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Differential Equations 

Describe how promptly a quantity changes with respect to the change in one or more other quantities

Differential Equations

 ∂(n)
x f(x) + pn−1(x) ∂(n−1)

x f(x) + … + p1(x) ∂(1)
x f(x) + p0(x) f(x) = 0

Theoretical Physics goals: modelling Nature by modelling changes: Systems’ Evolution
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1.4 Dimensionl Recurrence Relations

P (qi · pj , qi · qj) = G(qi, pj) (1.12)

with G = Gram determinant
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Dimension-shifted integrals

G-insertion:
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Z
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fn,m(x,y) , (1.14)

)
Z

q1...q`
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n,m (x,y) (1.15)

In the case of Master integrals

x̄ = (1, . . . , 1) , ȳ = (0, . . . , 0)
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which can be seen as a Dimensional recurrence relation

In general, n MIs obey a system of Dimensional recurrence relations

M
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...

M [d]
n

1

CCCA
(1.17)

M
[d+2] = C(d) M[d] (1.18)

1.5 Di↵erential Equations

In general, n MIs obey a system of 1st ODE

@zM
[d] = A(d, z) M[d] (1.19)

1.6

r? << r << �GW (1.20)
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CHAPTER 5. POST-NEWTONIAN CORRECTIONS

5.2 The Einstein-Infeld-Ho↵mann Lagrangian from
a 1 PN calculation

Exploiting the previous method we will derive the complete e↵ective action for a
non spinning binary at 1 PN order, i.e. taking care of corrections that scales as
GNv2 and G2

N .
Let’s start our calculation by defining the e↵ective action as

Seff (xa) = �ma

Z
dt

r
1� v2a

c2
� iW (xa, va) (5.8)

where W is evaluated in terms of connected e↵ective diagrams as

W (xa,b, va,b) =

Z
d⌧ad⌧bA(xa,b, va,b) (5.9)

A(xa,b, va,b) =

Z
ddk

(2⇡)d
d!

2⇡
eik·(xa�xb)e�i!(⌧a�⌧b)M(k,!) (5.10)

M(k,!) ⇠ GNv
2, G2

N (5.11)

In order to find which PN e↵ective diagrams participate in 5.11 we start by looking
at the GN and G2

N topologies. For semplicity, from now on we will adopt a thick
black line for a graviton, instead of the gluon one.
As for the GN topology, it is characterized by a unique PM diagram given by

(5.12)

We can now switch to the Kol-Smolkin variables by filling the diagram with �, Ai,
and neglecting �nm since its emission and absorption would be proportional to v4.
So far the connected diagrams are

� Ai (5.13)
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available in “local form”. The diagrams that contribute are of the type

but now there are non-trivial numerator factors that don’t trivially follow from the structure

of propagators. The full integrand is available through to seven loops in the literature [36–

40]. The inspection of the available local expansions on this cut does not indicate an

obvious all-loop generalization, nor does it betray any hint that that the final result can

be expressed in the one-line form given above. For instance just at 5 loops, the local form

of the cut is given as a sum over diagrams,

with intricate numerator factors. If all terms are combined with a common denominator of

all physical propagators, the numerator has 347 terms. Needless to say, the complicated ex-

pression obtained in this way perfectly matches the amplituhedron computation of the cut.

13 Master Amplituhedron

We have defined the amplituhedron An,k,L separately for every n, k and loop order L. How-

ever, a trivial feature of the geometry is that An,k,L is contained in the “faces” of An′,k′,L′ ,

for n′ > n, k′ > k,L′ > L. The objects needed to compute scattering amplitudes for any

number of particles to all loop orders are thus contained in a “master amplituhedron” with

n, k, L → ∞.

In this vein it may also be worth considering natural mathematical generalizations of

the amplituhedron. We have already seen that the generalized tree amplituhedron An,k,m

lives in G(k, k+m) and can be defined for any even m. It is obvious that the amplituhedron

with m = 4, of relevance to physics, is contained amongst the faces of the object defined

for higher m.

If we consider general even m, we can also generalize the notion of “hiding particles”

in an obvious way: adjacent particles can be hidden in even numbers. This leads us

– 24 –
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Feynman Integrals
Momentum-space Representation

=

N-denominator  
generic Integral

3 Feynman Integral Decomposition

Consider scalar Feynman integrals with L loops, E+1 external momenta, and N = LE +
1
2L(L+1) (generalised) denominators2 in a generic dimension d:

Ia1,a2,...,aN ⌘
Z LY

i=1

d
d
ki

⇡d/2

NY

j=1

1

D
aj

j

. (3.1)

where Dj stands for either a genuine denominator or an irreducible scalar product (ISP).
In Baikov representation, one changes the integration variables, from the loop momenta

ki to the denominators Dj , at the cost of introducing a Jacobian, see, e.g., [12, 83] or
Appendix A of [1]. Here we summarize the final forms of the standard and Loop-by-
Loop Baikov representations.

1. Standard Baikov Representation. In this case, after the change of variables, the
Feynman integral may be written as,

Ia1,a2,...,aN ⌘ K

Z

C
u' (3.2)

where
u = B

�
, � ⌘ (d�E�L�1)/2 (3.3)

and

' ⌘ '̂ d
Nz , '̂ ⌘ 1

z
a1
1 z

a2
2 · · · zaN

N

, d
Nz ⌘ dz1 ^ dz2 ^ · · · ^ dzN , (3.4)

and where B is the Baikov polynomial computed as a determinant of the Gram matrix of
scalar products, depending on loop momenta, and K is a constant pre-factor (independent
of the integration variables), which may depend on the external kinematic invariants
and on the dimensional regulator d. The integration contour C is defined such that B

vanishes on its boundaries.

We can re-express it, in the language of intersection theory, as a bilinear pairing,

Ia1,a2,...,aN ⌘ K h'|C]! , (3.5)

with
! ⌘ d log(u) = �d log(B). (3.6)

2. Loop-by-Loop (LBL) Baikov Representation. In this case, after the change of
variables, the the number of integration variables M can be smaller than the N (because
M �N ISPs have been integrated out). For this case, the integral have the form

Ia1,a2,...,aM ,aM+1,...,aN ⌘ K

Z

C
u' = K h'|C]! (3.7)

2N amounts to the total number of scalar products which can be built with the loop momenta ki and
the independent external momenta pj , and corresponds to the sum of the so called reducible and irreducible
scalar products. The former can be expressed in terms of the denominators of graph propagators, while the
latter are independent of them. Nevertheless, they also can be interpreted as auxiliary denominators, not
related to any internal line of the graph.
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of the integration variables), which may depend on the external kinematic invariants
and on the dimensional regulator d. The integration contour C is defined such that B
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Ia1,a2,...,aN ⌘ K h'|C]! , (3.5)

with
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2N amounts to the total number of scalar products which can be built with the loop momenta ki and
the independent external momenta pj , and corresponds to the sum of the so called reducible and irreducible
scalar products. The former can be expressed in terms of the denominators of graph propagators, while the
latter are independent of them. Nevertheless, they also can be interpreted as auxiliary denominators, not
related to any internal line of the graph.
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� ⌘ (d� E � L� 1)/2 (2.18)

– 5 –

�(x) =
1

2⇡i

✓
1

x� i✏
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◆
(5.16)

1

2⇡i

✓
1

p2 �m2 � i✏
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Z

C
d

 
h(z) B(z)�

NY

i=1

1

zani

!
= 0 (2.18)
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IBP equations

Generating an overdimensioned (sparse) systems of linear equations
Solutions:   
Gauss’ Elimination  
Groebner Bases   
Syzygy Equations  
Finite Fields + Chinese Remainder Theorem + Rational Functions Reconstruction 

Contiguity relations
[d]
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Linear relations for Feynman Integrals
Decomposition in terms of independent Master Integrals

=

N-denominator  
generic Integral

N-denominator 
Master Integrals 

[top sectors]

(n < N)-denominator 
Master Integrals 

[subsectors]

4. FOR the COLLOQUIUM

4.1 Massless Spin-1 propagator (photon, gluon)

�i
gµ⌫

k2 � i0
(4.1)

1

k2 � i0
! �(k2) ) �gµ⌫ !

X

polarization��

✏µ�(k)
⇣
✏⌫�(k)

⌘⇤
(4.2)

4.2 Fermion propagator

i
(/p+m)

p2 �m2 � i0
(4.3)

1

p2 �m2 � i0
! �(p2 �m2

) ) (/p+m) !
X

spin�s

us(p) ūs(p) (4.4)

4.3 Phase-space

d4� ⌘ d4`1 d4`2 �(4)
⇣
`1 + `2 � P12

⌘
�(+)

⇣
`21 �m2

1

⌘
�(+)

⇣
`22 �m2

2

⌘
(4.5)

4.4 BCFW

(qi � zi⌘)
2 �m2

i = 0 , zi =
q2i �m2

i

2⌘.qi
, (qi � zj⌘)

2 �m2

i = 2⌘.qi(zi � zj) (4.6)

(�1)
1

q2
1
�m2

1

1

q2
2
�m2

2

· · · 1

q2n �m2
n
=

1

q2
1
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1

(q2 � z1⌘)2 �m2
2

· · · 1

(qn � z1⌘)2 �m2
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1
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1

1

q2
2
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· · · 1

(qn � z2⌘)2 �m2
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+ . . . . . .

+
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1

1

(q2 � zn⌘)2 �m2
2

· · · 1

q2n �m2
n

(4.7)

I
dz

z(z � z1)(z � z2) · · · (z � zn)
= 0 (4.8)

(�1)

z1z2 · · · zn
=

1

z1(z1 � z2) · · · (z1 � zn)

+
1

(z2 � z1)z2 · · · (z2 � zn)
+ . . . . . .

+
1

(zn � z1)(zn � z2) · · · (zn � zn�1)zn
(4.9)
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Pinches

+ +…+ +

1st order Differential Equations for MIs

= + +…+ +
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Z
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✓
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◆
+

Z
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d�Born + d�Virtual +

Z

1
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(p2 �m2
) = (/p�m)(/p+m) (4.10)
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polarization��

✏µ�(k)
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✏⌫�(k)
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d⌦(✏)
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(4.13)

K↵ = k↵ + µ↵ , /K = /k + /µ , K2
= k2 � µ2 ,

�
/k, /µ
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⇥
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⇤
, /µ = iµ�5
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= �g↵� +
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µ2
(4.15)

@x = A(d, x) (4.16)
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Pinches
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Linear relations for Feynman Integrals
 Relations among Integrals in dim. reg.

=
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Evaluating Master Integrals / Differential Equations and Theory Special Functions
1st order Differential Equations for MIs
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us(p) ūs(p) (4.4)

4.3 Phase-space

d4� ⌘ d4`1 d4`2 �(4)
⇣
`1 + `2 � P12

⌘
�(+)

⇣
`21 �m2

1

⌘
�(+)

⇣
`22 �m2

2

⌘
(4.5)

4.4 BCFW

(qi � zi⌘)
2 �m2

i = 0 , zi =
q2i �m2

i

2⌘.qi
, (qi � zj⌘)

2 �m2

i = 2⌘.qi(zi � zj) (4.6)

(�1)
1

q2
1
�m2

1

1

q2
2
�m2

2

· · · 1

q2n �m2
n
=

1

q2
1
�m2

1

1

(q2 � z1⌘)2 �m2
2

· · · 1

(qn � z1⌘)2 �m2
n

+
1

(q1 � z2⌘)2 �m2
1

1

q2
2
�m2

2

· · · 1

(qn � z2⌘)2 �m2
n

+ . . . . . .

+
1

(q1 � zn⌘)2 �m2
1

1

(q2 � zn⌘)2 �m2
2

· · · 1

q2n �m2
n

(4.7)

I
dz

z(z � z1)(z � z2) · · · (z � zn)
= 0 (4.8)

(�1)

z1z2 · · · zn
=

1

z1(z1 � z2) · · · (z1 � zn)

+
1

(z2 � z1)z2 · · · (z2 � zn)
+ . . . . . .

+
1

(zn � z1)(zn � z2) · · · (zn � zn�1)zn
(4.9)

– 6 –

Pinches

Barucchi, Ponzano, Regge

Kotikov; Remiddi, Gerhmann; 

Bern, Dixon, Kosower,  
Anastasiou, Melnikov, Weinzierl,  

Henn; Lee;

Bonciani, Remiddi & P.M. 

�NLO =

Z

n

✓
d�Born + d�Virtual

◆
+

Z

n+1

d�Real

�NLO =

Z

n

✓
d�Born + d�Virtual +

Z

1

d�Subtractions

◆
+

Z

n+1

✓
d�Real � d�Subtractions

◆

(p2 �m2
) = (/p�m)(/p+m) (4.10)

�gµ⌫ =

X

polarization��

✏µ�(k)
⇣
✏⌫�(k)

⌘⇤
(4.11)

(/p+m) =

X

spin�s
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boundary term 
(simpler integral)

System of 1st ODE Solution
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From here it is easy to deduce that every τ ∈ Tm, m ≥ 1, can be written in a
unique way as

τ = ❅"

τ1
❅"

τ2
❅

τ3
❅"

!

τs

..
..

or τ ≡ a(τ1, τ2, . . . , τs). Then the Magnus expansion can be expressed in the
form [119,120]

Ω(t) =
∞∑

m=0

∑

τ∈Tm

α(τ)
∫ t

0
Hτ (ξ)dξ, (61)

with the scalar α( !) = 1 and, in general,

α(τ) =
Bs

s!

s∏

l=1

α(τl).

Let us illustrate this procedure by writing down explicitly the first terms in
the expansion in a tree formalism. In T1 we only have k1 = k2 = 0, so that a
single tree is possible,

τ1 = ! , τ2 = ! , ⇒ τ = ❅"

!

!

,

with α(τ) = −1/2. In T2 there are two possibilities, namely k1 = 0, k2 = 1
and k1 = 1, k2 = 0, and thus one gets

τ1 = ! , τ2 = ❅"

!

!

⇒ τ = ❅"
❅"

!

!

!

, α(τ) = 1
12

τ1 = ❅"

!

!

, τ2 = ! ⇒ τ = ❅"

❅"

!

!

!

α(τ) = 1
4

and the process can be repeated for any Tm. The correspondence between trees
and expansion terms should be clear from the previous graphs. For instance,
the last tree is nothing but the integral of A, commuted with A, integrated and
commuted with A. In that way, by truncating the expansion (61) at m = 2
we have

Ω(t) =
!

−
1

2

❅"

!

!

+
1

4

❅"

❅"

!

!

!

+
1

12

❅"
❅"

!

!

!

+ · · · , (62)

i.e., the explicit expressions collected in subsection 2.2.
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Dyson/Magnus Series: Iterated Integrals and Geometry

Polylogs Elliptic int’s Calaby-Yau int’s

Hyperplanes Higher-genus
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• Gravitational Waves a new window on the Universe  

• Two-body dynamics and radiative effects to exploring the 
most extreme conditions of spacetime and matter 

• Next generation detectors, ground-based and in space, 
need of accurate waveform templates 

• Precision Physics vs Precision Calculations: Multi-Loop 
Calculus, Scattering Amplitudes and General Relativity 
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EM domain collectively comprise the first demonstra-
tion of GW–EM multi- messenger astronomy, providing 
an astounding wealth of knowledge, including the first 
definitive link between BNS merger progenitors and 
short gamma- ray bursts29–37; the first definitive obser-
vation of a kilonova38–46, conclusive spectroscopic proof 
that BNS mergers produce heavy elements through 
r- process nucleosynthesis40,47–52; the first demonstration 
that GWs travel at the same speed as light to better than 
a few parts in 1015 (REF.29); and an independent method 
for measuring the Hubble constant using detected GWs 
as a ‘standard siren’ for determining the absolute distance 
to the source53–55. Additionally, the Advanced LIGO and 
Advanced Virgo detections have enabled tests of GR in 
the strong gravity regime that were inaccessible to other 
experiments and astronomical observations56,57, moti-
vating research on many fronts in fundamental physics 
and astrophysics. This only represents a brief overview of 
the recent discoveries and, as we discuss in detail below, 
captures only a fraction of the potential science afforded 
by future GW observations.

