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o Quadratic Lagrangians with 2 dof
o Gyroscopic Lagrangians: presence of ¢ gb

o Classification of mixings
(Time=field with t-dep. vev, Space= field with X-dep. vev)
Time — Time
Space — Space
Space — Time

o Stability
o Applications
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Gyroscopic Equations of motion

linear conservative gyroscopic systems are described by the
equation

X+Dx+Mx=0

Dt=-D, Mt=M
@ The equilibrium is stable if M >0
@ The equilibrium is unstable if D =0 and M <0
@ The equilibrium is stable if M < 0 but D > Dgitical

L=>(%+x-D x—¢-M-x)

N =
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Quadratic Lagrangians

Quadratic Lagrangian (only time derivatives 0;)

@ One dof:
L=k(t)$*+d(t)¢d— m(t) ¢
—— ~—~—
0 m=Mef
/d:dqw:—/dtg¢2+b.c.:meﬁ:m+g
@ n > 2 dof:

L=¢-K-9p+¢D-d—¢-M-¢, K=K\ M=M

) (D — Djj) : (Dji + Dy)
/dt'Dljéi(Pj*Mij(Pi%:/dt ! = ¢i¢j*(MU+7IJ2 L) ¢i &) | + b.c.
N———— N——
Dlp=—Deg Mefr
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Quadratic Lagrangians

Lowe=6¢ Ko d+¢ Do-d—¢ - Mo-¢

o Operations: + total derivative terms
ICO = ICt, MO = MB, D6 = _DO
e Operations: Point Transformations ¢ — F[¢]

e Diagonalization Matrix IC — (1) (1)
; . . 0 1
o Antisymmetric Matrix D — d(t) 10
o Diagonalization Matrix M — mlo(t) mO(t)
2
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Field Content

splitting of fields: background configuration ¢ plus fluctuation ¢
¢ =+ p(t, X).
Homogeneous and isotropic space time

o Fields with zero vev ¢ = 0 we denote their fluctuations as
=2t X)

e Time-fields: Fields with temporal vev ¢ = ¢(t) we denote
their fluctuations as ¢ = T (t, X)

@ Space-Fields: Field with spatial vev ¢' = x’ we denote his
fluctuations as ' = Si(t, X) = —2-5 + §' where ;5" = 0.

AV
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Lagrangian formulation of hydrodynamical equation

e Building Blocks: four scalar fields o A=0,1,2,3

Stuckelberg fields for spont. broken space-time symm.

goa 1,23 comoving coordinates of the continuous medium
¢° internal time of the medium

¢ (t, %) = x* + 7(t, %)
N —

phonons

e Internal Symmetries in scalars space: Shift, SO(3),, Non Linear

extensions
Mechanical (Super)Flm'ds
(Super)Solids
Symmetries <> adiabatic

Thermodynamical { isentropic

barotropic, etc.
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Operators on FRW

Symmetries: homogeneity and isotropy SO(3)
protected by shift symmetry:®' — &' 4 ¢; = £(9S, T, T, t)
@ Operators with no derivatives:
Op=T?
@ Operators with one derivative:

spatial Oy =0;S' T k,
temporal O, =TT

@ Operators with two derivatives:

both spatials O = a,'Si@ij, 8,'5j 8j5’, 8,-T8J-T X k2
spatial and temporal O = 3,'5i T x k,

both temporals Ou = S"'S"', TT
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Structure of bare matrices Ky, Dy, My,

L = K O0x +(D9 0.+DX.0, |-
——
2 time derivatives 1 time derivatives

MO . 0g+ MX .0, + M. 0,

0 time derivatives

e IC: Kinetic matrix,
@ D : Gyroscopic matrix,
@ M : Mass matrix.

