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Introduction

Friedmann-Lemaitre-Robertson-Walker background (homogeneous and isotropic)

Danilo Artigas Gauges in cosmological perturbation theory and in{ 15th October 2



Introduction

Small (quantum) inhomogeneities and anisotropies
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Introduction

Quantum fluctuations become classical at large scales

cosmological perturbation theory (CPT) — separate universe (SU) [Wands et al. (2000)]
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https://arxiv.org/abs/astro-ph/0003278

Introduction

Classical inhomogeneities and anisotropies backreact

SU — stochastic formalism [Cruces’ talk on Tuesday]

Danilo Artigas Gauges in cosmological perturbation theory and in{ 15th October 2



Introduction

Quantum fluctuations become classical at large scales

cosmological perturbation theory (CPT) — separate universe (SU) [Wands et al. (2000)]
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Introduction

gauge fixing in CPT = gauge fixing in SU ? [DA, Grain & Vennin (2022)]
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https://arxiv.org/abs/2110.11720

Hamiltonian formalism for general relativity

Total (Hamiltonian) constraint of general relativity [Langlois (1994)]:
C(t %) = /d37( [N(t,)?)s(t,)?) + N’(t,)?)D,-(t,)?)]

where N is the lapse function and N/ is the shift vector.
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https://iopscience.iop.org/article/10.1088/0264-9381/11/2/011

Hamiltonian formalism for general relativity

Total (Hamiltonian) constraint of general relativity [Langlois (1994)]:
C(t %) = /d37( [N(t,)?)s(t,)?) + N’(t,)?)D,-(t,)?)] )
where N is the lapse function and N/ is the shift vector.
Invariance of the theory under time reparametrisation is ensured by the scalar constraint:
§=0. @)

Invariance under space reparametrisation is ensured by the diffeomorphism constraint:

D;=0. (3)
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Hamiltonian formalism for general relativity

Total (Hamiltonian) constraint of general relativity [Langlois (1994)]:
C(t %) = /d37( [N(t,)?)s(t,)?) + N’(t,)?)D,-(t,)?)] )
where N is the lapse function and N/ is the shift vector.

Invariance of the theory under time reparametrisation is ensured by the scalar constraint:
S=0. (2)
Invariance under space reparametrisation is ensured by the diffeomorphism constraint:

D;=0. (3)

The dynamics is obtained by the use of the Poisson bracket z = {z, C}, where we defined:

OF oG oG oF
F G = oLom = 4
RO = 3o s @

for two arbitary functionals of the phase space F and G, with the configuration variables g4 and
their momenta pp.
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Cosmological perturbation theory

(v.8), (p.17p) (8y1,811), (8y2,612), (69, 61p)
N SN, 5N,
S0 —o s =p) =p

S@)
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Cosmological perturbation theory

(v.8), (p.17p) (8y1,811), (8y2,612), (69, 61p)
N SN, 5N,
S0 —o s =p) =p

S@)

Fixing a gauge: e.g. §yy = 8y» = 0.
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Separate Universe

[ CPT | separate-universe approach |
o1 on
57T1 57T1
5)/2 0
57T2 0
59 59
51y 51y
5N 5N
SNy 0

s 5@ 51 3@
D) D) 20
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A geometrical framework: CPT

Let’s arrange the perturbed quantities in a 6-dimensional vector:
5z = (89, Syy, Sys, 51y, 5y, 52)7 . (5)

The phase space is described in terms of a 6-dimensional vector space:

Constraints: M, pMm (6)
Gauges: Q81 b @
Physical dof.: g, p:=Q4g (8)
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A geometrical framework: CPT

=

S

oy
O
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A geometrical framework: CPT

=y
Sy

hgh
o
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A geometrical framework: CPT

Gauge invariant variables

Danilo Artigas Gauges in cosmological perturbation theory and in{ 15th October 2020 5/13



A geometrical framework: SU

2t
ST

Wl

s
I

s
]
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Gauge-invariant CPT

Why do we use only the Mukhanov-Sasaki variable and the curvature perturbation [Sasaki (1986)]
[Mukhanov(1988)] [Lyth & Wands (2003)]?
Mathematically, it is the easiest one to find!