Space- based detectors
When launched in the mid-2030s, the Laser Inter-
ferometer Space Antenna (LISA)58 will possess a breath-
taking scientific portfolio. LISA will explore much of 

the GW Universe in the frequency band from 100 μHz 
to 100 mHz. A constellation of three satellites separated 
by 2.5 × 109 m in an Earth- trailing orbit, LISA will be 
capable of detecting the first seed black holes formed 
out to redshifts z ~ 20 or more59, and intermediate- mass 
and ‘light’ super- massive coalescing black hole systems 
in the 102–107 M⊙ (solar mass) range, thus, tracing the 
evolution of black holes from the early Universe through 
the peak of the star formation era. Through detections 
of extreme mass ratio inspirals (EMRIs, binary systems 
with mass ratios as small as ~10−6)60, LISA will directly 
map the curvature of spacetime at the event horizons of  
massive black holes, yielding even more precise tests  
of GR in the strong gravitational field regime. LISA 
might also detect stellar- mass BBH systems years before 
they are detectable by ground- based detectors61, and 
provide very precise sky localization of such events for 
EM follow- up. By discovering new sources of galactic 
compact binaries comprised of white dwarfs, neutron 
stars and stellar- mass black holes, LISA will survey the 
predominant population of binary compact objects and 
map the structure of the Milky Way62.

The LISA Pathfinder (LPF)63, launched in 2015 and 
operated until mid-2017, has paved much of the way 
for the full- scale LISA mission. LPF was a European 
Space Agency (ESA) mission, with contributions from 

Wave period

Wave
frequency

Years

Radio pulsar timing arrays Terrestrial interferometersSpace-based interferometers

(Super-)massive black hole inspiral and merger

Extreme-mass-
ratio inspirals

Detectors

10210–210–410–610–10 10–8 1
Hours Seconds Milliseconds

Big BangSources

Compact binary inspiral and merger

Pulsars, supernovae

Fig. 2 | The gravitational- wave spectrum probed by strain- sensitive gravitational- wave detectors, ranging from 
10−9 Hz to more than 1,000 Hz. The source classes are shown above the spectrum and the detectors below. The portion  
of the gravitational- wave spectrum below 10−9 Hz probed through measurements of the cosmic microwave background 
polarization is not shown.

Multi- messenger astronomy
A new field that explores the 
Universe collectively using  
the information carried by 
photons, gravitational waves, 
neutrinos and cosmic rays.

Nucleosynthesis
r- Process nucleosynthesis 
stands for ‘rapid neutron 
capture nuclear process’, 
whereby a nucleus rapidly 
increases its atomic number by 
repeatedly capturing neutrons 
in a neutron- rich environment.

Standard siren
A gravitational- wave source 
that is determining the 
absolute distance to  
the source.

Extreme mass ratio 
inspirals
The orbit of a binary system in 
which the more massive object 
is greater than the less massive 
object by ~10,000 or more.
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a consortium of European national agencies, as well as 
NASA. It convincingly demonstrated some of the key 
performance requirements for the full LISA mission, 
most notably the displacement sensitivity and control 
of spurious acceleration noise required for LISA. More 
on LISA science is presented in the next section, whereas 
the LISA and LPF detector technology is discussed in 
detail in the last section.

PTAs
Pulsar timing arrays (PTAs)64–67 explore the nano-
hertz portion of the GW spectrum ranging from  
10−9 to 10−6 Hz. Rather than using laser light to meas-
ure variations in detector length as ground- based and 
space- based detectors do, a PTA measures variations in 
the radio frequency pulse arrival times at the Earth from 
an array of millisecond pulsars68,69 (FIG. 6).

Pulsars are rotating neutron stars that act like cos-
mic lighthouses, appearing as periodic pulsating radio 
sources. Because millisecond pulsars, pulsars with peri-
ods between roughly 1.4 and 30 ms, possess rotational 
stabilities comparable with the best atomic clocks, they 
are ideal timing sources. Once effects such as rotational 
spin- down, astrometric position and motion, and orbital 
effects from binary companions are accounted for, the 
pulse arrival times can be precisely modelled and pre-
dicted to fractions of a microsecond for up to decades 
into the future70, and variations arising from GW pertur-
bations can be measured. Distortions in the spacetime 
around Earth or the pulsars will produce systematics 
in timing residuals (deviations of the measured pulse 
arrival times relative to the predicted arrival times), 
and, crucially, spatially correlated systematics in the 
timing residuals of the array of pulsars across the sky71. 
A GW emitted from a single binary system passing the 
pulsar- Earth system will cause two frequency compo-
nents in the time series of the timing residuals: one from 
the spacetime variations at the pulsar (‘pulsar term’), the 
other from variations at the Earth (‘Earth term’), with 
different frequencies resulting from changes in the 
orbital frequency of the emitting source during the time 
it takes for the radio pulses to travel to the Earth. The top 
panel of FIG. 7 shows the expected detection in the form 
of the Hellings and Downs curve, the correlated response of 
a pair of pulsar- Earth baselines to a stochastic GW back-
ground averaged over all sky positions and polarizations 

as a function of the angle between the pulsar pair- Earth 
baselines71.

Pulsars are observed at monthly or more rapid 
cadences in order to sample and measure changing pro-
perties, such as the position of the pulsar (that is, proper 
motion) and varying dispersion due to the interstellar 
medium. In addition, they must be observed for roughly 
one half- hour per observation to average over enough 
of the pulses to mitigate the effects of jitter induced by 
astrophysical and receiver noise. The observations them-
selves cover very wide bandwidths (>GHz) or occur 
near- simultaneously at multiple radio frequencies in 
order to correct for the effects of interstellar dispersion. 
Pulsar timing instruments must have fine frequency 
reso lution (~1 MHz) to correct for these effects, coupled 
with high time resolution in order to sufficiently sample 
the roughly millisecond- wide radio pulses.

As each pulsar needs to be timed for about a year 
(equivalent to one Earth orbit) to be properly localized 
and understood, PTA experiments must have years- long 
durations. In practice, the lower end of the frequency 
window is given by the length of the data set (currently 
about 1 nHz), whereas the upper end is given by the 
cadence of the timing observations (currently about 
1 μHz). Timing residual amplitudes of about 100 ns or 
less are resolved for the best timed millisecond pulsars.

Today, there are three major PTAs: the Parkes PTA72 
in Australia, the European PTA Consortium65 and the 
NANOGrav73 consortium in North America. These 
arrays regularly achieve sub- microsecond timing on 
over 100 millisecond pulsars (MSPs), which collec-
tively form the International Pulsar Timing Array74 
(IPTA). PTA science is often sensitivity- limited, and 
many of the MSPs being discovered in recent sur-
veys have flux densities that often require hour- long 
observations with 100- m class (or larger) telescopes 
to achieve the requisite sub- microsecond timing. The 
Five- hundred- meter Aperture Spherical Telescope 
(FAST) (500 m diameter) and MeerKAT (64 antennas ×  
13.7 m diameter) telescopes have been commissioned, 
and are now commencing regular MSP timing, joining 
many existing 64–100- m class facilities in the Northern 
Hemisphere, and the Parkes 64- m telescope in the 
Southern Hemisphere. FIGURE 7 illustrates the radio 
telescopes used for pulsar timing experiments around 
the globe. NANOGrav has used two telescopes — the  

Laser

Output
photodiode

GW strain

GW strain

GW propagation
direction

Time

St
ra

in
 a

m
pl

it
ud

e

Fig. 3 | The concept of a simple laser interferometer gravitational- wave detector. A gravitational- wave (GW) strain 
shortens one arm while lengthening the other as it passes the detector, resulting in a slight difference in round- trip travel 
time for the laser light. This, in turn, leads to a phase shift of the light in one arm of the detector relative to the other, 
creating a change in light intensity at the photodetector. The time- dependent intensity recorded by the photodetector 
produces a reconstruction of the propagating GW.

Timing residuals
Deviations of the measured 
pulsar pulse arrival times 
relative to the modelled arrival 
times based on the known 
physics of pulsar emissions.

Hellings and Downs curve
The predicted angular 
correlation of the timing 
residuals of an ensemble of 
independent pairs of pulsars  
as seen from Earth resulting 
from the presence of a 
gravitational- wave background.

www.nature.com/natrevphys

ROADMAP

348 | MAY 2021 | VOLUME 3 

Two-body dynamics and GW signal

16



 EOB 
Resummation 

‣Waveform Model and Computing Techniques

Overlapping expansions in the binary problem

Kavli-RISE Summer School on GWs () Black-hole perturbation theory 5 / 73

[adapted from: Barak]

Post-Newtonian

Post-Minkowskian

Tutti 
FruttiEOB

B2B

Two-body dynamics and GW signal

17



• Post-Minkowskian Expansion  
[relativistic scattering] 
 

• Post-Newtonian Expansion  
[non relativistic system] 
 

• BH perturbation theory / self force 

Effective One Body (EOB) Formalism  
the contributions coming from different kinematic regions for 
combined and calibrated with Numerical Relativity
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Sma
[xa, g] = Spp[xa, g] + δSma

[xa, g]

Stot[xa, g] = SGR[g] + Sma
[xa, g]

SGR[g] = 2Λ2 ∫ dd+1x −g(R −
1
2

ΓμΓμ)
= − ma ∫ dτa = − ma ∫ dt −gμν(xa) ·xμ

a
·xν
a

•  Einstein Hilbert + gauge fixing •  Source/Worldline

Λ−1 = 32πGN

WORLDLINE QUANTUM FIELD THEORY: PROPAGATORS

 10
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xµ
i (⌧) = bµi + vµi ⌧ + zµ(⌧)Scattering scenario:

Worldline propagators: 
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m

⌘µ⌫
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4

where pcani,µ = −∂Lpp/∂ẋµ
i is the canonical momentum

conjugated to xµ. Since we are studying a scattering pro-
cess, in past and future infinity we may assume that the
point particles are so far separated that the interaction
terms vanish. In this case pcani,µ reduces to the kinematic
momentum miẋ

µ
i , so we have

mi∆ẋµ
i = i

∂ lnZWQFT

∂bi,µ
. (14)

Therefore in this letter, we define the generalized eikonal
phase for more than two worldlines as,

χ = −i lnZWQFT. (15)

In section III, we will perform a double copy for the
eikonal to next-to-leading order.
Since we will mostly work in momentum space, it will

be useful to express the worldline fluctuations as

zµ(τ) =

∫

ω
e−iωτzµ(ω),

Ψ(τ) =

∫

ω
e−iωτΨ(ω),

Ψ †(τ) =

∫

ω
e−iωτΨ †(−ω) .

(16)

The dual color wave function Ψ̃ in momentum space is
defined in the same way as Ψ . For convenience we use
the integral shorthands

∫

ω :=
∫

dω
2π ,

∫

k :=
∫

d4k
(2π)4 as well

as δ−(ω) := 2πδ(ω) and δ−(4)(kµ) := (2π)4δ(4)(kµ). When
evaluated on the worldline, the generic field Φ may be
expanded as

Φ(x(τ)) =

∫

k
eik·(b+vτ+z(τ))Φ(−k) =
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)

+O(z2). (17)

We take the expansion only to linear order in zµ since
this is the highest term we need in this letter. A complete
expression of hµν to all orders in z may be found in [16].
Next we extract the Feynman rules from the worldline

actions. The worldline propagators are the same in all
three theories,

zµ zν
ω

= − i

m

ηµν

ω2
(18)

Ψ † Ψ
ω

=
i

ω
. (19)

The propagator of the dual field Ψ̃ is identical to the one
for Ψ .
Let us now begin with the analysis of the Yang-Mills

coupled WQFT. With (16) and (17) we can expand the
interaction term of Spc from eq. (2) as

Spc
int =g

∫

dτ ẋµ(τ) ·Aa(x(τ))Ca(τ) (20)

=g

∫

k
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+ g
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k,ω
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µ(−k)δ−(k · v + ω)

×
[

i
(

ωzµ(−ω) + vµk · z(−ω)
)

ca

+ vµ(ψ†T aΨ(−ω)+Ψ †(ω)T aψ)
]

+O
(

(z,Ψ)2
)

where we keep the interaction to linear order in worldline
fluctuations. The Feynman rules of the worldline-gluon

vertices can be directly read off from (20),

Aa
µ

k = igeik·bδ−(k · v)vµca (21)

zρ
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µ

ω

k = −geik·bδ−(k·v + ω)

× (ωηµρ + vµkρ)ca
(22)

Ψ †
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µ
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k = igeik·bδ−(k · v + ω)vµ(T aψ) (23)

Ψ

Aa
µ

ω

k = igeik·bδ−(k · v − ω)vµ(ψ†T a). (24)

Turning to the bi-adjoint scalar coupled WQFT, we
can expand the worldline-scalar coupling of (6) in the
same way,

Scc
int =

y

m

∫

dτφaã(x(τ))Ca(τ)C ã(τ) (25)

=
y

m

∫

k
eik·bφaã(−k)δ−(k · v)cacã

   Graviton propagator:⇒

Perturbative (quantum) gravity (in the bulk):
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Let us now establish the Feynman rules for the in-in WQFT. As we argued in

the last section if one is interested in tree-level one-point functions (as we are) we

only need the retarded propagators. We then have for the graviton

k
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with Pµ⌫;⇢� := ⌘µ(⇢⌘�)⌫ �
1

D�2
⌘µ⌫⌘⇢�. The retarded worldline propagators for the

fluctuations zµ
i
(!) and anti-commuting vectors  0µ
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Note that now the direction of the arrow above the propagators indicates the causality

flow. The retarded propagators were already used in [47–51].

For the in-in WQFT vertices at linear order in minus fields the vertex structure

is particularly simple — generalizing the scalar field discussion of eq. (2.27):
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We find precisely the same Feynman rules (including symmetry factors) as in the

in-out formalism, with the distinction that these are extended by dressing each leg

successively by a minus label and all others by a plus label. Importantly, starting

with the one-point functions connected to the background trajectories the connecting

graviton field always carries a minus label:

hµ⌫(k)

�

, (2.34)

while the tensorial structure remains as before [47–51]. Again, the outgoing leg

relevant for the one-point functions hhµ⌫

+ (k)i, hzµ
i+
(!)i or h 0µ

i+
(!)i is strictly plus by

virtue of (2.23).

This leads to the following causality structure for the WQFT in the in-in for-

malism: for the graviton emission

hh
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retarded propagator

(in-in formalism)
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[internal structure: spin, tidal, …]

•  GREFT ACTION

GR Effective Field Theory (GREFT)
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‣relativistic velocities:  
 
 
 
 

‣ Dynamics in Post-Minkowskian  
 perturbative scheme 

‣At nPM order:     Gn
N

Corrections to the Newtonian potential: 

18 CHAPTER �. GRAVITATIONAL WAVES IN GENERAL RELATIVITY
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cos(✓)sin(�(t)) , (1.101)

where ⌧ = tcoal � t is the time to coalescence.
From (1.92) and (1.99) we obtain the time dependence of the GW phase �:

�(⌧) = �2

✓
5GNMc

c3

◆�5/8

⌧5/8 + �0 (1.102)

in which we used d⌧ = �dt and the integration constant �0 associated to the value of � at coalescence,
namely �0 = �(⌧ = 0).
Approaching the coalescence this quasi-circular orbit description eventually loses its validity, due to
the visible growth of Ṙ and ẇs, however at this stage we would be definitely outside the inspiral
phase, namely the one we are interested in.
Besides, even within the quasi-circular regime the currently achieved results represent only a first step
in the modeling of binary-radiated GWs, suitable to support the detection experiments, since they
are the ultimate offspring of the quadrupole approximation in the context of Newtonian dynamics.
In the next section we will address the problems one encounters in trying to go beyond linearized
General Relativity and introduce possible analytical methods to accomplish that.