Shift symmetry allows only operators with two derivatives

Eshift =K. Ott + D(tx) . Otx . M(XX) . OXX
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Fluids, Thermodynamics and Shift Symmetry

° ’ Minkowski space — time < shift symmetry ‘

° ’ Bunch Davis vacuum‘ in deSitter < Minkowski Lag. in the
early time- short length limit (kt — —o0) (equivalence
principle)

@ Presence of a Thermodynamical Fluid < Spontaneously
broken space-time translations < \ Goldstone fie/ds‘

Denis Comelli Cargese 2022



Examples: TT

Time-Time: &1 = ¢1(t) + Ty, Oy =o(t)+ To;  oi(t) =t
——

Mink.
Xi=00;-00;, i=1,2, X3=0%1 -0,
2 i=1,2
[ PxVE UlXims2a. By |
. —2Ux, + 4UX12 +4Ux; x5 + uX32 #
0o = —Uxy +2Ux; x; +4Ux x, + UX32 +2Ux,x;  —2Ux, + UX32 +2Ux,x,
1 0 1

Dy = DY = 5 ((Uoyxs = 2Uayx, ) + (2Unyx, = Usyxs ) ) ‘ - ‘

_ o 2Ux Ux ) 2 ‘# #‘
Mo = ( Ux,  2Ux, A

Dy is k indep. and Shift symmetry — Uy, =0 — D(()t) =0
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Examples: SS

_ . i i 0; i i 0
Space-Space: 1=X +\/$51, h=x —&—\/%52.

Xi=> 00-00;, j=1,2, Xs=)» ;0P /dzx\/E U[Xj=1,2,3]

i

2 Ux Ux.
K — 1 3
0 ( ~Ux, 2 Ux, >

Do = 0

4 (UX12 + UX1X12) + UX122 +2Ux,

2
Mo = —k
4Uxxp +2 (UX1X12 + UX2X12) + U><122 tUxp, 4 (UXZZ + UX2X12> + UX122 +2Ux,

We have always Dy =0
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Examples: TS

Time-Space: &1 =¢(t)+ T, L =x"+ 6’;25-
v

Xi = 0%1 - 90, Xo =" 00, 00y, Xs=» (9P1-095)%

!

/d2x\/§ UlXj=1,2,3, ®1]

2 U, — Ux 0
Ko = X3 1
0 (Ux; — Ux,)
Dc(JX) - (2 Uxx, = Uxg) T
—212 (Ux + Uxy) +# Kk #
Mo =
2
k # 2 k (UX2 +2UX22)

@ o is always diagonal

@ The system is gyroscopic Dy # 0 for Ux,x,, Ux; # 0 with
linear k dependence.

@ The Mass matrix is diagonal for shift symmetric Time field
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Lagrangian formulation of hydrodynamical equation

K DO DMk MO MOk M x k2
Lot |# # # # # #
LT | # i i
LU # # |
Lrr |# # # #
Esh:ft # #
| Lss | # # |
Lr1s | # = # #
L # i

Table: We defined the total lagrangian as L1t = L77 + L715 + Lss, when a
shift symmetry is present for all fields: L5 = £shift | £shift 4 £os, while the
space fields are always subjected to shift symmetry £ = Lss. Lagrangians
Lss, L$F £ 5re suitable for a Minkowski background descriptions and the
corresponding matrices KC, D, M will be constant in time, while

Lss, L7, L1s can be used to describe fluctuations in a cosmogical setting
and the corresponding matrices can be time dependent.
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Transformation (1): Canonical Lagrangian

Lpare = ©6 Ko @0 + 0§ Do o — 0§ Mo w0, <po=‘ o

Canonical Fields & Lagrangian

k1 O

w0 = Ak ©c, AkZRk’C;Uz, Ri Ko Rk = Kg = 0 s

Le= nglcc(ﬁ.’c“r(ﬁzpc%bc— QOE;MCSDC,

0 1 do — Ok (K1 + K2)
Ke = | ) D, = d. 1 0/ dc =

- VvV R1R2

() a(ol)? ,

45% 2rk1 Rl

Me = A MoA+
‘ ° Grytma)e | (cmi=dng)e) o (maorg)of  (%5)°  wp e (0F)?
432 sy aymred/? et 2 4y 22 "2
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Transformation (1): Final Lagrangian

