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We will be addressing this problem 

from a different angle:  

 
Is relativity necessarily complicated? 

Possibility of tuning relativistic effects 

to regain simplicity? 

 
Requires: more general relativity - 

inclusion of charges and scalar hair.
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Mechanics
Newtonian dynamics and gravity results 
in closed, elliptical orbits.








































































































Conserved quantities: angular 
momentum and Runge-Lenz vector








































































































Enhances rotational  
SO(3) to hidden  
SO(4) symmetry: 
 
Five independent constants 
of motion: maximally 
superintegrable 
 
Free motion on a three-
sphere in phase space

[Moser, 1979, see also Nabet, Kol - 2014]








































































































Bohr model

Harmonic 
oscillator

Similar in 3D quantum mechanics with 
spherically symmetric potential:

Bertrand’s 

theorem
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Field theories

Back to solar system: Mercury & SR 
 
Solved by General Relativity:  
metric theory of gravity 
 
Particle Lagrangian  
fixed by equiv principle 
 
Gravitational interaction: 

1/r^2 + corrections •
Attractive •
Couples to full energy-momentum tensor•








































































































Schwarzschild black hole:

One-center version of Kepler: 
Probe particle along geodesics of 
Schwarzschild geometry 








































































































Gravitational attraction for one center:

Perfect for Mercury!








































































































[Kol, Smolkin 2007]

For BH binaries: two-body problem 
 
Post-Newtonian expansion: 
 
 
 
 
 
 
 
 
Einstein-Infeld-Hoffman terms













































































Hamiltonian in com frame: 
 
 
 
 
 
Break conservation of Runge-Lenz vector 
(and Kepler orbits and integrability…) 
 
Note: symmetric mass ratio… 








































































































Gravitational attraction for two body:

Independent 

of ratio!








































































































Alternative relativistic completion: Maxwell 
 
Based on gauge  
Symmetry: 
 
Particle 
Dynamics: 
 
Electromagnetic interaction: 

spin-1 •
1/r^2 + corrections  •
Repulsive •
Couples to EM charge•








































































































Electromagnetic attraction for one center:

[Landau, Lifschitz 

classic textbook]








































































































[Sundrum 2003, Deruelle 2011] 

Finally: also possible with spin-0 theory 
 
 
 
Dilaton interaction: 

Spin-0 •
1/r^2 corrections & attractive •
“Scalar version” of gravity - couples to •
trace of energy-mom tensor. 
Equivalence principle.  •
Spontaneous breaking of conformal •
symmetry. 
Introduced by Nordstrom in 1913. •















































































































































































































Dilaton interaction for one center:

Opposite 

sign!
[Deruelle 2011, Brax, Davis 2018]
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Synthesis

Combine relativistic effects to regain 
simplicity? Kepler - RL - integrability? 
 
First include charges:  
 
Reissner-Nordström  
black hole with mass 
M and charge Q. 
 
Note: no scalar hair 








































































































Two-body system with mass m and charge e:

Note: symmetric 

mass ratio 








































































































Distinguish between 
subextremal |Q| < M •
extremal |Q| = M •

 
Latter are QM stable with  

Zero Hawking temperature  •
Often extra symmetry •
Vafa-Strominger entropy counting •
No force condition between extremal •
Consider extremal + anti-extremal•








































































































Extremal - anti-extremal two-body system:

Twice GR 

result…








































































































Particle action fully fixed in terms of mass 
and charge:

[Julie 2017 & Khalil, Sennett, Steinhoff, Vines, Buonnano - 2018] 

Final ingredient: coupling to scalar.  
 
No additional mass/charge parameter but 
coupling strength in bulk action: 
 
 
 








































































































(Anti-)extremal BHs with dilaton hair:

Now we’re 

talking!
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[Caron-Huot, Zahraee - 2018]

Structure of two-body system

Hamiltonian and 
Runge-Lenz vector











































































Structure of one-center system

Deviation away from a^2 = 3 introduces curved 
metric for kinetic term - all extremal one-center 
systems are curved Kepler 
 
Four constants of motion,  
super integrable. Free motion  
on deformed three-sphere?
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Hidden symmetry?

In the classical mechanics case: SO(4) 
symmetry. What about relativistic case? 
 
Remarkably: the a^2 = 3 case follows from a 
5D Lagrangian…








































































































Hidden symmetry?

Underlying symmetry 

from higher-dim origin?

[Caron-Huot, Zahraee - 2018]

Similar phenomenon in much more 
complicated setting: N=8 supergravity (4D 
limit of string theory). Also vanishing 
perihelion shift for (anti-)extremal 








































































































Two-center case

Consider multiple BH (no-force condition) 
 
Two-center case: allows for mapping onto 
Kepler case when a^2 = 3. 
 
Interesting relations to  
black hole shadows -  
chaotic and regular  
behavior 

[Cornish & Gibbons - 1996, Shipley & Dolan - 2017]




































































Many thanks 

to all of you!

Summary

Relativistic corrections to Kepler •
Special case: extremal BH with dilaton •
hair and a^2 = 3 
Maps onto Kepler at 1PN of two-body •
and at all PN of one-center 
What about higher orders? •
Origin of hidden symmetry? •
What happens to phase space •
structure away from special case? 
Two-center case maps onto Newtonian•