1.7 Beyond Linearized General relativity

Figure 1.2: Contributions to PM and PN perturbative schemes at different orders. PM order scales with the
number of horizontal lines, whereas PN order is increases along the diagonals

In order to describe the production of GWs in a multipole expansion in v/c, with v the typical internal
speed of the system, we assumed that the background space-time is the usual Minkowski one, and
that the GWs sources do not contribute to the space-time curvature. However, this assumption is
valid only if the background space-time curvature and the velocity of the source can be treated as
independent variables. Unfortunately, this is not the case if the system is governed by gravitational
forces.
Indeed, for a self-gravitational system the virial theorem holds:

v2

c2
⇠ rs

r
, (1.103)

where rs = 2Gm/c2 is the Schwarzschild radius, m the total mass, and r the typical size of the
system. Since the ratio rs/r is a way to quantify the strength of the gravitational field around the
corresponding system, if we want to increase multipoles we need to modify the background space-
time. Therefore, we cannot proceed straightforwardly in the multipole expansion while remaining
in the theoretical framework of the previous sections. We need to use more accurate models which
give us general relativistic corrections as progressive deviations from the Minkowskian background
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‣Non-relativistic velocities:  

‣Virial theorem: 
 
       

‣ Dynamics in Post-Newtonian  
perturbative scheme 

‣At nPN order:     Gn−ℓ
N v2ℓ

Corrections to the Newtonian potential: Extensive work in the spinless PN theory, using (mostly) traditional methods: 

Ohta, Okamura, Kimura, Hiida, Jaranowski, Schäfer, Damour, Jaranowski, Blanchet, Faye, Porto, Rothstein, 
Iyer, Will, Wiseman, Poisson, Cutler, Finn, Flanagan, Deruelle, Thorne, Sathyaprakash, Bini, Geralico, Goldberger, 
Rothstein, Buonanno, Le Tiec, Marsat, Foffa, Sturani, Mastrolia, Sturm, Torres Bobadilla, Blümlein, Maier, Marquard, etc.
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18 CHAPTER �. GRAVITATIONAL WAVES IN GENERAL RELATIVITY

h⇥(⌧, ✓) =
1

r

✓
GNMc

c2

◆5/4✓ 5

c⌧

◆1/4

cos(✓)sin(�(t)) , (1.101)

where ⌧ = tcoal � t is the time to coalescence.
From (1.92) and (1.99) we obtain the time dependence of the GW phase �:

�(⌧) = �2

✓
5GNMc

c3

◆�5/8

⌧5/8 + �0 (1.102)

in which we used d⌧ = �dt and the integration constant �0 associated to the value of � at coalescence,
namely �0 = �(⌧ = 0).
Approaching the coalescence this quasi-circular orbit description eventually loses its validity, due to
the visible growth of Ṙ and ẇs, however at this stage we would be definitely outside the inspiral
phase, namely the one we are interested in.
Besides, even within the quasi-circular regime the currently achieved results represent only a first step
in the modeling of binary-radiated GWs, suitable to support the detection experiments, since they
are the ultimate offspring of the quadrupole approximation in the context of Newtonian dynamics.
In the next section we will address the problems one encounters in trying to go beyond linearized
General Relativity and introduce possible analytical methods to accomplish that.

1.7 Beyond Linearized General relativity

Figure 1.2: Contributions to PM and PN perturbative schemes at different orders. PM order scales with the
number of horizontal lines, whereas PN order is increases along the diagonals

In order to describe the production of GWs in a multipole expansion in v/c, with v the typical internal
speed of the system, we assumed that the background space-time is the usual Minkowski one, and
that the GWs sources do not contribute to the space-time curvature. However, this assumption is
valid only if the background space-time curvature and the velocity of the source can be treated as
independent variables. Unfortunately, this is not the case if the system is governed by gravitational
forces.
Indeed, for a self-gravitational system the virial theorem holds:

v2

c2
⇠ rs

r
, (1.103)

where rs = 2Gm/c2 is the Schwarzschild radius, m the total mass, and r the typical size of the
system. Since the ratio rs/r is a way to quantify the strength of the gravitational field around the
corresponding system, if we want to increase multipoles we need to modify the background space-
time. Therefore, we cannot proceed straightforwardly in the multipole expansion while remaining
in the theoretical framework of the previous sections. We need to use more accurate models which
give us general relativistic corrections as progressive deviations from the Minkowskian background
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•  Amplitudes based approach

Let us now consider a classical test of GR: bending of light. When one of the

particles is massless, we have
p
s = M + ! and p1 · p2 = M!. This yields

↵G = 2GM! . (2.11)

The deflection angle is given by ✓ = 2@�(s,b)

@J
, where b = J/!. This gives us

✓ =
4GM!

J
=

4GM

b
, (2.12)

which is the classic deflection angle formula in GR. Notice that the deflection angle

does not depend on the frequency !, just on the impact parameter b.

Audience question 2.1 Is the fact that ! cancels out a consequence of the equiv-

alence principle?

Answer: Yes, exactly. Higher orders including quantum corrections will give depen-

dence on the frequency.

We can also consider the Shapiro time delay. Recall that the time delay is given

by �t = 2@�(s,b)

@
p
s
. In the case of a null geodesic, for which

p
s = ! +M , we get

�t = �4GM log(b/bIR) > 0 , (2.13)

which again is the correct answer in GR. As expected, gravity slows you down.

Let us now do something slightly more interesting and ask what would happen

as we go to higher orders in the expansion. The amplitude admits an expansion with

more and more loops:

iM = + + + + + . . .

(2.14)

In the hydrogen atom, the tree-level diagram contains the Coulomb potential and

the ladder diagrams are iterations of it. However, in GR we have mixing between

di↵erent terms. To distinguish which terms contribute to the ‘potential’ and which

terms are iterations, we will use the connection to an “e↵ective-one-body” Lippmann–

Schwinger equation, which resums all such contributions. We will follow the exposi-

tion of Todorov [3], who did his work in 1970 while at IAS (see also [9] for a modern

review).

2.2 Relativistic Born series

In the center of mass frame we have the ingoing momenta

p
µ

1
= (E1,p) , E1 =

q
|p|2 +m

2

1
, (2.15)
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The Fourier transform to position space gives

V (r) =
G

r

m
2

1
m

2

2
� 2(p1 · p2)2p

s
� G

2

r2

3m2

1
m

2

2
(m1 +m2)

2
p
s

(1� 5�2) +O(G3) , (2.41)

where we remind that

� ⌘ p1 · p2
m1m2

. (2.42)

We can then compute O(G2) corrections to the deflection angle. In fact, the state of

the art is currently O(G4), or equivalently 3 loops. For the purposes of this section,

we will be satisfied with O(G2).

Let us compute one more classical test of GR: the precession of the perihelion

of Mercury. It is reproduced by plugging the above potential into the radial action

(1.41) and taking its J derivative:

�� = ⇡ +
@IJ(E)

@J
= G

2
3⇡m2

1
m

2

2
(m1 +m2)

2J2
p
s

(5�2 � 1) . (2.43)

In the non-relativistic limit we have � ! 1 and
p
s ! m1 + m2. If in addition,

we use the probe limit m = m2 ⌧ m1 = M and make use of the identity J
2 =

m
2
GM(1� e

2)a, we find the famous result of the Mercury perihelion shift

��Mercury =
6⇡GM

(1� e2)a
. (2.44)

Now, let us say some words about higher orders in this perturbative expansion

in G. What is exciting about this expansion is that there is some new physical

e↵ect at every order. At O(G2) we have the perihelion precession just discussed.

At order O(G3) there are radiation e↵ects. For radiative e↵ects one can use the so-

called Kosower–Maybee–O’Connell (KMOC) formalism [13]. The big open problem

in this area is how to analytically continue the result of the scattering problem to

the bound-state problem. The problem occurs at O(G4), where you get diagrams of

this form:

(2.45)

These are responsible for the tail e↵ects. The radiated graviton feels the attraction of

the two-body system it was emitted from (this does not happen in QED due to lack

of photon self-interactions). When trying to compute the e↵ective potential with

these diagrams, we get terms of the form G
4
⇢(E), where ⇢(E) is a distribution, not

a function, of the energy. It does not admit a good analytic continuation. The way

to deal with it is a big open problem.
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which again is the correct answer in GR. As expected, gravity slows you down.

Let us now do something slightly more interesting and ask what would happen

as we go to higher orders in the expansion. The amplitude admits an expansion with

more and more loops:

iM = + + + + + . . .

(2.14)

In the hydrogen atom, the tree-level diagram contains the Coulomb potential and

the ladder diagrams are iterations of it. However, in GR we have mixing between

di↵erent terms. To distinguish which terms contribute to the ‘potential’ and which

terms are iterations, we will use the connection to an “e↵ective-one-body” Lippmann–

Schwinger equation, which resums all such contributions. We will follow the exposi-

tion of Todorov [3], who did his work in 1970 while at IAS (see also [9] for a modern

review).

2.2 Relativistic Born series

In the center of mass frame we have the ingoing momenta

p
µ

1
= (E1,p) , E1 =

q
|p|2 +m

2

1
, (2.15)

– 19 –

The Fourier transform to position space gives

V (r) =
G

r

m
2

1
m

2

2
� 2(p1 · p2)2p

s
� G

2

r2

3m2

1
m

2

2
(m1 +m2)

2
p
s

(1� 5�2) +O(G3) , (2.41)

where we remind that

� ⌘ p1 · p2
m1m2

. (2.42)

We can then compute O(G2) corrections to the deflection angle. In fact, the state of

the art is currently O(G4), or equivalently 3 loops. For the purposes of this section,

we will be satisfied with O(G2).

Let us compute one more classical test of GR: the precession of the perihelion

of Mercury. It is reproduced by plugging the above potential into the radial action

(1.41) and taking its J derivative:

�� = ⇡ +
@IJ(E)

@J
= G

2
3⇡m2

1
m

2

2
(m1 +m2)

2J2
p
s

(5�2 � 1) . (2.43)

In the non-relativistic limit we have � ! 1 and
p
s ! m1 + m2. If in addition,

we use the probe limit m = m2 ⌧ m1 = M and make use of the identity J
2 =

m
2
GM(1� e

2)a, we find the famous result of the Mercury perihelion shift

��Mercury =
6⇡GM

(1� e2)a
. (2.44)

Now, let us say some words about higher orders in this perturbative expansion

in G. What is exciting about this expansion is that there is some new physical

e↵ect at every order. At O(G2) we have the perihelion precession just discussed.

At order O(G3) there are radiation e↵ects. For radiative e↵ects one can use the so-

called Kosower–Maybee–O’Connell (KMOC) formalism [13]. The big open problem

in this area is how to analytically continue the result of the scattering problem to

the bound-state problem. The problem occurs at O(G4), where you get diagrams of

this form:

(2.45)

These are responsible for the tail e↵ects. The radiated graviton feels the attraction of

the two-body system it was emitted from (this does not happen in QED due to lack

of photon self-interactions). When trying to compute the e↵ective potential with

these diagrams, we get terms of the form G
4
⇢(E), where ⇢(E) is a distribution, not

a function, of the energy. It does not admit a good analytic continuation. The way

to deal with it is a big open problem.

– 24 –

Let us now consider a classical test of GR: bending of light. When one of the
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@J
, where b = J/!. This gives us
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4GM!

J
=

4GM

b
, (2.12)

which is the classic deflection angle formula in GR. Notice that the deflection angle

does not depend on the frequency !, just on the impact parameter b.
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and

Smatter =

Z
d4
x

h
(@�1)

2 + (@�2)
2 +

p
Ghµ⌫(T

µ⌫ [�1] + T
µ⌫ [�2]) +O(G)

i
. (2.6)

The action has an infinite number of terms, which becomes quite cumbersome at

higher orders. This is where the on-shell revolution plays a big role. Essentially, we

have learned that we do not need any of this formalism.2

We are going to follow the “bootstrap” philosophy and use general principles to

constrain the amplitudes instead. It will su�ce to know that the graviton is a spin-2

massless particle and use a few of the modern tools such as:

• Unitarity and factorization on poles

• Spinor-helicity formalism

• Double copy relations (gravity ⇠ Yang–Mills2)

• Generalized unitarity

• Integration by parts and di↵erential equations

In this lecture we are not going to review any of the above methods, instead we are

mostly interested in how to extract physical observables from scattering amplitudes.

Analogously to the hydrogen atom case discussed previously, we start with tree-

level scattering of m1m2 ! m1m2 in gravity, which reads:

iM0 = = 16⇡G
(2(p1 · p2)2 �m

2

1
m

2

2
)

t
⌘ 16⇡G

m
2

1
m

2

2
(2�2 � 1)

t
, (2.7)

in the small t limit. We define � ⌘ p1·p2
m1m2

. The eikonal phase at the leading order in

G is then

�(s, b) = �↵G(s) log(b/bIR) , (2.8)

with

↵G(s) = G
2(p1 · p2)2 �m

2

1
m

2

2p
s|p| =

Gm1m2(2�2 � 1)p
�2 � 1

. (2.9)

In the non-relativistic limit (say one of the particles is very heavy, m1 = M � m =

m2) we have p1 · p2 = Mm and
p
s = M . This gives us

↵G =
2GMm

2

|p| =
2GMmp
2E/m

, (2.10)

where E ⌘ |p|2
2m

coming from E ⌘
p
s�M �m. Notice that structurally, this is the

same e↵ective coupling we got before in (1.9) for QED.

2At this stage, Miguel crossed out all the above equations.
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•  Potential V from Lippman-Schwinger equation

p
µ

2
= (E2,�p) , E2 =

q
|p|2 +m

2

2
, (2.16)

with the outgoing momenta given by

p
µ

3
= (E1,p

0) = (E1,p+ q) , (2.17)

p
µ

4
= (E2,�p0) = (E2,�p� q) . (2.18)

Here, q = p0�p is the momentum exchange. Let T (s, t) be the scattering amplitude

for the scattering of two scalars of mass m1 and m2 where the Mandelstam invariants

read

s = (p1 + p2)
2
, t = (p1 � p3)

2
. (2.19)

These relate to p and q in the center of mass frame via

|p|2 =
⇥
s� (m1 +m2)2

⇤⇥
s� (m1 �m2)2

⇤

4s
, t = �|p0 � p|2 = �|q|2. (2.20)

The vectors p and q are further constrained by the condition p · q = �|q|2/2 that

stems from energy conservation |p| = |p0|. We will use the notation T (p,p0) where

it is understood that the dependence on s and t is given in terms of p and p0 in

Eq. (2.20).

We define the potential V (p,q) in terms of the Lippmann–Schwinger equation:

T (p,p0) = V (p,p0) +

Z
d3kT (p,k)G(p,k)V (k,p0) , (2.21)

where G(p,k) is a Green’s function. It is not unique, but it will have to satisfy

some consistency conditions and we will fix it shortly. This equation is easier to

understand at the level of pictures:

= +T V T V

p

�p� �p

p� p p� p p� k

�k

�p� �p �p �p� 

(2.22)

Note that in the last term, the momentum k is o↵-shell and we integrate over it.