Normal Fields ¢c=Rmpn = AZI %o

7 Rm_<c050m S|n0m)7 RERp =1

t — J—
Rm Mc Rm = Md - —sin em Cos 9m

Normal Lagrangian

L=¢' Ko+ Dop— " Mo,

K =1,
0 1 do . tr[Ko] )
D = d . od=—— e — %02
-1 0 det[[Co]1/2 7K det[KCo] /2
_ 902y ﬁ71—29%, 0 _ mq 0
M= Ma=20m1=70 My —20% |7 0 m

with o = R 1 Kj/z R;l ©wo
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Sources for the Effective Gyroscopic term

do . tf[’(:o]

d= — — 262
det[ICo] /2 X det[ko)t/2 7

Sources:
@ the bare matrix coefficient, dy # 0 (Non shift symmetric TT
models, ST models)
@ A non trivial time dependence of the kinetic and canonical
mass matrix: 0 # 0, O, # 0
Cases where 6y = 0 (A = [\i(t)], tan(26y) = )\2,22’\715\21’1)

@ Static matrix /\U =0

e Diagonal matrix A1 =0

@ Overall time dependence for the full matrix: A = f(t) A where
A is constant in time.

@ A1 — A22 = x A2 where x=const

@ For x =0 we have A\ 1 = Ao
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Quadratic Lagrangians

By a Lagrangian field redefinition, we can set D = 0.
=L@, withL=D-L

[ — cosf sinf i—d
—sinf cos@ |’ ’
MF _ d? + m% cos(d t)? + mg sin(d t)? % (m% - m%) sin(2dt)
% (m% - m%) sin(2dt) d? + m% cos(d t)? + m% sin(d t)?

When mj, d are const, the time dependence is of the Floquet type
where the Hamiltonian is periodic H(t) = H(t + T) with T = %

L=¢-1-¢—¢-Mp-¢
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Time reversal

time reversal requires a transformation of phase space that reverses
momenta and preserves position

* Time reversal conditions: H(¢, ) = H(¢, —m) + const

* If the momentum of a system is proportional to its velocity,
7 = m ¢, then the system is time reversal invariant.

In our case

oL
= =9-D9

and

H=nop—L=(n— ¢D)(n+Dd)+odp Mo

Denis Comelli Cargese 2022



Lagrangian eqs of motion

Lagrangian Equation of motion (Chetaev system)
- ¢+2D- ¢+ M-¢=0
spectral analysis

for ¢ ~ et = det] — 1w’ +2iDw+ M| =0

1
wiz:% <m1+m2—|—4d2:|:\/(m1+m2+4d2)2—4m1m2>

stability: wip € R—w?, >0
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Classical stability

1
wiz = ﬁ (X:I:\/X2—4m1 m2>

XEm1+m2+4d2

wi2>0 = mmp>0 & X2>4m m

Stability

— — 2 ) 15)2
I m S0, @ S s g
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Gyroscopic systems & dissipation

Equation of motion (Chetaev system)

l-6+2( D, + G )¢+ M - $=0
D'=-D gt=g M=M!
Gyroscopic Dissipative Potential

@ M positive defined.
If the system is stable when D = G = 0, then it remains stable
after the introduction of arbitrary gyroscopic and dissipative forces.
@ M negative defined.

o For the system can be stabilised by D > Dgitical

e For the system cannot be stabilised

e G is destabilising the system
If a system with an unstable potential energy is stabilized with
gyroscopic forces, then this stability is lost after the addition of
arbitrarily small dissipation.

Lancaster: Review (2012)
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Hamiltonian diagonalization in symplectic formalism

L= No+¢"Do— " Mo,

Conjugate momentum: 7= ¢ —D - ¢

1
Hzizt-H4X4-z z=|%| with <p—901, r=|"
™ ©2 2
1 0 0 d
1y — loxo D |0 1 —d 0
Dt (M —D?) 0 —d m+d? 0
d 0 0 m2+d2
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Hamiltonian diagonalization

Egs of motion in Hamiltonian form

Ht)={2(t), HY = Q-H - 2(t), Q=
2(t) = G(t, to) - 20
0:G(t, to) = Q- H - G(t, to), G(to, to) = laxa
G(t7 to) = T‘r efot dr QH(r)

For a constant, in time, Hamiltonian:

G(t, 0) = 27!

