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Introduction |

o Particles endowed with mass, spin, charge, magnetic momentum,
are usually described using Quantum Mechanics

e The worldlines of point-like particles in General Relativity, are
timelike geodesics for massive particles.

e The description of the motion of spinning particles obeys to
differential “Universal Equations” (MDP equations).
[Mathisson, 1937], [Papapetrou, 1951], [Dixon, 1970]

e However, no equations were provided for massless spinning
particles.
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Introduction |l

o We present an alternative formulation of the principles of GR
[JM Souriau, 1974]

e The MPD universal equations for spinning particles follow in a
straightforward manner

e It was used to obtain classical equations of motion for spinning
massive charged particles with magnetic momentum in GR with
the presence of an ElectroMagnetic field [C Duval, 1972]

e It allows us to build a classical model aimed at describing the
motion in gavitational fields of massless spinning particles
[PS, 1976]
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o The Principle of General Relativity
o Universal Equations for Spinning Particles
o General Conservation Law

o Motion of Massless and Spinning Particles
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The Principle of General Relativity - |

universe

U: Riemannian manifold (C°°, 4-dimensional, open, simply connected, space and
time oriented, . ..)
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The Principle of General Relativity - |

C: x— gap(x)

universe

U: Riemannian manifold (C°°, 4-dimensional, open, simply connected, space and
time oriented, . ..)
E.: vector space of all metric tensor fields on U/
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The Principle of General Relativity - |

; C: x— gap(x)
G ’ :-"Q(C)

group of diffeomorphisms

universe

U: Riemannian manifold (C°°, 4-dimensional, open, simply connected, space and
time oriented, . ..)

E.: vector space of all metric tensor fields on U/
G: group of all diffeomorphisms with compact support acting on U
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; C: x— gap(x)
G ’ :-"Q(C)

group of diffeomorphisms

universe

U: Riemannian manifold (C°°, 4-dimensional, open, simply connected, space and
time oriented, . ..)

E..: vector space of all metric tensor fields on U/
G: group of all diffeomorphisms with compact support acting on U
(S) ‘ Principle of GR: the action of G is not observable
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The Principle of General Relativity - |

a, C: x— gap(x)
G

group of diffeomorphisms

universe

U: Riemannian manifold (C°°, 4-dimensional, open, simply connected, space and
time oriented, . ..)

E.: vector space of all metric tensor fields on U/
G: group of all diffeomorphisms with compact support acting on U

(S) ‘ Principle of GR: the action of G is not observable
C € S: subset of metrics with signature (4 - - -)
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The Principle of General Relativity - |

a, C: x— gap(x)
G

group of diffeomorphisms

universe

U: Riemannian manifold (C°°, 4-dimensional, open, simply connected, space and
time oriented, . ..)

E..: vector space of all metric tensor fields on U/
G: group of all diffeomorphisms with compact support acting on U
(S) ‘ Principle of GR: the action of G is not observable

C € S: subset of metrics with signature (4 - - -)
Sc: the orbit of C under G
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The Principle of General Relativity - |

2, C: x— gap(x)
G
group of diffeomorphisms

universe
"hyperspace”
U: Riemannian manifold (C°°, 4-dimensional, open, simply connected, space and
time oriented, . ..)
E.: vector space of all metric tensor fields on U/
G: group of all diffeomorphisms with compact support acting on U

(S) ‘ Principle of GR: the action of G is not observable
C € S: subset of metrics with signature (4 - - -)
Sc: the orbit of C under G
Manifold H = S/G: "hyperspace”; I' € H is the class of C
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The Principle of General Relativity - |l

C: x— gap(x)

G
group of diffeomorphisms

universe ) )
hyperspace

G is oo-dimensional = no Lie algebra acting on E
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The Principle of General Relativity - |l

2, C: x— gap(x)

G
group of diffeomorphisms

H=S/G

universe ) )
hyperspace

G is oo-dimensional = no Lie algebra acting on E
V:ix+—dx =V : C> vector field with compact support Qy C U
Lie derivative Ly C = x — [Lvglag = VoV + VsV, where V, = g, V¥
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The Principle of General Relativity - |l

C: x— gap(x)

G
group of diffeomorphisms

universe

H=S5/G
"hyperspace”

G is oo-dimensional = no Lie algebra acting on E

V:ix+—dx =V : C> vector field with compact support Qy C U

Lie derivative Ly C = x — [Lvglag = VoV + VsV, where V, = g, V¥

Tr: tangent space to H at I, and 0C = x — dgap(x) € Ex
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The Principle of General Relativity - |l

C: x— gap(x)

G
group of diffeomorphisms

universe ) )
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G is oo-dimensional = no Lie algebra acting on E
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Lie derivative Ly C = x — [Lvglag = VoV + VsV, where V, = g, V¥
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Assume that 6C > dT is a linear map Eoo — Tr