The fact we chose this to be a 3D integral makes it connect directly to the

standard Lippmann–Schwinger equation of one-body quantum mechanics. In fact,

in the eikonal or WKB limit one finds a relation to the e↵ective one-body formalism

by Buonanno and Damour [11, 12].3

3Miguel was not sure about the spelling of Alessandra Buonanno’s family name. The Italians in
the audience advised that it should contain three instances of the letter n.
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G

We now require the potential V (p,p0) = V (s, t) to be a real function in the

scattering regime s > (m1 +m2)2, i.e.,

ImV (p,p0) = 0 for s > (m1 +m2)
2
. (2.23)

We will now also require consistency of the Lippmann–Schwinger equation with elas-

tic unitarity in order to fix the form of G(p,k). Elastic unitarity, which is the optical

theorem applied below the three-particle threshold, reads

ImT (p,p0) =
1

8⇡2

Z
d4
k �

+
�
k
2 �m

2

1

�
�
+
�
(k � p1 � p2)

2 �m
2

2

�
T (p, k)T ⇤(k, p0)

=
1

16⇡2
p
s

Z
d3k �(|k|2 � |p|2)T (p,k)T ⇤(k,p0) , (2.24)

where k is the 4-momentum and �
+ denote putting the corresponding particle on-

shell and imposing the positive-energy condition. In the second line, we recast it

as a 3D integral in order to resemble the Lippmann–Schwinger equation, by getting

rid of one of the delta functions. Since we imposed that V (p,q) is real across the

2-particle cut, the discontinuity of the amplitude should be captured by the Green’s

function G(p,k).

To arrive at the constraint on G as quickly as possible, it will pay o↵ to work

with a short-hand notation. Schematically, the relativistic Born series can be written

as

T = V + V GV + V GV GV + · · · = V
1

1�GV
, (2.25)

where multiplication denotes integrating over the intermediate momentum, as above,

and we suppress all the constants and kinematic dependence. Imposing the reality

condition, V ⇤ = V , gives

T
⇤ = V

1

1�G⇤V
. (2.26)

In the same notation, Elastic unitarity takes the form

T � T
⇤ = TT

⇤
. (2.27)

Using (2.25) and (2.26), the right-hand side can be written as

TT
⇤ = V

1

1�GV
V

1

1�G⇤V
, (2.28)

whereas the left-hand side is

T � T
⇤ = V


1

1�GV
� 1

1�G⇤V

�
= V

1

1�GV
(G�G

⇤)V
1

1�G⇤V
. (2.29)

Unitarity then fixes G�G
⇤ = 1, i.e., the imaginary part of the Green’s function is a

delta function. After carefully working out all the factors, in terms of equations this

constraint reads

ImG(p,k) =
�(|k|2 � |p|2)

16⇡2
p
s

. (2.30)
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The simplest choice is to write the solution as

G(p,k) =
1

(2⇡)3
1

2
p
s

1

|k|2 � |p|2 � i✏
, (2.31)

This solution is written up to analytic (real) terms which can be absorbed into the

potential.

Audience question 2.2 So what exactly is the freedom in choosing G?

Answer: You can add any analytic function to the above solution, as long as it is

compatible with the constraint (2.30). Di↵erent choices will lead to other e↵ective

potentials V di↵ering by o↵-shell pieces. In coordinate space these choices correspond

to di↵erent coordinate systems [9]. We observe that the above choice selects isotropic

coordinates (see below).

Let us take the non-relativistic probe limit as a cross-check. This amounts to

setting:
p
s = M +m+ E, |p|2 = 2µE =

2mM

m+M
E , (2.32)

where we made use of Eq. (2.20) and µ = m1m2
m1+m2

is the reduced mass of the system.

In this limit, we get

G ⇠ 1
|k|2
2µ

� E � i"

. (2.33)

This is precisely the non-relativistic propagator from the Schrödinger equation, as

expected.

Let us examine this Green’s function closer. The |k|2 dependence is the same in

the relativistic and non-relativistic cases. It means that after a Fourier transform,

we still get quadratic derivatives in the spatial directions. The di↵erence is the

dependence on E, which is linear in the non-relativistic case. This is in contrast to

the relativistic case, in which we had

|p|2 = [s� (m1 +m2)2][s� (m1 �m2)2]

4s
, (2.34)

and the energy dependence is very non-linear. To summarize, we end up with an

e↵ective Schrödinger equation with

|k|2 ! �r2
, |p|2 = f(E) , (2.35)

for f(E) given by eq. (2.34) where s = E
2. This is called the relativistic e↵ective

one-body Schrödinger equation:

f(E) = (r2 + V ) . (2.36)
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𝒪(G) 𝒪(G3)

p
µ

2
= (E2,�p) , E2 =

q
|p|2 +m

2

2
, (2.16)

with the outgoing momenta given by

p
µ

3
= (E1,p

0) = (E1,p+ q) , (2.17)

p
µ

4
= (E2,�p0) = (E2,�p� q) . (2.18)

Here, q = p0�p is the momentum exchange. Let T (s, t) be the scattering amplitude

for the scattering of two scalars of mass m1 and m2 where the Mandelstam invariants

read

s = (p1 + p2)
2
, t = (p1 � p3)

2
. (2.19)

These relate to p and q in the center of mass frame via

|p|2 =
⇥
s� (m1 +m2)2

⇤⇥
s� (m1 �m2)2

⇤

4s
, t = �|p0 � p|2 = �|q|2. (2.20)
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The fact we chose this to be a 3D integral makes it connect directly to the
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𝒪(G3)

•  GR EFT Feynman rules / on-shell / double-copy / spinor-formalism / recurrence relations

PM Corrections / Scattering Amplitudes based approach
Cheung, Rothstein, Solon
Bern, Cheung, Hermannn, Parra Martinez,  
Roiban, Schen Solon, Smith, Zeng, …
(see Correia et al.’s review)

Correia, Isabella 
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• Pushed to 5PM !!!



|ψ⟩in = ∫ dϕ(p1)dϕ(p2) ϕ1(p1)ϕ2(p2)ei(b1⋅p1+b2⋅p2) |p1, p2⟩in |ψ⟩out = S |ψ⟩in S = 1 + i T
wavefunction Two particle  

momentum eigenstates
On-shell phase 
 space integral

Δ⟨𝒪⟩ = ⟨𝒪⟩out − ⟨𝒪⟩in = out⟨ψ |𝒪 |ψ⟩out − in⟨ψ |𝒪 |ψ⟩in = in⟨ψ |S†[𝒪, S] |ψ⟩in

•  Expectation value of a Physical Observable: 

• Asymptotic states

• Impulse as Fourier Transform of Scattering Amplitudes dμ =
2

∏
i=1

̂dDqi δ(2pi ⋅ qi + q2
i ) eibi⋅qi

− i ∫ d(LIPS) ℓμΔ⟨pμ
1 ⟩ = ∫ dμ ̂δD(q1 + q2)( ) .

4-point amplitude Iteration terms 
Fourier Transform

qμ

• Waveform as Fourier Transform of Scattering Amplitudes

Δ⟨𝒲h⟩(u, ⃗n) =
1

4πr ∫
∞

0

̂dω∫ dμ{ ̂δD(q1 + q2 − k)e−i ωu ( ) + c . c.}− i ∫ d(LIPS)

5-point amplitude Iteration termsFourier Transform

>> [in-in formalims]

[credit: Brunello]

PM Corrections / Classical Observables based approach (KMOC) Kosower, Maybee,o’Connel

Brunello,  De Angelis

Caron Huot, Giroux,  
Hanesdottir, Mizera
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Hermann, Parra-Martinez, Zeng



JHEP10(2022)128

(a
)

(b
)

(c
)

(d
)

(e
)

(f
)

Fi
gu

re
5.

Th
e
six

di
ag
ra
m
s
co
nt
rib

ut
in
g
to

th
e
m

1m
3 2
co
m
po

ne
nt

of
∆
p(

3)
µ

1
in

th
e
ab

se
nc
e
of

tid
al

co
rr
ec
tio

ns
.
Th

e
up

pe
r
wo

rld
lin

e
is

on
e
co
nt
in
uo

us
flu

ct
ua

tio
n
an

d
he
nc
e
we

ha
ve

te
st
-b
od

y
m
ot
io
n.

(a
)

(b
)

(c
)

(d
)

Fi
gu

re
6.

Th
e
fo
ur

ty
pe

so
fd

ia
gr
am

sc
on

tr
ib
ut
in
g
to

th
e
te
st
-b
od

y
m

1m
3 2
co
m
po

ne
nt
so

f∆
p(

3)
µ

1
lin

ea
ri

n
tid

al
co
effi

cie
nt
s.

(a
)

(b
)

(c
)

(d
)

(e
)

(f
)

(g
)

(h
)

(i)
(j)

(k
)

(l)
(m

)
(n
)

Fi
gu

re
7.

Th
e1

4t
yp

es
of

di
ag
ra
m
sc

on
tr
ib
ut
in
gt

ot
he

m
2 1m

2 2
co
m
po

ne
nt
so

ft
he

3P
M

gr
av
ita

tio
na

l
im

pu
lse

∆
p(

3)
µ

1
wi
th
ou

t
tid

al
co
rr
ec
tio

ns
.
A
ll
di
ag
ra
m
s
ex
ce
pt

th
e
la
st
,(

n)
,a

re
as
so
cia

te
d
wi
th

th
e
co
m
pa

ra
bl
e-
m
as
s
fa
m
ily

I(
σ
1
;σ

2
;σ

3
)

n
1
,n

2
,.
..
,n

7
(3
.1
);

di
ag
ra
m
s
(l)

–(
n)

ar
e
as
so
cia

te
d

wi
th

K
(σ

1
;σ

2
;σ

3
)

n
1
,n

2
,.
..
,n

5

fa
m
ily

(3
.2
5)
.

(a
)

(b
)

(c
)

(d
)

(e
)

(f
)

(g
)

(h
)

(i)
(j)

(k
)

(l)
(m

)
(n
)

Fi
gu

re
8.

Th
e
14

ty
pe

s
of

di
ag
ra
m
s
co
nt
rib

ut
in
g
to

th
e
m

2 1m
2 2
co
m
pa

ra
bl
e-
m
as
s
co
m
po

ne
nt
s
of

∆
p(

3)
µ

1
lin

ea
ri

n
tid

al
co
effi

cie
nt
s.

–
24

–

m
xμ(τ)

• Scattering scenario
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RELATIVISTIC TWO BODY PROBLEM IN PM: TRADITIONAL  APPROACH 

Point-particle approximation for BHs (or NSs)
<latexit sha1_base64="BbYPIhx1CBztnAc7AQCSCpt9i/0="></latexit>

S = �
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i=1

Z
d⌧i

q
gµ⌫ ẋ

µ
i (⌧i)ẋ

⌫
i (⌧i) +

1

16⇡G

Z
d4x

p
�gR+ Sg.f.

Point particle approximation Bulk gravity & gauge fixing

1) Equations of motion: <latexit sha1_base64="J0URwpa/GZJ/SEN9IxzsZz43B5Y="></latexit>

Rµ⌫ � 1

2
gµ⌫ =

2

8
Tµ⌫

Einstein’s eqs.

<latexit sha1_base64="Ff+O1Yjjgngkp2ZLUtiWKKnNyAk="></latexit>

ẍµ
i + �µ

⌫⇢ẋ
⌫
i ẋ

⇢
i = 0

Geodesic eqs.

3) Construct observables

Far field waveform:

„Impulse“ (change in momentum):
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lim
r!1

hµ⌫ =
fµ⌫(t� r, ✓,')
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+O(

1

r2
)
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straight line: „in“ state deflectionsemitted radiation

2) Solve iteratively in 
<latexit sha1_base64="gqOnhn4WtQHF8ooes4RYnLpamAs="></latexit>

xµ
i (⌧) = bµi + vµi ⌧ +

1X

n=1

Gnz(n)µi (⌧)
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µ
i (⌧i)ẋ
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WORLDLINE QUANTUM FIELD THEORY: PERTURBATIVE SETUP
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SWQFT = �m
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Z
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Z
d4x

p
�g R(g)

<latexit sha1_base64="b1AiPE0rRlTfJhwsdCuHQh3scuE="></latexit>

gµ⌫ = ⌘µ⌫ +
p
Ghµ⌫

<latexit sha1_base64="9wXy+zOTFuF84HRk2gr/80mOJJ8="></latexit>

xµ
i (⌧) = bµi + vµi ⌧ + zµ(⌧)Scattering scenario:

Worldline propagators: 
<latexit sha1_base64="3UmJeXzprKpbD2kEaqurXfQD430="></latexit>

hzµ(!)z⌫(�!)i = � i

m

⌘µ⌫
(! + i0)2

4

where pcani,µ = −∂Lpp/∂ẋµ
i is the canonical momentum

conjugated to xµ. Since we are studying a scattering pro-
cess, in past and future infinity we may assume that the
point particles are so far separated that the interaction
terms vanish. In this case pcani,µ reduces to the kinematic
momentum miẋ

µ
i , so we have

mi∆ẋµ
i = i

∂ lnZWQFT

∂bi,µ
. (14)

Therefore in this letter, we define the generalized eikonal
phase for more than two worldlines as,

χ = −i lnZWQFT. (15)

In section III, we will perform a double copy for the
eikonal to next-to-leading order.
Since we will mostly work in momentum space, it will

be useful to express the worldline fluctuations as

zµ(τ) =

∫

ω
e−iωτzµ(ω),

Ψ(τ) =

∫

ω
e−iωτΨ(ω),

Ψ †(τ) =

∫

ω
e−iωτΨ †(−ω) .

(16)

The dual color wave function Ψ̃ in momentum space is
defined in the same way as Ψ . For convenience we use
the integral shorthands

∫

ω :=
∫

dω
2π ,

∫

k :=
∫

d4k
(2π)4 as well

as δ−(ω) := 2πδ(ω) and δ−(4)(kµ) := (2π)4δ(4)(kµ). When
evaluated on the worldline, the generic field Φ may be
expanded as

Φ(x(τ)) =

∫

k
eik·(b+vτ+z(τ))Φ(−k) =

∞
∑

n=0

in

n!

∫

k
eik·(b+vτ)(k · z(τ))nΦ(−k)

=

∫

k
eik·bΦ(−k)

(

eik·vτ + i

∫

ω
ei(k·v+ω)τk · z(−ω)

)

+O(z2). (17)

We take the expansion only to linear order in zµ since
this is the highest term we need in this letter. A complete
expression of hµν to all orders in z may be found in [16].
Next we extract the Feynman rules from the worldline

actions. The worldline propagators are the same in all
three theories,

zµ zν
ω

= − i

m

ηµν

ω2
(18)

Ψ † Ψ
ω

=
i

ω
. (19)

The propagator of the dual field Ψ̃ is identical to the one
for Ψ .
Let us now begin with the analysis of the Yang-Mills

coupled WQFT. With (16) and (17) we can expand the
interaction term of Spc from eq. (2) as

Spc
int =g

∫

dτ ẋµ(τ) ·Aa(x(τ))Ca(τ) (20)

=g

∫

k
eik·bv ·Aa(−k)δ−(k · v)ca

+ g

∫

k,ω
eik·bAa

µ(−k)δ−(k · v + ω)

×
[

i
(

ωzµ(−ω) + vµk · z(−ω)
)

ca

+ vµ(ψ†T aΨ(−ω)+Ψ †(ω)T aψ)
]

+O
(

(z,Ψ)2
)

where we keep the interaction to linear order in worldline
fluctuations. The Feynman rules of the worldline-gluon

vertices can be directly read off from (20),

Aa
µ

k = igeik·bδ−(k · v)vµca (21)

zρ

Aa
µ

ω

k = −geik·bδ−(k·v + ω)

× (ωηµρ + vµkρ)ca
(22)

Ψ †

Aa
µ

ω

k = igeik·bδ−(k · v + ω)vµ(T aψ) (23)

Ψ

Aa
µ

ω

k = igeik·bδ−(k · v − ω)vµ(ψ†T a). (24)

Turning to the bi-adjoint scalar coupled WQFT, we
can expand the worldline-scalar coupling of (6) in the
same way,

Scc
int =

y

m

∫

dτφaã(x(τ))Ca(τ)C ã(τ) (25)

=
y

m

∫

k
eik·bφaã(−k)δ−(k · v)cacã

  graviton propagator:⇒

Perturbative (quantum) gravity: 
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p
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Pµ⌫;⇢� = ⌘µ(⇢⌘�)⌫ � 1

2
⌘µ⌫⌘⇢�

Let us now establish the Feynman rules for the in-in WQFT. As we argued in

the last section if one is interested in tree-level one-point functions (as we are) we

only need the retarded propagators. We then have for the graviton

k

!µ⌫ ⇢�

� +
= i

Pµ⌫;⇢�

(k0 + i0)2 � k2
, (2.31)

with Pµ⌫;⇢� := ⌘µ(⇢⌘�)⌫ �
1

D�2
⌘µ⌫⌘⇢�. The retarded worldline propagators for the

fluctuations zµ
i
(!) and anti-commuting vectors  0µ

i
(!) are respectively

!