V3 v/ [m2 K2 M2 K2
Qs = (e Yomp ooy, Y22y o2z O Ma ) g
v MEIV e T5 | e MEE V6 v1/3 ©)
b = (O %v%,Z\/gv%,mp, ;ﬁvwﬁ, —\/§v1/36> (6)
~ Mo Mo
Gus = <1’\/§6v5/3’\/€9v5/3'0’0’0 @)
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http://jetp.ras.ru/cgi-bin/dn/e_067_07_1297.pdf
https://arxiv.org/abs/astro-ph/0306498

Gauge-invariant CPT

Why do we use only the Mukhanov-Sasaki variable and the curvature perturbation [Sasaki (1986)]
[Mukhanov(1988)] [Lyth & Wands (2003)]?
Mathematically, it is the easiest one to find!

V3 v/ [m2 K2 M2 K2
Qs = (e Yomp ooy, Y22y o2z O Ma ) g
v MEIV e T5 | e MEE V6 v1/3 ©)
- 2 2 1 2
[ R _© 23 < ,2/3 _ B _ . [&,1/3
QD (O \/§V ,2\/;v , Ty, 2\/§v g, \/;v 6) (6)
~ My Mo
Gus = <1, \/§0v5/3’7\/€9v5/3’0’0’0 @)
But in SU:
= M}%‘”’(p
dus = <1 " /39vE/8 0.0 ®

which is not a gauge-invariant variable of CPT.
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http://jetp.ras.ru/cgi-bin/dn/e_067_07_1297.pdf
https://arxiv.org/abs/astro-ph/0306498

Gauge-invariant SU

m Gauge invariant quantities:

M2
Pri 8‘P + \/* 6V5/3 5}/1 (9)
Qprry = B9 Vq) (10)
—_ \/§1T¢ 'ngJ -
Qprr; = 69 — a3 ?fV 514 (11)
— 3 _
Qp, = 61 — MT?IWTV(;,&T‘P (12)
3 v
Qy11r1 8)’1 + M2 27577-1 (13)
Pl _2 _

v2
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Gauge-invariant SU

m Gauge invariant quantities:

J— M2 Tp ——

QW =op+ TI;IWSM (9)
— Ty ——

Qe = 59 + V2;¢8#¢ (10)
— \/§‘IT¢ 7TgJ PR

Qpry =8¢ — ~ 7 | L5 — V| B (11)
3 _

Oy, = Oy4 _MTEIWTV(;,&% (12)
— 3 vV _—

Qpmy = 8yt + M2 w2 &4 (13)

Pl Tg_ 4

m Some of those are also gauge-invariant quantities for CPT (Qg7;, OW’ Qm). Thus e.g. :

1 1 M2 2MZmyvVy + 3126

Q= = Qs —
27 T 27T 2\/3V5/30 2MEVV —Bmef 1T

(14)
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Gauge-invariant SU

m Gauge invariant quantities:

J— M2 Tp ——

OW =op+ TI;IWSW (9)
— Ty ——

Qe = 59 + V2;¢87¢ (10)
— \/§1T¢ 'ngJ PR

Qpry =8¢ — ~ 7 | L5 — V| B (11)
3 _

Qp, = 61 — Vﬁm5ﬁ¢ (12)
— 3 vV _—

Qpiry = 8y1 + Wﬂzism (13)

Png_V

= Some of those are also gauge-invariant quantities for CPT (Qgyr, QW’ QW)' Thus e.g.:

Q=..5¢+..5y1+..5m, (14)
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Canonical transformations

w — Mw

m One can decompose the Hamiltonian C(® into C(GZ), + Cg).
This might be relevant in the context of quantum gravity and for solving the problem of time
[Isham (1993)].

= One may pass from a gauge choice to another by a canonical transformation.
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Example of gauges

CPT SU
Spatially flat 5y1 =0y>=0 k&N term is not neglected anymore...
SN = —_N_2/35
Newtonian Sy =6mp =0 23 Y1
and D'’ =0
Generalized ON=06N; =0 f— —1 _
synchronous and 85y, = —2v'/35m, SN=0andD" ' =0

Uniform expansion

6y1 = 6N; = 0 is pathological

Syy = 0 is healthy

Danilo Artigas
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Conclusion

m We formulated the cosmological-perturbation theory (CPT) and the separate-universe (SU)
approach in a Hamiltonian framework.

m At large-scales, the isotropic and anisotropic degrees of freedom decouple. The SU can be
understood as a perturbed FLRW universe.

m One needs to find a systematic way to link gauges in CPT with gauges in SU.
In order to do so, we are developing a geometrical framework that may be more convenient for
solving such a problem.