PS - SW XIII  (2019) Spinning photons in GR



The Principle of General Relativity - |l

C: x— gap(x)

G
group of diffeomorphisms

universe

"hyperspace”

G is oo-dimensional = no Lie algebra acting on E

V:ix+—dx =V : C> vector field with compact support Qy C U

Lie derivative Ly C = x — [Lvglag = VoV + VsV, where V, = g, V¥
Tr: tangent space to H at I, and 0C = x — dgap(x) € Ex

Assume that 6C > dT is a linear map Eoo — Tr

o0 = 0 for any 6 C tangent to the orbit S¢ of C under G : LyC — 6 =0
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The Principle of General Relativity - |l

C: x— gap(x)

G
group of diffeomorphisms

universe

"hyperspace”

G is oo-dimensional = no Lie algebra acting on E

V:ix+—dx =V : C> vector field with compact support Qy C U

Lie derivative Ly C = x — [Lvglag = VoV + VsV, where V, = g, V¥
Tr: tangent space to H at I, and 0C = x — dgap(x) € Ex

Assume that 6C > dT is a linear map Eoo — Tr

o0 = 0 for any 6 C tangent to the orbit S¢ of C under G : LyC — 6 =0
Tr is a vector space as the quotient of two vector spaces

No further assumption needed about the manifold structure of H
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The Principle of General Relativity - |l

Matter distribution on the universe U/
Definition of the cotangent space p € T/

V(x — V) compactly supported
u(0r) = M(6C) <= 0C: dgup =VaVs+ VsV,
n(ér) =0

1
(T16g) = M(6C) :/ 5 T*7dgagvol, Vo€ € Ex
u

where vol = /| det(g)| dx! dx? dx® dx*

T8 the stress-energy tensor and x — 0C = 6g,5: test function

Matter distribution on U: (x — T*?) « pe TF < T: tensor distribution
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The Principle of General Relativity - |V

Souriau’s general covariance condition

V(x +— V) with compact support Qy C U :
1
) (TILvg) :/ ETQ/B (VaVs+VsV,) vol =0
u

T is a symmetric tensor: Tob = Tha

/Taﬁva\/gVO]:O & /Va(Taﬁvﬁ) vol—/(VaTaﬁ) Vgvol=0 VV
u u u

(S) & V. T¥=0
| |
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Universal Equations for Spinning Particles - |

The distribution 7 may be discontinue: it is then supported by a submanifold
M C U, e.g., 3, 2 or 1-dimensional for condensed states of matter
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Universal Equations for Spinning Particles - |

The distribution 7 may be discontinue: it is then supported by a submanifold
M C U, e.g., 3, 2 or 1-dimensional for condensed states of matter

The worldline A of a point-like particle is a one-dimensional submanifold of /.

1
(Taldg) = / ETaﬁégag dr  where A is parametrized by 7 € R
A

@ 0gap are test functions for the distribution 7°

° %TO‘B dr is the tensor density on the curve A
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Universal Equations for Spinning Particles - |

The distribution 7 may be discontinue: it is then supported by a submanifold
M C U, e.g., 3, 2 or 1-dimensional for condensed states of matter

The worldline A of a point-like particle is a one-dimensional submanifold of /.

1
(Taldg) = / ETO‘B(Sg(,Jg dr  where A is parametrized by 7 € R
A

@ 0gap are test functions for the distribution 7°

° %T“B dr is the tensor density on the curve A
Expanding the distribution 7 to first order yields the general form
1
(Taldg) = 5 [ [0 dgus + ¥ Vadgar) dr
A

where %@ d7 and %\Il d7 are tensor densities on A that define Tx
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Universal Equations for Spinning Particles - I

Souriau’s general covariance condition on A
V(x — V) with compact support Qy C U

4

IPe Ty, SET,® T, | S is skew symmetric: Sob 4GB —

1 dx” dx?
/ {P”X(Sgw,—l—S“"d);Vuégyp dr

(S) (7alLve) =0,

(Talog) =5 [ [P
P and S satisfying the

Mathisson-Papapetrou-Dixon “Universal Equations”

dPr _ ,ERH Saﬁg

- p,af
(MPD) AdT 2 dT
ds# _ pn dx” pv dx*
dr dr dr

where the hat (") denotes the covariant derivative on A with respect of 7



General Conservation Law

(S) = (T|Lvg)=0]V¥(x+— V) with compact support Qy C U

(TlLvg) = / Va (T’ V) vol —/ (VaT*?) Vg vol
u u
If (x — W) is not compactly supported, we still have V, T%% =0, but

(TILweg) _/uva(raﬂwﬁ) vol # 0
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General Conservation Law