!µ ⌫

� +
= �i

⌘
µ⌫

mi(! + i0)2
,

!

!µ ⌫

� +
= �i

⌘
µ⌫

mi(! + i0)
. (2.32)

Note that now the direction of the arrow above the propagators indicates the causality

flow. The retarded propagators were already used in [47–51].

For the in-in WQFT vertices at linear order in minus fields the vertex structure

is particularly simple — generalizing the scalar field discussion of eq. (2.27):

S
WQFT

in-in, int

���
lin �

= h
µ⌫

�

 
�S

WQFT

int
[h, z, 0]

�hµ⌫

!

+

+
2X

i=1

z
µ

i�

 
�S

WQFT

int
[h, z, 0]

�z
µ

i

!

+

+
2X

i=1

 
0µ
i�

 
�S

WQFT

int
[h, z, 0]

� 
0µ
i

!

+

. (2.33)

We find precisely the same Feynman rules (including symmetry factors) as in the

in-out formalism, with the distinction that these are extended by dressing each leg

successively by a minus label and all others by a plus label. Importantly, starting

with the one-point functions connected to the background trajectories the connecting

graviton field always carries a minus label:

hµ⌫(k)

�

, (2.34)

while the tensorial structure remains as before [47–51]. Again, the outgoing leg

relevant for the one-point functions hhµ⌫

+ (k)i, hzµ
i+
(!)i or h 0µ

i+
(!)i is strictly plus by

virtue of (2.23).

This leads to the following causality structure for the WQFT in the in-in for-

malism: for the graviton emission

hh
µ⌫(k)i =

� � �

� � �

k

+�
µ⌫

+
+
+

+
+
+

(2.35)
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N.B. need to take 
retarded propagator

(in-in formalism)
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WORLD LINE VERTICES
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Worldline vertices: 1-graviton & m world-line deflections

Energy conservation on worldline

4.2 Recursive properties

The Feynman rules (4.18), (4.20) and (4.21) satisfy recursive properties:
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In words: a vertex with (n + 1) external zµ particles, and !n+1 = 0, is given by

a derivative with respect to the impact parameter b
µ of the corresponding n-point

vertex. We claim this continues to hold when spin is included, and that eq. (4.23b)

generalizes similarly, regardless of what other external lines are present on the vertex.

In the non-spinning case we confirmed this recursive property using an analytic

expression for the worldline vertices:
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With the inclusion of spin, however, we no longer have such a compact expression

and therefore argue di↵erently.

At the Lagrangian level these properties follow straightforwardly from
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where S
(i) + S

(i)

E
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d⌧ L(i)(⌧) (we are now ignoring the ghosts). The former is true

simply because the Lagrangian L
(i) depends on b
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and z
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only implicitly via x
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i
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This term gives rise to the stress-energy tensor T µ⌫(k) = meik·b��(k · v)vµv⌫ (see e.g.

ref. [85]) which we interpret as a classical source for hµ⌫ . The Feynman rule is

hµ⌫(k)

= �i
m

2mPl

eik·b��(k · v)vµv⌫ , (4.12)

with k outgoing. It is a tadpole: the dotted line represents the worldline, and is

intended only as a visual aid. The linear terms in zµ are
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from which we read o↵ the two-point vertex:
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The energy ! is also taken as outgoing. Finally, to quadratic order in zµ:
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The associated trivalent Feynman vertex is

hµ⌫(k)

z⇢1(!1)
z⇢2(!2)

= i
m

mPl

eik·b��(k · v + !1 + !2)⇥ (4.16)

✓
1

2
k⇢1k⇢2v

µv⌫ + !1k⇢2v
(µ�⌫)⇢1 + !2k⇢1v

(µ�⌫)⇢2 + !1!2�
(µ
⇢1�

⌫)
⇢2

◆
.

While of course the second worldline fluctuation still travels on the worldline, we

draw it above to distinguish it from its partner.

Given that an n-graviton vertex carries an overall m2�n
Pl

, it might seem odd that

each of these z-vertices carries only a single power of m�1

Pl
. To rectify this we might

try rescaling zµ ! m�1

Pl
zµ, similar to how we write gµ⌫ = ⌘µ⌫ + m�1

Pl
hµ⌫ for the

graviton. However, we find this operation to be undesirable as it also rescales the

propagator (4.7) to carry an overall m2

Pl
. As we shall see, despite the higher-point

vertices carrying the same overall power of mPl, their appearance at low orders in

the PM expansion is ruled out by the combinatorics of which diagrams we can draw.
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4.2 Recursive properties

The Feynman rules (4.18), (4.20) and (4.21) satisfy recursive properties:
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In ref. [1] (the non-spinning case) the first relationship was generalized to n points:
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In words: a vertex with (n + 1) external zµ particles, and !n+1 = 0, is given by

a derivative with respect to the impact parameter b
µ of the corresponding n-point

vertex. We claim this continues to hold when spin is included, and that eq. (4.23b)

generalizes similarly, regardless of what other external lines are present on the vertex.

In the non-spinning case we confirmed this recursive property using an analytic

expression for the worldline vertices:
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With the inclusion of spin, however, we no longer have such a compact expression

and therefore argue di↵erently.

At the Lagrangian level these properties follow straightforwardly from
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d⌧ L(i)(⌧) (we are now ignoring the ghosts). The former is true

simply because the Lagrangian L
(i) depends on b
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only implicitly via x
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b, v

2

the non-spinning case [? ? ? ? ].
In this Letter we provide the conservative, spin-orbit

contributions to the impulse and spin kick at 4PM ac-
curacy, together with the total scattering angle. These
results provide the basis to refine e↵ective one-body
Hamiltonians and resummed scattering prescriptions for
high-precision gravitational wave physics. Our worldline
quantum field theory (WQFT) hinges on three innova-
tions to the EFT approach for gravitational scattering:
(i) quantizing both the worldline degrees of freedom and
the gravitational field allows for a diagrammatic formula-
tion of the classical perturbation theory yielding the ob-
servables as one-point functions of the worldline or gravi-
tational fields [? ], (ii) capturing the spin of the compact
objects through a supersymmetric worldline theory [? ],
(iii) the Schwinger-Keldysh (in-in) initial value formula-
tion of WQFT that induces the use of retarded propaga-
tors and a causality flow in the diagrammatic expansion
[? ].

Supersymmetric in-in WQFT formalism. — The ef-
fective worldline theory of spinning bodies (Kerr BHs or
NSs) with masses mi and space-time coordinates xµ

i (⌧)
on a general D-dimensional space-time with metric gµ⌫
is described up to quadratic order in spin by an N = 2
supersymmetric worldline theory [? ]. As we are focus-
ing on the spin-orbit (linear-in-spin) dynamics here, the
N = 1 incarnation of this theory will su�ce:

S = �

2X

i=1

mi

Z
d⌧


1

2
gµ⌫ ẋ

µ
i ẋ

⌫
i +i i,a

D a
i

D⌧

�
+ SEH . (1)

The real anti-commuting vectors  a
i (⌧) are defined in

a flat tangent space using the vierbein eµa and D a
i

D⌧ =

 ̇a
i + ẋµ!µ

ab i,b with the spin-connection !µ
ab (our met-

ric is mostly minus). We work in D = 4� 2✏ dimensions
with SEH the bulk Einstein-Hilbert action including a
gauge-fixing term; the process of dimensional regularisa-
tion, wherein we ultimately send ✏! 0, is aided by only
this part of the full action needing to be lifted to D di-
mensions. The  a

i (⌧) carry the spin degrees of freedom
with the spin tensors Sµ⌫

i = �imi 
µ
i  

⌫
i and the Pauli-

Lubanski vectors Sµ
i = mia

µ
i = 1

2
✏µ⌫⇢�v

⌫
i S

⇢�
i .

We expand the fields around their respective back-
grounds: the metric gµ⌫ = ⌘µ⌫ +hµ⌫ , with  =

p
32⇡G,

and the worldlines

xµ
i (⌧) = bµi +vµi ⌧+zµi (⌧) ,  µ

i (⌧) =  
µ
i + 

0µ
i (⌧) , (2)

where {bµi , v
µ
i , 

µ
i } are the initial (background) param-

eters of the two bodies. Using background symmetries
we set b · vi =  i · vi = 0 where bµ = |b| b̂µ = bµ

2
� bµ

1

is the covariant impact parameter. We also introduce
the Lorentz factor � = v1 · v2 and the relative velocity
v =

p
�2 � 1/�.

Causal observables including radiative e↵ects arise
from the Schwinger-Keldysh (in-in) formalism applied
to WQFT [? ] where one doubles the fields: hµ⌫ !

(h(1)

µ⌫ , h
(2)

µ⌫ ) and Zµ
i ! (Z(1)µ

i , Z(2)µ
i ) introducing the

worldline “super-fields” Zi = {zi, 0
i}. Causal one-point

functions follow from the in-in path integral

hOi :=

Z
D[h(1,2)

µ⌫ , Z(1,2)µ
i ]ei(S[{ }(1)

]�S[{ }(2)
]
⇤
)
O , (3)

normalized such that h1i = 1 and with { }
(n) denoting the

(n)’th copy of the doubled fields. The key property we
exploit is that the WQFT tree-level one-point functions

hZ(n)
i i solve the classical equations of motion. Moreover,

the computation of one-point functions of in-in WQFT
reduces to the use of retarded propagators combined with
the standard in-out WQFT Feynman rules [? ]. This
formalism yields an e�cient QFT-based scheme to solve
the classical equations perturbatively.
Conservative observable can in turn be defined by ne-

glecting all interactions between h(1)

µ⌫ and h(2)

µ⌫ . This may
be achieved by using the in-in formalism only for the
worldlines while keeping the in-out formalism for the
gravitons and projecting on the real part of observables [?
? ]. This separation of conservative e↵ects at 4PM has
proven its e�ciency for the non-spinning results [? ? ].
WQFT Feynman rules. — The graviton propagator

in de Donder gauge with Feynman prescription reads

k

µ⌫ ⇢�
=

iPµ⌫;⇢�

k2 + i0+
, (4)

with Pµ⌫;⇢� := ⌘µ(⇢⌘�)⌫ �
1

D�2
⌘µ⌫⌘⇢� while the worldline

propagators associated with zµi and  0µ
i read, respectively

!, n
!µ ⌫ =

�i⌘µ⌫

mi(! + i0+)n

(
n = 2 for zµi ,

n = 1 for  0µ
i .

(5)

The arrow on the propagators indicates the momentum
or energy flow on the retarded propagators. Importantly,
the Feynman graviton propagators reflect our focus on
conservative observables. Full dissipative results may be
obtained by using retarded propagators instead. The
Feynman vertices of the spinning WQFT to lower multi-
plicities have been exposed in [? ]. The generic worldline
vertex couples n gravitons to m worldline fields and reads

Vn|m =

k

!1

...

!m

⇠

mn eik·b�

✓
k · v +

nX

i=1

!i

◆
⇥

⇥

✓
polynomial in !i, kj
of degree 2n+m

◆
(6)

where kµ =
Pn

i=1
kµi is the total outflowing four-

momentum and the dotted outgoing line symbolizes the
background parameters {bµ, vµ, µ

} of Eq. (2). We see
that only energy is conserved on the worldline. The bulk
graviton vertices are generic. At 4PM order we need
the worldline vertices Vn|m above for {n = 1, . . . , 4;m =
0, . . . , 5� n}, and the 3-,4-,5-graviton vertices.
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tidal corrections. The upper worldline is one continuous fluctuation and hence we have test-body
motion.
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• Feynman rules

𝒪(G) 𝒪(G2)

𝒪(G)

𝒪(G2) 𝒪(G2)

𝒪(G)

PM Corrections / QFT(EFT) Worldlines formalism

>> [in-in formalims]

Driesse, Mogull, Plefka, Jakobsen, Sauer, Steinhoff, Usovitsch
Dlapa, Kallin, Liu, Porto
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Driesse, Mogull, Plefka, Jakobsen, Sauer, Steinhoff, Usovitsch



GR EFT for PN corrections / Diagrammatic approach

 Bound system of Inspiraling of Black Holes

m1

m2

S1

S2r

v1

v2
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M [d+2]
k = ⌦(d, pi)

�1
Z

q1...q`

G mk(x̄, ȳ)
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>> r

∼ r

>> rs

∼ rs Black hole / Neutron star

Point particle + internal structure

Binary + Near zone + Far zone

GW emission + Multipoles 

Scales Hierarchies

rs

[credit: Patil]
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>> rs

rs

Point particle modelling

compact object as a point particle with internal structure parametrised Wilson coefficients

BHs

A compact object could be approximated by a point particle with 
internal structure (Wilson coefficients) at large scales as compared to  Rs

matching

EFT

GR

  NS

C(0)
ES2 ≈ 2 − 8

λ ≈ 500

  BH

C(0)
ES2 = 1
λ = 0

Point particle EFT - matching

Fundamental mode frequency

Spin induced quadrupole
∫ dt m gL

μνuμuνMass:

∫ dt { − 1
2 SμνΩμν − 1

2mc (C(0)
ES2)

Eμν

u [SμSν]STF + ⋯}
[Porto, Levi, Steinhoff, …]

Spin:

∫ dt {λ
z
4 EμνEμν + λκ

G2
Nm2

c6
z
2

dEμν

dt
dEμν

dt
+ ⋯}

[Flanagan, Hinderer, Damour, …]

Adiabatic 
Tides:

∫ dt { z
4λω2

f
[ c2

z2
·Qμν

·Qμν − ω2
f QμνQμν] − z

2 QμνEμν + ⋯}
[Hinderer, Steinhoff, …]

Dynamic 
Tides:

Static Love number

Post-adiabatic Love number

[credit: Patil]
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1.4 Dimensionl Recurrence Relations

P (qi · pj , qi · qj) = G(qi, pj) (1.12)

with G = Gram determinant

G(qi, pj) =

��������

q21 . . . (q1 · pe�1)

...
. . .

...

(pe�1 · q1) . . . p2e�1

��������
(1.13)

Dimension-shifted integrals

G-insertion:

F [d]
n,m(x,y) ⌘

Z

q1...q`

fn,m(x,y) , (1.14)

)
Z

q1...q`

G fn,m(x,y) = ⌦(d, pi) F
[d+2]
n,m (x,y) (1.15)

In the case of Master integrals

x̄ = (1, . . . , 1) , ȳ = (0, . . . , 0)

M [d+2]
k = ⌦(d, pi)

�1
Z

q1...q`

G mk(x̄, ȳ)
IBP
=

X

i

ck,i M
[d]
i (1.16)

which can be seen as a Dimensional recurrence relation

In general, n MIs obey a system of Dimensional recurrence relations

M
[d] ⌘

0

BBB@

M [d]
1

...

