04 0.6 08 10

1.5%1077;
1.x 1077
5.x1078

O ; I I I | I I I | I I I | I I | | | | |

5.x1077
4.x1077

ColDICE and T 30107
> can be used as basis 2 2xi0”

B Nicolis, Senat g
for EFTOfLSS, ecal (jc:CAOP,Szoelrzuﬂl TT

a
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3b) Discussion:
Microscopic and macroscopic
vorticity
INn Vliasov and
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vorticity without vorticity

10
Sy}
a=0.5

—-10 -5 0 5 Michael Kopp \0@!__,?;}?:‘;1}2Iu‘s".;w | WPI | May 22 2018



15

vorticity without vorticity
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4) Comparison
of
1D dynamics and methods
for coarse grained Vlasov and
with warm initial conditions

S M . Nguyen, lzrar, Bertrand et al 1981 Physics Letters
Rel f . CIVl. Mocz et al 1801.03507
elevant literature:
. Banerjee et al, arXiv:1801.03906
VI aSOV. Kates-Harbeck et al arXiv:1506.07207
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Vlasov equation: warm vs cold initial conditions

—
I =0.000

X(q) = Xu(q)
| d U(g) > U.(q)
- —\
— ——  a labels the sheets used 1o
sample the initial velocity
dispersion

lllllllllllllllllll

Ny
Definition: Warm Dark Matter (WDM) im 7,z 2, u) = Z wy FO(t, x, u)
t—0
b=1

For instance massive neutrinos or DM with initial velocity dispersion

m leV Weighted sum over N; displaced cold sheets
Q, = 0.02—\; J(CPy =~ 200(1 + z)( © )km s> (D)2
€ m
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fW 2x3D

1x6D
f?fC 6X3§ -

.. ->
fw Bx3 |
Vlasov, CDM g single Wigner
N — 0o ‘\sstieam B s () Madelung 1927
t i, Y # 0
shell- f q 2%3D
6Nx0D crossing
IN dust
N-body 0 < Xigp
@ Bertrand et al (JPP 23, 1980)
@ Nguyen, et al (PhysLett 83a, 1981) Oy << Ugyp
Skodje, Rohrs, van Buskirk, (Phys.
Rev.A, 40, 1989) v O, = — \ 4

Takahashi (1989, PTP 98) 205
Widrow, Kaiser (1993,Ap) 416) ~ = = 1x6D H 2%3D
Markowich, Mauser 1993 ]C, fC w6x3D f
Zhang, Zheng, Mauser 2002 6)(3 :) < > coarse I‘ained
Davies, Widrow astro-ph9607133  CO@rse grained ISl <15 cgvl ) & T
Schaller et al 1310.5102 Vliasov MK’I‘;E:tIti;OSIk:O"diS’ Wigner (Husimi)
Uhlemann, MK, Haugg 1403.5567 ' Husimi 1940

Garny, Konstandin 1710.04846
@ Mocz et al 1801.03507 Michael Kopp | alyzikélniustav | WPI | May 22 2018



Setting up warm initial conditions for f and Y

Example: 2 sheets with uniform density

ini ini =27
Oy = U2 (Q) - Ul (Q) — thu
N, =2

1n1 Z Ugnl - U)

= 5D(Uim( ) —u) + op (U3 (q) — u)

7,0 = nomm (exp [0 “>2] +exp [w;m(i)%_ u)D
N 22:%

-04 -0.2 OO 0.2 0.4
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Setting up warm initial conditions for f and Y

R(y), 9)

Example: 2 sheets with uniform den

sity

ini ini - 21
—Ifx) o0, = U, (q) — Uj (q) = thu

___Wantthistobe 1!

0.004 F 3

Y™ (x) = Ni‘j \/; el DI = i 0D/ g (;'z
b=1

15F oF
1.0%-
osé L5y
0'0;' — S 10}
o 0]
—1.55— 0.0:—
Need to choose at least |
2rh L 0002}
oy = — = — =0.025 |
Ou y — = 0000}
U o002}
_h b4 sheets automatically |

Tu = 2o,  4n  well separated

00045, . .

-04 -02 00 0.2 04
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coarse grained WDM and SclVl moments

Phase space sheet has to be tracked Completely avoids phase space

Dynamics: non-local |l local
azﬁtXb(q) =U(q) -
U(q) = ~ViPe(@)lo- o (@) = — 2= Mi(@) + By (@) (@)

4nG anG
Ay (@) = TS ) || st = T wwr - 1)

qw1h

x=X(q)

w for warm

Moments: non-local || quasi-local
N, PR OAC)

G, (x,J) =D
(;q ~ h) | detd, Xi(q)|

X(; q sum over streams

W for Wigner

D" o" 1 272 H(n) @C—ZA
oty (@) = e

G.(x,J )} . (n derivatives of iy)
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- "Schrodinger

.Ngrid=2|4
oN =)I2

R), I¢)

Warm

'Ngrid =14
*N Ns=3328
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coarse grained VWDM and SclVl agreement

On the arXiv in 2 month or so

0.012F

0.010f
0.008F
& 0.006!
o o —SCM: cold
Non-zero initial 0.004 [ ——SCM: warm

velocity dispersion ~ 0002} e SIC: cold
= SIC: warm

000.89_:“:.':.'.'.'.':.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'-_
002 & = = "
000fe o o o o 2 o o o o * o 1 Agreement

~0.02} . " better than 5-1074
—0.041 :

~0.06}

EXM/ERIC -1 [%]
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Repulsive force (plasmas): two-stream instability
Vlasov Schrodinger method

wWptfm = 1.283
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Repulsive force (plasmas): Landau damping
Vlasov Schrodinger method

" 'ScM, hbar=1.0x10"%, log, Ny=14]

B — o i . —— e |

04

S e o S 16410, o N

. i —
| 4 - —
| - —— - e
.
.

— “
—— |

(wp=7.1x107 ]

wp =7.1x1072
p = 7Y 1 04

04

"SIC,N=128, N.=10

(wp=7.1x107 |
0.4
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5) Summary

MK, Vattis, Skordis, 1711.00140

|. Convergence of to coarse grained Vlasov for i — 0
2. Excellent agreement with Co1DICE Sousbie, Colombi 1509.07720
3. Man)' advantages: Uhlemann, MK, Haugg 1403.5567

a) only 2 degrees of freedom, UV complete
b) phase space can be avoided
c) quasi-local in eulerian space

~/

d) f sampled uniformly, but minimal resolution 7

Ongoing and Future
|. 3D implementation with AMR, using GAMER e etal (Aels. 1862010

Schive Chiueh, Broadhurst
(Nature 2014)

2. Warm initial conditions, modeling neutrinos
3. Non-perturbative field theory methods applied to ScM:
Solve evolution equation for (s, z )(t, y1)...(t, T )E(t, y,))
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