(S) = (T|Lvg)=0]V¥(x+— V) with compact support Qy C U

(TlLvg) = / Va (T’ V) vol —/ (VaT*?) Vg vol
u u
If (x — W) is not compactly supported, we still have V, T%% =0, but

(T|Lwg) = / Va (T‘lﬁ Wg) vol #£ 0
u
For a 1-dimensional manifold A, and first order distribution:

(Titwe) = [

1
d (P(’ W, + Esaﬁva WB> £0
A
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General Conservation Law

(S) = (T|Lvg)=0]V¥(x+— V) with compact support Qy C U

(TlLvg) = / Va (T’ V) vol —/ (VaT*?) Vg vol
u u
If (x — W) is not compactly supported, we still have V, T%% =0, but

(TILweg) _/uva(raﬁwﬁ) vol # 0

For a 1-dimensional manifold A, and first order distribution:

(Titwe) = [

1
d (P(’ W, + Esaﬁva WB> £0
A

But if Z is a Killing vector of the metrics (U, g), i.e., leaves g invariant
1
Lzg=0 = (T|Lzg)=0 = PZ,+ Esaﬂvazg = counst.

Noetherian-like first integral, independent from any model of particle
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Motion of Massless and Spinning Particles

. S . dx . . |
(MPD) equations are not deterministic: an equation for g, 1S missing
T
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Motion of Massless and Spinning Particles

. S . dx . . |
(MPD) equations are not deterministic: an equation for g, 1S missing
T

Equations of State for P and S, compatible with (MPD):

P,P* =0; P future-pointing
SPP,=0; SA0VYxEA
= *(S)*PPg = xsP* = SM'S,,, = —2s% = const.

X = %1: helicity, and s > 0: (scalar) spin (s = h for a photon)
 is the Hodge star, R(S),, = Rap,uw S, pf(R(S) =*(R(S)).R(S)

PS - SW XIII  (2019) Spinning photons in GR



Motion of Massless and Spinning Particles

. S . dx . . |
(MPD) equations are not deterministic: an equation for g, 1S missing
T

Equations of State for P and S, compatible with (MPD):

P,P* =0; P future-pointing
SPP,=0; SA0VYxEA
= *(S)*PPg = xsP* = SM'S,,, = —2s% = const.

X = %1: helicity, and s > 0: (scalar) spin (s = h for a photon)
x is the Hodge star, R(S),, = Rap, 0 SY?, PE(R(S) =+ (R(S)).R(S)

Complete system of equations:

dx* 2

=Pt SFR5,,SP PP
dr + RAH’V'DSA,LLSD;) Bre
dPe_ DE(RS)

dr ~ Ry.,,5MmSve
asw pr dx¥ dx* pv

dr dr dr
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Motion of Spinless Particles

In the present framework, equations for spinless particles are obtained by limiting
the distribution 75 to the monopole term, i.e., by setting the dipolar term to zero.

This means that the equations of state for these particles are:

P,P* = const. > 0
S=0

Then the (MPD) equations become

dx#
dr
dpv
=0
dr

which is the equation of a time-like or null geodesic: the usual “Principle of
Geodesics” is recovered.
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Souriau's formulation of the principles of General Relativity yields
v the MPD universal equations for the motion of spinning particles;
V' the conservation law associated with a Killing vector;
V' by setting the equation of state

P.P=0, SP:0=>{*( )P = xsP ; Tr(S?) ——52}

it also yields the complete system of equations for a massless spinning particle:

dx 2

=Pt W5./?(5)/3
dP _  pf(R(S))

@ TERE)E)

ds p dx  dx

dr —dr dr
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Thank you for your attention
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Some definitions

@ The Hodge star

(e1, €2, €3, €4) orthonormal oriented basis of T,
*(ex Ney) =exuper Ne, () linear map
Expvp Levi-Civita tensor (1234 = 1)

o Tensors & linear map
SM e T, ® Ty: skew symmetric contravariant tensor: S** + S¥# =0
S* . = g, S skew symmetric linear map S: T, — Ty
g(SV, W)+ g(V,SW)=0 VV,WeT,
S = gMS’\,j: skew symmetric covariant tensor: S, +5,, =0
o Pfaffian
F skew linear map: F.(xF) = (xF).F = pf(F).I
*xF  skew linear map: pf(xF) = —pf(F)
det F = —pf(F)?
o Coordinate-free notation
R(S): skew symmetric linear map; R(S)l = R}/ 5
S.R(S): linear map
R(S)(S) = Rap i SPSH € R

Sop
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Coordinate-free equations

P is a (contravariant-)vector whose components are PH
P is the corresponding (co-)vector whose components are Py = g, P*

dx 2
T P+ R(S)(S)S'R(S)P
dp pf (R(S))
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