M [d]
n

1

CCCA
(1.17)

M
[d+2] = C(d) M[d] (1.18)

1.5 Di↵erential Equations

In general, n MIs obey a system of 1st ODE

@zM
[d] = A(d, z) M[d] (1.19)

1.6

r? << r << �GW (1.20)
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Dissipative system :: 
 GW emission
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Conservative system :: 
   GW emission rs ≪ r ≪ λrad

rs ≪ r ≪ λrad

rs

rs

rs

rs

λrad

Coalescing Binary System

‣Double Hierarchy
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Conservative system :: 
   GW emission rs ≪ r ≪ λrad

rs ≪ r ≪ λrad

rs
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rs

λrad

‣Weak field expansion:
gμν = ημν + hμνv ≪ 1 hμν = Hμν + h̄μν

• Potential gravitons     

•  Radiation gravitons   

Hμν : (k0, k) ∼ ( v
r

,
1
r )

h̄μν : (k0, k) ∼ ( v
r

,
v
r )

•  Worldline/BH      xa :

[Beneke Smirnov]‣Non-relativistic approximation [method of regions]:          

31

Hμν

h̄μν

eiSeff[xa] = ∫ Dh̄ ∫ DH eiStot[xa,H,h̄]

‣Effective action by integrating out gravitons:

Coalescing Binary System

‣Double Hierarchy
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2.6 Near zone contributions to the conservative dynamics

If we focus on the near zone, in order to evaluate contributions to the conservative dynamics, we can
start from Seff (xa, Hµ⌫ , h̄µ⌫) and integrate out the potential modes to get SNR(xa, h̄):

eiSNR(xa,h̄) =

Z
DHµ⌫e

i(Sbulk(h̄+H)+Spp(xa,h̄+H))

= exp

⇢
+ , +

�
, (2.96)

where curly lines denotes radiation gravitons whereas the double solid line represents the compact
binary. In that way SNR(xa, h̄) contains two-body forces between the point particles, written as an
explicit expansion in powers of v, and the couplings of the worldlines to radiation.
Diagrammatically, Seff (xa, h̄) can be obtained by summing diagrams that have the following topo-
logical properties:

1. diagrams must remain connected if the particles worldlines are stripped off,

2. diagrams may only contain internal lines corresponding to propagators for the potential modes
Hµ⌫ . Diagrams cannot contain external potential graviton lines,

3. diagrams can only contain external h̄µ⌫ . Diagrams cannot contain propagators corresponding
to internal radiation graviton lines.

The point of splitting the original graviton hµ⌫ into the new modes Hµ⌫ , h̄µ⌫ is that the diagrams
written in terms of these new variables have definite powers of the expansion parameter v. The
power counting rules for determining how many powers of v to assign to a given diagram follow
simply from the fact that the three momentum of a potential graviton scales ask ⇠ 1/r, since this is the
range of the force it mediates, and that the spacetime variation of a radiation graviton is �rad ⇠ r/v.
With these two observations we can assign powers of v to any term in the action, and by extension to
the Feynman rules.
Diagrammatically, we can denote the two black hole worldlines with horizontal straight lines, potential
modes with dotted lines and radiative modes with wiggled ones.
The conservative dynamic is given by the sum of diagrams containing no radiation gravitons, as:

= = + + + · · ·

(2.97)
Being interested in studying processes with one emitted radiation graviton, one should consider all
diagrams containing one radiation field:

= = + + + . . . , (2.98)

where it should be noticed that radiation gravitons can be coupled either to worldlines or to potential
gravitons.

2.6.1 Kol-Smolkin Variables

To simplify the diagram computation we can take advantage of the diffeomorphism invariance of
General Relativity to impose a Kaluza-Klein parametrization [43–46] for the metric tensor, which is
based on the use of the Kol-Smolkin variables.
We can decompose the symmetric tensor gµ⌫ in terms of a scalar field �, a d-dimensional vector field
Ai and a d⇥ d symmetric tensor field �ij where the indices i, j run from 1 to d:

gµ⌫ = e2�/⇤
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2.6 Near zone contributions to the conservative dynamics

If we focus on the near zone, in order to evaluate contributions to the conservative dynamics, we can
start from Seff (xa, Hµ⌫ , h̄µ⌫) and integrate out the potential modes to get SNR(xa, h̄):

eiSNR(xa,h̄) =

Z
DHµ⌫e

i(Sbulk(h̄+H)+Spp(xa,h̄+H))

= exp

⇢
+ , +

�
, (2.96)

where curly lines denotes radiation gravitons whereas the double solid line represents the compact
binary. In that way SNR(xa, h̄) contains two-body forces between the point particles, written as an
explicit expansion in powers of v, and the couplings of the worldlines to radiation.
Diagrammatically, Seff (xa, h̄) can be obtained by summing diagrams that have the following topo-
logical properties:

1. diagrams must remain connected if the particles worldlines are stripped off,

2. diagrams may only contain internal lines corresponding to propagators for the potential modes
Hµ⌫ . Diagrams cannot contain external potential graviton lines,

3. diagrams can only contain external h̄µ⌫ . Diagrams cannot contain propagators corresponding
to internal radiation graviton lines.

The point of splitting the original graviton hµ⌫ into the new modes Hµ⌫ , h̄µ⌫ is that the diagrams
written in terms of these new variables have definite powers of the expansion parameter v. The
power counting rules for determining how many powers of v to assign to a given diagram follow
simply from the fact that the three momentum of a potential graviton scales ask ⇠ 1/r, since this is the
range of the force it mediates, and that the spacetime variation of a radiation graviton is �rad ⇠ r/v.
With these two observations we can assign powers of v to any term in the action, and by extension to
the Feynman rules.
Diagrammatically, we can denote the two black hole worldlines with horizontal straight lines, potential
modes with dotted lines and radiative modes with wiggled ones.
The conservative dynamic is given by the sum of diagrams containing no radiation gravitons, as:

= = + + + · · ·

(2.97)
Being interested in studying processes with one emitted radiation graviton, one should consider all
diagrams containing one radiation field:

= = + + + . . . , (2.98)

where it should be noticed that radiation gravitons can be coupled either to worldlines or to potential
gravitons.

2.6.1 Kol-Smolkin Variables

To simplify the diagram computation we can take advantage of the diffeomorphism invariance of
General Relativity to impose a Kaluza-Klein parametrization [43–46] for the metric tensor, which is
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Ai and a d⇥ d symmetric tensor field �ij where the indices i, j run from 1 to d:
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Diagrammatically, we can denote the two black hole worldlines with horizontal straight lines, potential
modes with dotted lines and radiative modes with wiggled ones.
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Being interested in studying processes with one emitted radiation graviton, one should consider all
diagrams containing one radiation field:
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where it should be noticed that radiation gravitons can be coupled either to worldlines or to potential
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Hµ⌫ . Diagrams cannot contain external potential graviton lines,
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power counting rules for determining how many powers of v to assign to a given diagram follow
simply from the fact that the three momentum of a potential graviton scales ask ⇠ 1/r, since this is the
range of the force it mediates, and that the spacetime variation of a radiation graviton is �rad ⇠ r/v.
With these two observations we can assign powers of v to any term in the action, and by extension to
the Feynman rules.
Diagrammatically, we can denote the two black hole worldlines with horizontal straight lines, potential
modes with dotted lines and radiative modes with wiggled ones.
The conservative dynamic is given by the sum of diagrams containing no radiation gravitons, as:
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Being interested in studying processes with one emitted radiation graviton, one should consider all
diagrams containing one radiation field:

= = + + + . . . , (2.98)

where it should be noticed that radiation gravitons can be coupled either to worldlines or to potential
gravitons.

2.6.1 Kol-Smolkin Variables

To simplify the diagram computation we can take advantage of the diffeomorphism invariance of
General Relativity to impose a Kaluza-Klein parametrization [43–46] for the metric tensor, which is
based on the use of the Kol-Smolkin variables.
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2.6 Near zone contributions to the conservative dynamics

If we focus on the near zone, in order to evaluate contributions to the conservative dynamics, we can
start from Seff (xa, Hµ⌫ , h̄µ⌫) and integrate out the potential modes to get SNR(xa, h̄):
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where curly lines denotes radiation gravitons whereas the double solid line represents the compact
binary. In that way SNR(xa, h̄) contains two-body forces between the point particles, written as an
explicit expansion in powers of v, and the couplings of the worldlines to radiation.
Diagrammatically, Seff (xa, h̄) can be obtained by summing diagrams that have the following topo-
logical properties:

1. diagrams must remain connected if the particles worldlines are stripped off,

2. diagrams may only contain internal lines corresponding to propagators for the potential modes
Hµ⌫ . Diagrams cannot contain external potential graviton lines,

3. diagrams can only contain external h̄µ⌫ . Diagrams cannot contain propagators corresponding
to internal radiation graviton lines.

The point of splitting the original graviton hµ⌫ into the new modes Hµ⌫ , h̄µ⌫ is that the diagrams
written in terms of these new variables have definite powers of the expansion parameter v. The
power counting rules for determining how many powers of v to assign to a given diagram follow
simply from the fact that the three momentum of a potential graviton scales ask ⇠ 1/r, since this is the
range of the force it mediates, and that the spacetime variation of a radiation graviton is �rad ⇠ r/v.
With these two observations we can assign powers of v to any term in the action, and by extension to
the Feynman rules.
Diagrammatically, we can denote the two black hole worldlines with horizontal straight lines, potential
modes with dotted lines and radiative modes with wiggled ones.
The conservative dynamic is given by the sum of diagrams containing no radiation gravitons, as:

= = + + + · · ·

(2.97)
Being interested in studying processes with one emitted radiation graviton, one should consider all
diagrams containing one radiation field:

= = + + + . . . , (2.98)

where it should be noticed that radiation gravitons can be coupled either to worldlines or to potential
gravitons.

2.6.1 Kol-Smolkin Variables

To simplify the diagram computation we can take advantage of the diffeomorphism invariance of
General Relativity to impose a Kaluza-Klein parametrization [43–46] for the metric tensor, which is
based on the use of the Kol-Smolkin variables.
We can decompose the symmetric tensor gµ⌫ in terms of a scalar field �, a d-dimensional vector field
Ai and a d⇥ d symmetric tensor field �ij where the indices i, j run from 1 to d:
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where curly lines denotes radiation gravitons whereas the double solid line represents the compact
binary. In that way SNR(xa, h̄) contains two-body forces between the point particles, written as an
explicit expansion in powers of v, and the couplings of the worldlines to radiation.
Diagrammatically, Seff (xa, h̄) can be obtained by summing diagrams that have the following topo-
logical properties:

1. diagrams must remain connected if the particles worldlines are stripped off,

2. diagrams may only contain internal lines corresponding to propagators for the potential modes
Hµ⌫ . Diagrams cannot contain external potential graviton lines,

3. diagrams can only contain external h̄µ⌫ . Diagrams cannot contain propagators corresponding
to internal radiation graviton lines.

The point of splitting the original graviton hµ⌫ into the new modes Hµ⌫ , h̄µ⌫ is that the diagrams
written in terms of these new variables have definite powers of the expansion parameter v. The
power counting rules for determining how many powers of v to assign to a given diagram follow
simply from the fact that the three momentum of a potential graviton scales ask ⇠ 1/r, since this is the
range of the force it mediates, and that the spacetime variation of a radiation graviton is �rad ⇠ r/v.
With these two observations we can assign powers of v to any term in the action, and by extension to
the Feynman rules.
Diagrammatically, we can denote the two black hole worldlines with horizontal straight lines, potential
modes with dotted lines and radiative modes with wiggled ones.
The conservative dynamic is given by the sum of diagrams containing no radiation gravitons, as:
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Being interested in studying processes with one emitted radiation graviton, one should consider all
diagrams containing one radiation field:

= = + + + . . . , (2.98)

where it should be noticed that radiation gravitons can be coupled either to worldlines or to potential
gravitons.

2.6.1 Kol-Smolkin Variables

To simplify the diagram computation we can take advantage of the diffeomorphism invariance of
General Relativity to impose a Kaluza-Klein parametrization [43–46] for the metric tensor, which is
based on the use of the Kol-Smolkin variables.
We can decompose the symmetric tensor gµ⌫ in terms of a scalar field �, a d-dimensional vector field
Ai and a d⇥ d symmetric tensor field �ij where the indices i, j run from 1 to d:
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‣Far zone ( ) λrad

Spot[xa, g] = SGR[g] + Sma
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Srad[g, {Qi}] = SGR[g] + Smult[g, {Qi}]

gμν = ημν + Hμν

gμν = ημν + h̄μν
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2.6 Near zone contributions to the conservative dynamics

If we focus on the near zone, in order to evaluate contributions to the conservative dynamics, we can
start from Seff (xa, Hµ⌫ , h̄µ⌫) and integrate out the potential modes to get SNR(xa, h̄):
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where curly lines denotes radiation gravitons whereas the double solid line represents the compact
binary. In that way SNR(xa, h̄) contains two-body forces between the point particles, written as an
explicit expansion in powers of v, and the couplings of the worldlines to radiation.
Diagrammatically, Seff (xa, h̄) can be obtained by summing diagrams that have the following topo-
logical properties:

1. diagrams must remain connected if the particles worldlines are stripped off,

2. diagrams may only contain internal lines corresponding to propagators for the potential modes
Hµ⌫ . Diagrams cannot contain external potential graviton lines,

3. diagrams can only contain external h̄µ⌫ . Diagrams cannot contain propagators corresponding
to internal radiation graviton lines.

The point of splitting the original graviton hµ⌫ into the new modes Hµ⌫ , h̄µ⌫ is that the diagrams
written in terms of these new variables have definite powers of the expansion parameter v. The
power counting rules for determining how many powers of v to assign to a given diagram follow
simply from the fact that the three momentum of a potential graviton scales ask ⇠ 1/r, since this is the
range of the force it mediates, and that the spacetime variation of a radiation graviton is �rad ⇠ r/v.
With these two observations we can assign powers of v to any term in the action, and by extension to
the Feynman rules.
Diagrammatically, we can denote the two black hole worldlines with horizontal straight lines, potential
modes with dotted lines and radiative modes with wiggled ones.
The conservative dynamic is given by the sum of diagrams containing no radiation gravitons, as:

= = + + + · · ·

(2.97)
Being interested in studying processes with one emitted radiation graviton, one should consider all
diagrams containing one radiation field:

= = + + + . . . , (2.98)

where it should be noticed that radiation gravitons can be coupled either to worldlines or to potential
gravitons.

2.6.1 Kol-Smolkin Variables

To simplify the diagram computation we can take advantage of the diffeomorphism invariance of
General Relativity to impose a Kaluza-Klein parametrization [43–46] for the metric tensor, which is
based on the use of the Kol-Smolkin variables.
We can decompose the symmetric tensor gµ⌫ in terms of a scalar field �, a d-dimensional vector field
Ai and a d⇥ d symmetric tensor field �ij where the indices i, j run from 1 to d:
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where curly lines denotes radiation gravitons whereas the double solid line represents the compact
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explicit expansion in powers of v, and the couplings of the worldlines to radiation.
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3. diagrams can only contain external h̄µ⌫ . Diagrams cannot contain propagators corresponding
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The point of splitting the original graviton hµ⌫ into the new modes Hµ⌫ , h̄µ⌫ is that the diagrams
written in terms of these new variables have definite powers of the expansion parameter v. The
power counting rules for determining how many powers of v to assign to a given diagram follow
simply from the fact that the three momentum of a potential graviton scales ask ⇠ 1/r, since this is the
range of the force it mediates, and that the spacetime variation of a radiation graviton is �rad ⇠ r/v.
With these two observations we can assign powers of v to any term in the action, and by extension to
the Feynman rules.
Diagrammatically, we can denote the two black hole worldlines with horizontal straight lines, potential
modes with dotted lines and radiative modes with wiggled ones.
The conservative dynamic is given by the sum of diagrams containing no radiation gravitons, as:
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(2.97)
Being interested in studying processes with one emitted radiation graviton, one should consider all
diagrams containing one radiation field:

= = + + + . . . , (2.98)

where it should be noticed that radiation gravitons can be coupled either to worldlines or to potential
gravitons.