= This might result in the discovery of some gauges or gauge-invariant quantities that are more
suitable for formulating the stochastic formalism.
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Perturbed constraints

The resulting equations of motions for perturbations are
. — 2 ,2/3 v2/3 1/3
Sy = fv KBN: — 32 V05N — i ( V368w, + & 6}/1)
. 2
Sy = — k6N1 17/3 (? —V+ MEI%) SN
2 M2
+N[_W(Tg+2 4v2/ )6)/"’_2M261

+33y1/3 (% 5mp — Vg 54)) g/MZKZS)/2:|,

5)./2 = —2\/§V2/3k6N1 + N av /3872 + M2 5)/2)
Sty = \/g VV/30KSN, — yfl‘f/35N
fM M3 k2
8p = TSN+ N (18my — F 28 5y1),
87 = kSN — W SN — N [v (L5 + Vo) 89+ FvV3Ve8y4] .

(15)
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Perturbed constraints

The resulting equations of motions for perturbations are

Sy1 = — 2 v2BKksN, — Y3\2RgSN — 2v\38my + 86

" f - 3 (2 5 ( 1 Y1)
. Tl'
Smy = — k5N1+ 5 (f_v+/\/1§1 km) SN

2 M2 k2
+N[_W<Tg+§74sl )6y1+2M26 K

+33y1/3 (% 5mp — Vg &p) 2 2 k25)/2} ,

- 1/
Sys = —2\/gv2/3k6N1 TN (% 38172 + i 5)/2)

57z = \/2V/30KEN; — yflf/szw

\/M 5 M2, K2

8p = TSN+ N (18my — F 28 5y1),
81 = — k6N = W SN — N [v (L5 + Vo) 89+ FvV/3Ve8y4] .

(15)
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Perturbed constraints

The resulting equations of motions for perturbations are

Syy = — 2 v¥/BKSN ——v2/366N 2v\38my + 86
" f 1 3 (2 MP'( 1 Y1)
. T,

Smy = — k8N1+ 5 (l_v+M§1 km) SN

™ M2, K2
+N[—W<v—g’+%74p‘ >5y1+ &

+33y1/3 (% 5mp — Vg &p) 2 2 k25)/2} ,

. 1/3
5)/2 = —2\/gv2/3k6N1 + N 4V 57Tg + Misla)/g) ,

57z = \/2V/30KEN; — yflf/swv (15)

\/M 5 M2 K2
8p = TSN+ N (18my — F 28 5y1),
81 = ~ ko = W SN = N [v (L5 + Vo) 89+ FvV/3Ve8y4] .

The scalar part of the diffeomorphism constraint always acts through gradient terms. It can be
neglected at large scales.
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Perturbed constraints

The resulting equations of motions for perturbations are

Syy = — 2 v¥3KSN ——v2/366N 2v\38my + 86
" f 1 3 (2 MP'( 1 Y1)
. Tl'

5my = — k5N1+ 5 (f_v+/\/1§1 km) SN

71'2 M2
+N[_ 3y1/3 <V2 + 2 4y2/ ) 5)/1 + 67T1

+33y1/3 (% 5mp — Vg &p) 2 2 k25)/2} ,

. 1/3
Syn = —2\/gv2/3k6N1 +N 4V 8172 + Miglayg) ,

Sty = \/§v1/39k5/v1 yflf/swv (15)

f/vl 5 M2 k2
8p = TSN+ N (18my — F 28 5y1),
81 = — k6N = W SN — N [v (L5 + Vo) 89+ FvV/3Ve8y4] .

At large scales, the isotropic degrees of freedom decouple from the anisotropic ones.
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Perturbed constraints

The resulting equations of motions for perturbations are

Sy1 = 77v2/3k5N1 — 323G 5N — o N (2vVo8mi + §8y1).
. Y 2
sy = — k6N1+ ‘fa(%_vw\/lg km) 5N

7'1'2 M2
+N[_W(v2+2 prv )5)’1+ oy

+ 2/ (g 89 — Vi Sp) — fM2k25y2]

12v
Sys = —24/2v¥3KkSN; + N 0.5 )
Y2 \/; 1 Mz, Y2
Sirp = \FVV:“GKSM yflf/sg/v (15)

\/M 2 M2, K2
—H\{ 57T2_ v kdyi - 3v2‘/3 (Tg +7- 5,73 > 5}/2}'

8p = TSN+ N (18my — F 28 5y1),
81 = — k6N = W SN — N [v (L5 + Vo) 89+ FvV/3Ve8y4] .

This motivates the formulation of the separate-universe (or quasi-isotropic) approach at large
scales, where we focus only on the isotropic degrees of freedom. See e.g. [Wands et al. (2000)]
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