All the eigenvalues of the matrix € - H are purely imaginary:
+i w12 (wl,z S R)
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Hamiltonian diagonalization

Diagonalization by a Simplectic S matrix (congruence eigenvalues)
St-’H~5:/Hd,'ag

Taa (w% 7w%)

8 d2 2 0 0
T33<w1—w2)
0 = 0 0
Hding = 8d T
0 0 22— 0
2 (wi—wj)
T
0 0 0 11
2(wZ-w?)
with
T11:4d2+x+w$7w§, T22:74d2+x+w%7w§,
T33:4d27x+wf7w§, T44:74d27)<+wf7w§
x = (16 d* — 84> (w%er%) + (w% —w%) 2)1/2
2 2
wy — W w1 + w
T > and Tes >0 for 0< d? < &2 J 2" 2> 1 " 2)
(w1 — w)?

Typ > 0and Tag >0 for 0< d? <

—wo)2 2
So, for 0 < d? < w the diagonal Hamiltonian is positive defined while in the region d? > % it

results indefinited, with two positive entries (oc T11, T33) and two negative one (o< Tpo, Taa).
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Diagonalization

Finally we can still perform a final canonical transformation that brings our Hamiltonian in the classical oscillator
form, very useful for the quantization

(£)
M %2 0

—1 (%)
0 M2

o N o N -

x4 = 5

where, we have to distinguish two different cases depending if Tpp is positive or negative

V2T [wd — w3 0

() = VT
0 N
VET
wy 0 0 0
+ + oA (E + 0 tw 0 0
A T 0 o wi 0
0 0 twy

Y
where, /\S.H is defined in the region 0 < d? < M and it results definite positive

2
while A=) is defined in the region d? > M and it results indefinite (note that always we have wj » > 0).
The explicit expressions for the Hamiltonian
+ 2 2 — 2 2 2 2
H£ ) = Z wi (Wr',c + Lpf,c)’ HE‘ ) = w1 (Wl,c + Lpl,c) — w2 (772,(: + S02,c)
i=1,2
25 (W1twy)?
*“’2)2 de2> =7

Ogdzg(wlf
(—)

shows that once we quantize H; ’ result affected by ghost instabilities.
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Conjecture about Ghost

"We therefore conjecture that, if the classical dynamics of the
system is benign, its quantum dynamics will also be benign,

irrespectively of whether the spectrum has, or does not have, a
bottom.” (Smilga Damour 2022)

ask to Damiano or to Cedric.... :)

Denis Comelli Cargese 2022



The 6- de in Minkowski

si= % sy

V2 "
Transverse vectors (2 dof, ;5" = 0) one gets (p=wp))
1 &2 2 a2
L(g):5(61+1+w) 57— k% S°.
Scalars T, S
1 c —2¢ 1
Lrs = Sla+wtl §7 b T4 B2 5 4 (5T =T )+(s-)Ks"+ Eqszz
K D M
canonization
2(cp—c3)k?
C=1 d= (a1 —2a)k _| TeaFwst 0
’ V2 g/ FwF T 0 7521“2
<0
>0, 1+w+c >0, >0
Branch one:
myp >0: —(14+w) < <0, a<ao

forw — —1 we have c; — 0

Branch two:
(c1 — 2c2)?
m2<0: 1 > Max[0, —(14+w)], > >0, 0<c¢ < —— |
4 (3 — @)

for w — —1 we have ¢ < —+/cg (63 — @), c > c1 + /o (c3 — cp) but H undefined...
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r Inflation