2.6.1 Kol-Smolkin Variables

To simplify the diagram computation we can take advantage of the diffeomorphism invariance of
General Relativity to impose a Kaluza-Klein parametrization [43–46] for the metric tensor, which is
based on the use of the Kol-Smolkin variables.
We can decompose the symmetric tensor gµ⌫ in terms of a scalar field �, a d-dimensional vector field
Ai and a d⇥ d symmetric tensor field �ij where the indices i, j run from 1 to d:
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If we focus on the near zone, in order to evaluate contributions to the conservative dynamics, we can
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where curly lines denotes radiation gravitons whereas the double solid line represents the compact
binary. In that way SNR(xa, h̄) contains two-body forces between the point particles, written as an
explicit expansion in powers of v, and the couplings of the worldlines to radiation.
Diagrammatically, Seff (xa, h̄) can be obtained by summing diagrams that have the following topo-
logical properties:

1. diagrams must remain connected if the particles worldlines are stripped off,

2. diagrams may only contain internal lines corresponding to propagators for the potential modes
Hµ⌫ . Diagrams cannot contain external potential graviton lines,

3. diagrams can only contain external h̄µ⌫ . Diagrams cannot contain propagators corresponding
to internal radiation graviton lines.

The point of splitting the original graviton hµ⌫ into the new modes Hµ⌫ , h̄µ⌫ is that the diagrams
written in terms of these new variables have definite powers of the expansion parameter v. The
power counting rules for determining how many powers of v to assign to a given diagram follow
simply from the fact that the three momentum of a potential graviton scales ask ⇠ 1/r, since this is the
range of the force it mediates, and that the spacetime variation of a radiation graviton is �rad ⇠ r/v.
With these two observations we can assign powers of v to any term in the action, and by extension to
the Feynman rules.
Diagrammatically, we can denote the two black hole worldlines with horizontal straight lines, potential
modes with dotted lines and radiative modes with wiggled ones.
The conservative dynamic is given by the sum of diagrams containing no radiation gravitons, as:
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Being interested in studying processes with one emitted radiation graviton, one should consider all
diagrams containing one radiation field:
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where it should be noticed that radiation gravitons can be coupled either to worldlines or to potential
gravitons.

2.6.1 Kol-Smolkin Variables

To simplify the diagram computation we can take advantage of the diffeomorphism invariance of
General Relativity to impose a Kaluza-Klein parametrization [43–46] for the metric tensor, which is
based on the use of the Kol-Smolkin variables.
We can decompose the symmetric tensor gµ⌫ in terms of a scalar field �, a d-dimensional vector field
Ai and a d⇥ d symmetric tensor field �ij where the indices i, j run from 1 to d:
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Figure 2. Four-loop 2-point topologies corresponding to the diagrams in fig.1.

3 Amplitudes and Feynman Integrals

In general, within the EFT approach, since the sources (black lines) are static and do not
propagate, any gravity-amplitude of order G`

N
can be mapped into an (`� 1)-loop 2-point

function with massless internal lines and external momentum p, where p2 ⌘ s 6= 0,

= . (3.1)

Accordingly, the 50 diagrams in fig.1 can be mapped onto the 29 topologies of fig.2, where
the sets T1 = {1, 2, 3, 4, 5, 6}, T2 = {7, 8, 10, 11, 14, 16, 17, 20, 21, 25}, T3 = {9, 12, 13, 22},
T4 = {15, 18, 19, 23, 24}, collect the diagrams that share the same topology. For instance,
the diagrams 1 to 6 of fig.1 correspond to integrals which have the same five denominators
of the graph indicated by T1 in fig.2, but different numerators, due to the different terms
associated to 1,2,3 or 4 � emission or absorption from the massive particle.

The representation of the gravity-amplitudes as 4-loop 2-point integrals yields the pos-
sibility of evaluating the latter by means of by-now standard multi-loop techniques based
on integration-by-parts identities (IBPs) [27, 28].

Accordingly, we collect the 50 amplitudes of fig.1 in two sets, AI = {1 : 28, 31, 32, 35 :

37, 39, 41, 45 : 47} and AII = {29, 30, 33, 34, 38, 40, 42, 43, 44, 48, 49, 50}, and address their
computation separately.

– 7 –

M0,1

M1,1 M1,2

M1,3 M1,4 M2,2 M3,6

Figure 3. The master integrals which appear in the calculation of the amplitudes in the set AII .
The name of the diagrams follow Refs. [37–39].

The set AI contains diagrams with a simpler internal structure, and they have been
computed by using the kite rule [27, 28]

(4� d)

2
= � , (3.2)

where the dots stand for squared denominators, and by using the standard identity holding
for 2-point 1-loop graphs,

Z
ddk

(2⇡)d
1

k2a(p� k)2b
=

a

b

=

�
p2
�
d/2�a�b

(4⇡)d/2
�(d/2� a)�(d/2� b)�(a+ b� d/2)

�(a)�(b)�(d� a� b)
, (3.3)

where a and b are generic denominators’ powers. Alternatively, we also performed an IBP-
reduction using the program Reduze [35, 36], identifying 5 master integrals (MIs), namely
M0,1, M1,1, M1,2, M1,3, M1,4 of fig. 3.

The amplitudes AII , instead, have a less trivial internal structure. By means of IBPs,
they have been systematically reduced to linear combinations of 7 MIs, all shown in fig. 3.
In this case, the reduction to MIs has been performed in two ways, by an in-house imple-
mentation of Laporta’s algorithm which is based on Form [40–42], as well as by means of
Reduze.

The 4-loop MIs in fig. 3 can be considered as a complete set of independent integrals,
such that any amplitude of the sets AI and AII can be written as a linear combination
of them. The results of the 4-loop MIs are well-known in d = 4 + " euclidean space-
time dimensions since long [37, 38], while their values around d = 3 + " became available
more recently [39]. In particular, M0,1, M1,1, M1,2, M1,3, M1,4 can be computed in a
straightforward way by means of eq. (3.3), and admit closed analytic expressions, exact in
d, which can be expanded in Laurent series in " around d = 3. On the other side, the series
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where �E = 0.57721... is the Euler-Mascheroni constant. Finally, by means of the Fourier
transform formula

�
p

eip⋅rp−2a = �(d�2 − a)

(4⇡)d�2�(a) �
r

2
�

(2a−d)
, (3.18)

one obtains the following Lagrangian term,

L49 = −i lim
d→3
�
p

eip⋅rA49 = (32 − 3⇡
2
)
G5

N
m3

1m
3
2

r5
. (3.19)

4 Results and discussion

The complete 4PN, O(G5
N
) Lagrangian was already presented in [20],

L
G

5
N

4PN
=

3

8

G5
N
m5

1m2

r5
+
G5

N
m4

1m
2
2

r5
�
1690841

25200
+
105

32
⇡2
−
242

3
log

r

r′1
− 16 log

r

r′2
�

+
G5

N
m3

1m
3
2

r5
�
587963

5600
−
71

32
⇡2
−
110

3
log

r

r′1
� + (m1 ↔m2) , (4.1)

where r′1, r′2 are two UV scales which do not contribute to physical observables. Such a
Lagrangian gets contributions from the 50 genuine O(G5

N
) diagrams depicted in fig.1, and

from diagrams at lower orders in GN which are at least quadratic in the accelerations:

L
G

5
N

4PN
=

50

�

a=1La +
3

�

j=1L
G

j
N→G

5
N

4PN
+ (m1 ↔m2) . (4.2)

The evaluation of ∑50
a=1La represents the main result of this work, and it amounts to

50

�

a=1La =
3

8

G5
N
m5

1m2

r5
+
31

3

G5
N
m4

1m
2
2

r5
+
141

8

G5
N
m3

1m
3
2

r5
. (4.3)

The individual contributions La are presented in Appendix B. We observe that, al-
though there appear contributions which are divergent in the d → 3 limit, the sum of all
contributions is finite, hence L does not show up in physical observables.

To obtain the whole expression for the 4PN O(G5
N
) corrections, one would need to

add contributions generated from lower GN terms when using the equations of motion, in
order to eliminate terms quadratic at least in the accelerations. All such contributions have
been computed also in the EFT framework [17], except for LG

3
N→G

5
N

4PN
. We can nevertheless

perform partial checks between eq.(4.3) and eq.(4.1).

The m5
1m2-term. It can be proven that this term does not receive any contribution from

lower GN terms5, and the corresponding coefficient for the two-body Lagrangian of eq.(4.3)
5

Contributions to this term from lower GN orders would come from terms of the type G5−n
N m5−n

1 m2a
n
2

with 2 ≤ n ≤ 4. However, diagrams giving rise to such terms would have exactly one propagator attached

to particle 2, hence a2
2 or higher power of a2 can be taken out by integration by parts instead of by using

the doube zero trick. It can be checked explicitly in [17] that G5−n
N m5−n

1 m2a
n
2 terms do not appear in the

Lagrangian for n = 3,4.
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Figure 1. Examples of a prime 4PN-graph (left) and of a
factorizable 5PN-graph (right): the latter, can be obtained
by sewing the former and the Newton potential diagram.

of �ij ’s; the latter cannot however be attached to any
particle, see eq.(5), so they can just propagate between
bulk vertices. This observation is crucial to prove an
important property of prime graphs, which constitute
the first novel result of this communication:

Theorem: Static prime graphs exist only at even 2n-
PN orders. Equivalently, static graphs at odd (2n+1)-PN
orders are factorizable.

Proof: This statement can be proven by showing that
any prime static graph must have an even number of �
fields attached to the particles.

For the Newtonian graph, it is trivially true by con-
struction. Graphs generated by PN-corrections, O(G2

N ),
necessarily contain bulk vertices ���k (with k � 1), com-
ing from the expansions of the graviton self-interaction
terms. For these diagrams, two cases may occur: i) each
internal � propagator is contracted on the one side with
a matter-� vertex, and, on the other side, with a ���k

vertex, therefore it contributes with one power of mi to
the mass-dimensions of the graph; ii) a � propagator, not
coupled with matter, must necessarily connect two ���k

vertices, therefore it does not contribute to the mass-
dimensions of the graph. Since the bulk vertices between
� and � fields (���, ����, . . . ) are quadratic in �, and
because prime graphs are characterized by either (i) or
(ii) , we can conclude that the total number of � fields
that depart from the bulk vertices and couple to matter
(either m1 or m2) is an even number.

This implies that, being ni the number of � fields cou-
pled to the matter mi (i = 1, 2), the total mass-like power
of static prime graphs is mn1

1
mn2

2
, with n1 + n2 = 2n

and n 2 N+. On the other side, they correspond
to static classical contributions, therefore, they must

consequently scale as G(2n�1)

N mn1
1

mn2
2

/r(2n�1) (classical
diagrams do not contain loops in the dynamical fields),
finally implying that they belong to an even-PN order. ⇤

Due to the factorization theorem, the general struc-
ture of the contribution to the potential of a given n-PN
factorizable diagram, in terms of the product of lower
PN-order graphs, reads

V
factorizable

n =
⇣
VL,n1 ⇥ VR,n2

⌘
⇥K ⇥ C , (10)

where: i) the PN-orders, n1 of the left graph VL and
n2 of the right graph VR, are such that n1 + n2 + 1 =

n; ii) K accounts for the new matter-�k vertex of Vn

(emerging from the sewing) out of the ones included in
the lower order contributions, VL,n1 and VR,n2 ; and iii)
C = Cfactorizable

n /(CL,n1 ⇥ CR,n2) where the C’s are the
combinatoric factors associated with each graph.

GRAVITY AND FIELD THEORY DIAGRAMS

In a quantum field theory approach, any EFT-gravity
graph can be interpreted as four-particle scattering am-
plitude [24]. The contribution of each amplitude to
the two-body potential V can be obtained by taking its
Fourier transform,

V = i lim
d!3

Z

p
eip·r

1

2 3

4

(11)

where,
R
p ⌘

R
ddp/(2⇡)d, the box diagram stands for

a generic EFT-gravity diagram, and p is the momentum
transfer of the source (assuming momentum conservation
p1 + p2 = p3 + p4, then p = p3 � p2 = p1 � p4). Since
the sources, represented by black lines, are static and
do not propagate, any EFT-gravity amplitude at order
G`

N can be mapped into an (`� 1)-loop 2-point function
with massless internal lines and external momentum p
(p2

6= 0) [24]. This observation was crucial to perform the
4PN static calculation, by employing computational tech-
niques developed for the evaluation of multi-loop Feyn-
man integrals in high-energy particle physics. Moreover,
in the current work, we observe that the integration on
p can be seen as an additional loop integration, hence
it can be represented by an `-loop vacuum diagram, ob-
tained by joining the external legs into a propagator-like
line (indicated by an inner black line), as

Z

p
eip·r

⌘ ! . (12)

In the last step, we introduce a suggestive diagrammatic
representation of the Fourier integral as an `-loop vac-
uum graph by pinching the internal black line. The pres-
ence of the dot “•” indicates the residual r-dependence
of the contribution (not to be confused by fully massless,
hence scaleless vacuum diagrams that vanish in dimen-
sional regularization). For instance, Newton’s potential
can be represented as a one-loop vacuum graph:

Z

p
eip·r =

Z

p
eip·r

⌘ ! . (13)

In the case of factorizable EFT-diagrams, the pinch-
ing generates the product of factorized vacuum diagrams.

Foffa, Sturani, Sturm, Torres-Bobadilla & P.M. (2019)

Newton Potential (reloaded):

2. EFT
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1
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1
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Figure 1. Examples of a prime 4PN-graph (left) and of a
factorizable 5PN-graph (right): the latter, can be obtained
by sewing the former and the Newton potential diagram.

of �ij ’s; the latter cannot however be attached to any
particle, see eq.(5), so they can just propagate between
bulk vertices. This observation is crucial to prove an
important property of prime graphs, which constitute
the first novel result of this communication:

Theorem: Static prime graphs exist only at even 2n-
PN orders. Equivalently, static graphs at odd (2n+1)-PN
orders are factorizable.

Proof: This statement can be proven by showing that
any prime static graph must have an even number of �
fields attached to the particles.

For the Newtonian graph, it is trivially true by con-
struction. Graphs generated by PN-corrections, O(G2

N ),
necessarily contain bulk vertices ���k (with k � 1), com-
ing from the expansions of the graviton self-interaction
terms. For these diagrams, two cases may occur: i) each
internal � propagator is contracted on the one side with
a matter-� vertex, and, on the other side, with a ���k

vertex, therefore it contributes with one power of mi to
the mass-dimensions of the graph; ii) a � propagator, not
coupled with matter, must necessarily connect two ���k

vertices, therefore it does not contribute to the mass-
dimensions of the graph. Since the bulk vertices between
� and � fields (���, ����, . . . ) are quadratic in �, and
because prime graphs are characterized by either (i) or
(ii) , we can conclude that the total number of � fields
that depart from the bulk vertices and couple to matter
(either m1 or m2) is an even number.

This implies that, being ni the number of � fields cou-
pled to the matter mi (i = 1, 2), the total mass-like power
of static prime graphs is mn1

1
mn2

2
, with n1 + n2 = 2n

and n 2 N+. On the other side, they correspond
to static classical contributions, therefore, they must

consequently scale as G(2n�1)

N mn1
1

mn2
2

/r(2n�1) (classical
diagrams do not contain loops in the dynamical fields),
finally implying that they belong to an even-PN order. ⇤

Due to the factorization theorem, the general struc-
ture of the contribution to the potential of a given n-PN
factorizable diagram, in terms of the product of lower
PN-order graphs, reads

V
factorizable

n =
⇣
VL,n1 ⇥ VR,n2

⌘
⇥K ⇥ C , (10)

where: i) the PN-orders, n1 of the left graph VL and
n2 of the right graph VR, are such that n1 + n2 + 1 =

n; ii) K accounts for the new matter-�k vertex of Vn

(emerging from the sewing) out of the ones included in
the lower order contributions, VL,n1 and VR,n2 ; and iii)
C = Cfactorizable

n /(CL,n1 ⇥ CR,n2) where the C’s are the
combinatoric factors associated with each graph.