Bunch Davis vacuum
Ry aSl 0 _ o bt . .
_| k1o — gt - —
’Cof‘ 0 Ry a2 | dy=da 27, Mo =|my+myalil, 6,=0
Note: for shift symmetry m;; = 0. Then we fine tune 11 = &1, n22 = &2
1y —3w—1 [ _& 31
™ 7 T2 <3w+1 - (3W+1)2) # .
c = +&2 143w - 2
1 n12— - — 5%+ &1-& fury) —3w-1( & _ _ &
NGYol <a 2 mpta 2 d ( 3wl ) T, ta W T Guil?
§1+&
a 2 mj;
d .
a® — 29i7

d= ————7
det[K]1/2

For Bunch Davis vacuum a — 0 we need M. — const and d — const (i.e. Om — 0):
1 &a+&
w< ——, ¢>0, > =
3 = mn2 =2 >
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Lagrangian formulation of hydrodynamical equation

we reduce the mass matrix M to the following constant mass matrix

it iy s(61+€2)/2 myy 12

MBD — . Ry 1/,:;1\/712 12 4 50 Rl VEIVFE2
Mo 5(61+82)/2 iy | M2 my
[F1/Fy 2 Ro VE1VR2 Ro

In this limit we get 6m — 0 so that

BD d

£8P = ptig+ Q' Te— ot My

R1 K2

So that the d term is present only for ¢ = 0 and for Time-Time (with specific shift symm. breaking) or
Space-Time fields.

1
Wi, = 5 (M + 4d? + \/(TrM] + 4 d2)2 — 4 Det{M]) = KR o

k— oo shift breaking

to see the sound velocities in the k — oo limit, we write mi; = Cg- k2 + ﬁ'l,"ji

If d o< k as in ST models, it is essential for the BD vacuum
If d o< O(1) as in TT models, it is NOT essential for the BD vacuum

For Supersolid inflation w = —1, §; = =€ =4, np =1, ¢ =0anda — 0
2
dBD:dk’ MBD _ 2| a 02
0 =)
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Conclusions

We studied quadratic Gyroscopic Lagrangians with two dof
(i.e. with terms o< d ¢1 ¢2)

e Lagrangian diagonalization (partial)
e Hamiltonian diagonalization (complete)
@ Two main stability regimes on Minkowki
m; >0 d’>>0 ‘H def. positive
{ m <0 d?> @ H NOT def. positive

Gyroscopic fluids on Minkowski: Supersolids

BD vacuum
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The 6-th Mode in Minkowski

The linear expansion of the medium action gives

57(r1):/d4x |:0' T—|—(a—p—p)\/8>,25] =0; p, p, o=const

(1) _ 4 v o
Sh B / d'x [TAljﬁnk hwj] o 07 T/%,k:f’ Nuw+(p+p) ty 1y, =0

p, p =0 — Ghost!!
QO R~ M < k? the flat space picture is adequate and the

ﬂuctuatlons of the spacetime metric can be neglected.
Q@ R~ p’ ~ k? the background solution has to amended and

the metrlc fluctuations are important.

Denis Comelli Cargese 2022



Lagrangian formulation of hydrodynamical equation

The ground state breaks spatial translations (and Rotations)
<o >=xI =123
To have an homogeneous EMT we needs Internal symmetries
Tinternal 1 ¢ — @' = @+ ¢
The background is invariant under diagonal translation
X—>XxX—c

7;1'iagonal = 7;patial + Tinternal
p—>p+c

To have an isotropic background we impose
Rinternal Spa — = RZ (,Db, R e 50(3)
etc...
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Media versus Massive Gravity

Fields |gu ®¢*, A=0,1,23

Diffeormorphism invariance:

=ity cn {08 = VitV _
ot = + T4, 0T = —(0adhy

@ Lagrangian in Newtonian gauge (“ =0
(2 tensors + 4 phonons)

[ VE (R + U0, &)

# DoF: 2 (tensor gravitational modes) + 4 (scalar fields) =6

@ Lagrangian in Unitary (Comovmg) Gauge ™ =0 — o4 =xA:
Massive Gravity (CAB = gAB)

[ VE (R+ g™ &% &)
# DoF:(2 tensors + 2 vectors + 2 scalars) gravitational modes =6

Denis Comelli Cargese 2022



Mass terms (Perturbative)

’ Unitary gauge ‘: e = xA = 0,0 =07

U(CAB _ aoaSDA gaﬁ aﬁng) SN U(gAB)

In FRW: g, = a* (0., + h,.,) and expansion at second order
O(h)? with SO(3) invariance

Vectors

N
/\/E U(gAB):/MO h80+ M1 hg,+ M2h3+M3 h5+M4 hoo
Graviton—mass
M; oc Mi(U, Ok U, 8,%7,U)‘q§, kr=b, Y, X, 71,y

Lorentz Invariant U(g"*naw) : Mo =A+ B, Mi, =—-A, M3, =B
Pauli Fierz Lagrangian: A= —B
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Ghost in Massive Gravity

Mass term for a g, — reference metric ﬁw: U(g“afa”)
A Massive spin 2 on a Minkowski background has 5 DoF

o Fierz-Pauli action (1939) for single massive spin 2 particle in
flat space

/m2 ((hwhw) B \)\/ (hﬁ)2> 5 huw = 8w — N

1

@ Boulware-Deser Ghost (1972): they analyzed a large class of
various mass terms, showing the presence of sixth degree of
freedom (extra scalar), but they did not consider the most
general possible potential.

e C. de Rham, G. Gabadadze, and A. J. Tolley dRGT(2010)
U(v/g"*Nay) ghost free (only 5 DoF).

Denis Comelli Cargese 2022



The fate of the ghost like 6-th Mode

General structure of the quadratic Lagrangian ([ /g (R + U))
Phonon pert: 0 =x0 4+ 70 o = x' + 7},
m = 0w 4 v (a’v,' = 0)

Metric pert: g, = 1, + @ 0060 + VW 67,0,
Ly = ﬁu(ﬂA) + £U(7TA; d)) W) + ER(q)? \U)

General Behaviours
(1) Phonons on Minkowski: stable for p + p # 0
(2) Phonons + GR perturbaz on Minkowski: Ghost

(3) Phonons + GR perturbaz on FRW and
k2( ~ % ) > H?: stable (same stability conditions of (1))
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Mechanical properties (Non Perturbative)

Solid
= w =p 8w+ (p+p) Uy uy+guuy+q uﬂ+ﬁ;
Perfect Fluid Super Fluid /Solid

EMT Lagrangian Medium Masses
q.=0,M, =0 U(b, Y) Perfect Fluid | My , =0
q,=0,M, #0 U(b, 7, Y) Solid My =0
G, #0, My, < g, g Ub, Y, X) SuperFluid M, =0
g, #0, My, #0 U(b, Y, X, Tny yn) | SuperSolid My, #0
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Building the Lagrangian

A=0,1,2,3 A
b bt i a
~— ¥

shift sym.:pA—pA+0cA

¥

CAB iz B ct=v. c*=
o up” g™ 0,° s, : T
Lorentz Scalar SO(3)¢ Scalar Vector Tensor

S7 7-,,[Tn:1,2,3]7 V- Tn:0,172,3 -V

= Ut ~ eteB eabcaagpaaggob&,goc — u“@ugoo

Lorentz Vector, SO(3)¢ Scalar Lorentz Scalar

A,B=0,1,2,3, a,b,c=1,2,3
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Lagrangian of 4 scalar + shift sym.+ Lorentz

o At lowest order in derivatives: | CA8 = BugoA g" 0,¢"
4 2 AB
Sz/dx\/_—g (M3 R + U(C"8))
global internal spatial SO(3)¢ symmetry

¥ = 0, ©? = RI P RRT =1, a=1,2,3
SO(3)e Tensors : C2b, C0 (CO0

Operator Definition
CcAB g 0,00 0,98, A B=0,1,2,3
B2b Cht =gh9,p? 9,0", ab=1,23
7ab €30 (b0
X co
Wab B — 7% /X
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