GRAVITY AND FIELD THEORY DIAGRAMS

In a quantum field theory approach, any EFT-gravity
graph can be interpreted as four-particle scattering am-
plitude [24]. The contribution of each amplitude to
the two-body potential V can be obtained by taking its
Fourier transform,

V = i lim
d!3

Z

p
eip·r

1

2 3

4

(11)

where,
R
p ⌘

R
ddp/(2⇡)d, the box diagram stands for

a generic EFT-gravity diagram, and p is the momentum
transfer of the source (assuming momentum conservation
p1 + p2 = p3 + p4, then p = p3 � p2 = p1 � p4). Since
the sources, represented by black lines, are static and
do not propagate, any EFT-gravity amplitude at order
G`

N can be mapped into an (`� 1)-loop 2-point function
with massless internal lines and external momentum p
(p2

6= 0) [24]. This observation was crucial to perform the
4PN static calculation, by employing computational tech-
niques developed for the evaluation of multi-loop Feyn-
man integrals in high-energy particle physics. Moreover,
in the current work, we observe that the integration on
p can be seen as an additional loop integration, hence
it can be represented by an `-loop vacuum diagram, ob-
tained by joining the external legs into a propagator-like
line (indicated by an inner black line), as

Z

p
eip·r

⌘ ! . (12)

In the last step, we introduce a suggestive diagrammatic
representation of the Fourier integral as an `-loop vac-
uum graph by pinching the internal black line. The pres-
ence of the dot “•” indicates the residual r-dependence
of the contribution (not to be confused by fully massless,
hence scaleless vacuum diagrams that vanish in dimen-
sional regularization). For instance, Newton’s potential
can be represented as a one-loop vacuum graph:

Z

p
eip·r =

Z

p
eip·r

⌘ ! . (13)

In the case of factorizable EFT-diagrams, the pinch-
ing generates the product of factorized vacuum diagrams.
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2n

+1

2n + 1 = n1 + n2 + 1

(2n+1)-PN corrections: Type-A (2n+1)-PN corrections: Type-B

‣static (2n+1)-PN Potential as product of lower-PN Potential terms

Foffa, Sturani, Sturm, Torres-Bobadilla & P.M. (2019)
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1. There are 11 diagrams composed of 6 Newtonian fac-
tors, combined in di↵erent ways, and schematically rep-
resented as

 !6

. (24)

The contribution to the 5PN potential coming from this
set of diagrams is:

VN6 =
1

720

G6

Nm6

1
m2

r6
+

1

3

G6

Nm5

1
m2

2

r6

+3
G6

Nm4

1
m3

2

r6
+ (m1 $ m2) . (25)

2. One can build static factorizable diagrams as prod-
ucts of 3 Newtonian graphs, and either of the 2PN prime
graphs, schematically represented as:

 !3

⇥

0

@

1

A . (26)

This set contains 49 diagrams, 9 of which are vanishing,
because one of the 2PN-factors is indeed zero. The com-
bined contribution of the remaining diagrams is:

VN3⇥2PN =
1

18

G6

Nm6

1
m2

r6
+

16

3

G6

Nm5

1
m2

2

r6

+
229

6

G6

Nm4

1
m3

2

r6
+ (m1 $ m2) . (27)

3. In this class, we consider 5PN diagrams schematically
represented by the product of one Newtonian graph with
each of the 25 static prime 4PN diagrams studied in [24],
(the cardinal number attached to each graph is the same
as in [24], for ease of comparison)

⇥

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@ 47 48 49
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41 42
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44 45
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36 37 38 39
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31 32

26

33
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28 29 30

35

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

. (28)

This set contains 79 diagrams, 16 of which are vanish-
ing (due to vanishing 4PN-factors). The remaining 63
diagrams give:

VN⇥4PN =
1

5

G6

Nm6

1
m2

r6
+

23

3

G6

Nm5

1
m2

2

r6

+
166

3

G6

Nm4

1
m3

2

r6
+ (m1 $ m2) . (29)

Interestingly, let us observe that although this set con-
tains contributions which are individually divergent in
the d ! 3 limit, as well as factors of ⇡2, within their sum

all poles and irrational factors cancel, and the result is
indeed finite and rational.

4. Finally, we consider static 5PN diagram formed by the
product of two 2PN-graphs, schematically represented as

0

@

1

A
2

. (30)

This term contains 15 5PN graphs, 5 of which are mani-
festly vanishing, while the contribution of the remaining
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3. In this class, we consider 5PN diagrams schematically
represented by the product of one Newtonian graph with
each of the 25 static prime 4PN diagrams studied in [24],
(the cardinal number attached to each graph is the same
as in [24], for ease of comparison)
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Interestingly, let us observe that although this set con-
tains contributions which are individually divergent in
the d ! 3 limit, as well as factors of ⇡2, within their sum

all poles and irrational factors cancel, and the result is
indeed finite and rational.
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Total 5PN static potential. By combining all the pre-
vious results, the expression for the static sector of the
5PN potential finally reads,
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This expression contains the genuine G6

N contribution
coming from graphs, without contributions generated
from lower-GN terms when using the equations of mo-
tion to eliminate terms quadratic at least in the accel-
erations. Together with the factorization theorem, the
above result constitutes the second important result of
this manuscript.

Check: test-particle limit. It is possible to verify that
the coe�cient of the term m6

1
m2 agrees with what can

be expected from the extreme mass ratio limit m2 ⌧

m1. In this limit, where only the graphs displayed in
fig. 3 contribute, it is possible to consider the body with
mass m2 as a test particle in the Schwarzschild metric
generated by the body with mass m1.

Figure 3. 5PN-graphs contributing to the test-particle limit.
The last graph (bottom-right) does not contribute to the 5PN
potential, because its 4PN subdiagram vanishes.

The action describing the dynamics of the test body
has still the form Spp described in eq.(2), but with gµ⌫
given by the Schwarzschild metric in harmonic coordi-
nates (which is obtained from the traditional form by the
simple radial coordinate shift r ! r + GNm1) instead of
the Minkowski one.

In the static limit, v2 = 0, only the term g00 survives,
and the e↵ective Lagrangian reads

L
m2⌧m1
static

= �m2

p
�g00 = �m2

s
1 �

GNm1
r

1 + GNm1
r

. (33)

By expanding this expression in GNm1
r , one obtains the

sequence
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256
, . . . ) of all the

coe�cients of the nPN static terms Gn
Nmn

1
m2/rn, in-

cluding the �
5

16
of the 5PN term reported in eq.(32)

(where the potential is correctly reported with opposite
sign w.r.t. to the lagrangian term).

CONCLUSION

We studied the two-body conservative dynamics at
fifth post-Newtonian order (5PN) in the static limit
within the e↵ective field theory (EFT) approach to Gen-
eral Relativity. We determined an essential contribu-
tion of the complete 5PN potential at O(G6

N ), coming
from 154 Feynman diagrams. We proved a factorization
property of the static diagrams at odd-PN order, and
exploited it to show that their contribution can be de-
termined recursively, from lower PN-orders. The result
of the static potential at order G6

N is found to be finite
and rational - a property clearly inherited from the static
G5

N sector - and exhibits the expected Schwarzschild-like
behaviour in the extreme mass ratio limit.
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1. There are 11 diagrams composed of 6 Newtonian fac-
tors, combined in di↵erent ways, and schematically rep-
resented as

 !6

. (24)

The contribution to the 5PN potential coming from this
set of diagrams is:
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2. One can build static factorizable diagrams as prod-
ucts of 3 Newtonian graphs, and either of the 2PN prime
graphs, schematically represented as:

 !3

⇥

0

@

1

A . (26)

This set contains 49 diagrams, 9 of which are vanishing,
because one of the 2PN-factors is indeed zero. The com-
bined contribution of the remaining diagrams is:
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3. In this class, we consider 5PN diagrams schematically
represented by the product of one Newtonian graph with
each of the 25 static prime 4PN diagrams studied in [24],
(the cardinal number attached to each graph is the same
as in [24], for ease of comparison)
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This set contains 79 diagrams, 16 of which are vanish-
ing (due to vanishing 4PN-factors). The remaining 63
diagrams give:

VN⇥4PN =
1
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Interestingly, let us observe that although this set con-
tains contributions which are individually divergent in
the d ! 3 limit, as well as factors of ⇡2, within their sum

all poles and irrational factors cancel, and the result is
indeed finite and rational.

4. Finally, we consider static 5PN diagram formed by the
product of two 2PN-graphs, schematically represented as

0

@
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A
2

. (30)

This term contains 15 5PN graphs, 5 of which are mani-
festly vanishing, while the contribution of the remaining
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This term contains 15 5PN graphs, 5 of which are mani-
festly vanishing, while the contribution of the remaining
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This term contains 15 5PN graphs, 5 of which are mani-
festly vanishing, while the contribution of the remaining

=

‣Factorization Th'm: NO 5-loop Feynman diagram explicitly computed

‣Results confirmed and completed by explicit evaluation of 27582 5-loop Feynman Integrals

5PN static O(G^6): 154 5-loop GREFT diagrams

Blümelein, Maier, Marquard, Schäfer (2019-21)  

Foffa, Sturani, Sturm, Torres-Bobadilla & P.M. (2019)
GREFT Diagrams vs 2-point QFT Integrals / Factorization Theorem

44

directly representing the product of the Newton potential
and of a 4PN term, respectively, represented by a one-loop
and a five-loop vacuum diagram.
Results.—We verified that the static potential at 1PN and

3PN [40] can be derived by applying the factorization
theorem to the relevant diagrams.
We now apply the factorization theorem to the 5PN case,

computed for the first time in thepresentLetter. There are 154
diagrams to evaluate and it is convenient to divide them in
four classes, according to their factorization patterns. For
ease of notation, we arrange the 5PN static graphs in four
subsets, displaying the lower-PN corrections they stem out
from, and give the factors K and C as understood. (1) There
are 11 diagrams composed of six Newtonian factors,
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(2) One can build static factorizable diagrams as prod-
ucts of three Newtonian graphs, and either of the 2PN
prime graphs, schematically represented as:
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(3) In this class, we consider 5PN diagrams schemati-
cally represented by the product of one Newtonian graph
with each of the 25 static prime 4PN diagrams studied in
Ref. [24] (the cardinal number attached to each graph is the
same as in Ref. [24], for ease of comparison)

ð18Þ

This set contains 79 diagrams, 16 of which are vanishing
(due to vanishing 4PN factors). The remaining 63 diagrams
give

VN×4PN ¼ 1

5

G6
Nm

6
1m2

r6
þ 23

3

G6
Nm

5
1m

2
2

r6

þ 166

3

G6
Nm

4
1m

3
2

r6
þ ðm1 ↔ m2Þ: ð19Þ

Interestingly, let us observe that although this set contains
contributions that are individually divergent in the d → 3
limit, as well as factors of π2, within their sum all poles and
irrational factors cancel, and the result is indeed finite and
rational.
(4) Finally, we consider static 5PN diagram formed

by the product of two 2PN graphs, schematically repre-
sented as
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Total 5PN static potential: by combining all the previous
results, the expression for the static sector of the 5PN
potential finally reads
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This expression contains the genuine G6
N contribution

coming from graphs, without contributions generated from
lower-GN terms when using the equations of motion to
eliminate terms that, at least, have a quadratic dependence
on the acceleration. Together with the factorization theo-
rem, the above expressions constitute the second important
result of this Letter [46].
Check of test particle limit: it is possible to verify that the

coefficient of the term m6
1m2 agrees with what can be

expected from the extreme mass ratio limit m2 ≪ m1. In
this limit, where only the graphs displayed in Fig. 2
contribute, it is possible to consider the body with mass
m2 as a test particle in the Schwarzschild metric generated
by the body with mass m1.
The action describing the dynamics of the test body has

still the form Spp described in Eq. (2), but with gμν given by
the Schwarzschild metric in harmonic coordinates (which is
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Table 1
Numbers of contributing diagrams at the different (post)-Newtonian levels and master integrals. The numbers in brackets denote the number 
of master integrals which occur during the reduction but do not contribute to the potential. In the next-to-last column the number of 
diagrams of equal value are given according to [39].

QGRAF Non fact. No WL loops No tadpoles # Diag. [39] # MI

N 1 1 1 1 1 -
1PN 2 2 2 2 1 1
2PN 19 19 19 15 5 1
3PN 360 276 258 122 8 1(1)
4PN 10081 5407 4685 1815 50 6(1)
5PN 332020 128080 101570 27582 154 4(4)

Fig. 1. Sample diagrams for the 2 → 2 scattering process in the static limit at 5PN order.
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see also Ref. [46]. Here mi, i = 1, 2 denote the mass of the inter-
acting world line.

3. Feynman diagrams contributing to the potential

The calculation is performed making intense use of computer 
algebra, the usual approach in higher-order calculations in Quan-
tum Field Theories.2 We generate the Feynman diagrams contribut-
ing to the static interaction potential of two point masses using
QGRAF [104], working in momentum space and setting velocity-
contributions to zero ab initio.3 To minimize the number of dia-
grams which will not contribute to the final result of the present 
calculation we do not generate self-energy diagrams, demand that 
the number of world line (WL) propagators are equal to the num-
ber of loops and eliminate diagrams in which two vertices are 
connected by more than one propagator. This results in the num-
ber of diagrams given in column 2 of Table 1. A series of sample 
diagrams is shown in Fig. 1. Diagrams that factorize when cutting 
an arbitrary number of worldlines correspond to multiple poten-
tial interactions and therefore yield no additional information. We 
discard such diagrams (column 3). Furthermore, the contributing 
graphs should not have loops out of world lines (column 4) and 
not contain massless tadpoles in the static limit (column 5). At 5PN 
order 27582 diagrams remain. In principle, these can be reduced 
to a smaller set of diagrams by using symmetry relations under the 
exchange of the world lines and all vertices on each world line, in-
troducing additional symmetry factors. This procedure would lead 
to the number of diagrams shown in column 6. Up to 4PN or-
der, we have checked that those diagrams agree with those listed 
in [39,45]. However, we find that this last symmetrisation provides 
no benefit in our setup and do not apply it in our calculation.

In the static limit the diagrams for 2 → 2 scattering can be 
transformed into massless propagator-type diagrams representing 
the spacial potential between the two sources. At five-loop order 
we identify 22 top-level topologies, see Fig. 2. We then insert the 
Feynman rules and perform algebraic simplifications using FORM
[107,108]. The remaining integrals are reduced using integration 
by parts [109] implemented in the package Crusher [110] lead-
ing to eight master integrals, out of which four contribute. In the 

2 There are also computer algebraic implementations like EFTofPNG [103] used 
up to 3PN in the point mass sector.

3 For related potential calculations in QCD, see e.g. [105,106].
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Spot[xa, g] = SGR[g] + Sma
[xa, g]

Sma
[xa, g]

Levi, Steinhoff (2015)

uμ
(a) ≡ ·xμ

a

Sma
[xa, g] = Spp[xa, g] + δSma

[xa, g]

…… 
Kim, Levi, Yin (2022) 

Mandal, Patil, Steinhoff & P.M. (2022) 
Levi, Morales, Yin (2022) 

Levi, Yin (2022)

Porto (2013)

STF = Symmetrized Trace-Free

the electric component of the Riemann tensor as

Eµν ≡ Rµανβu
αuβ , (4.10)

and the magnetic component of the Riemann tensor as

Bµν ≡
1

2
ϵαβγµR

αβ
δνu

γuδ, (4.11)

where here the dual of the Riemann tensor ∗Rγµδν ≡ 1
2ϵαβγµR

αβ
δν is used. In the current

work, we consider only couplings linear in Riemann, that is as we noted we are not con-

cerned with the tidal response to external gravitational fields, which does not contribute

at the PN orders of interest.

From the definitions in eqs. (4.10), (4.11), one obtains that both the electric and

magnetic components of the Riemann tensor are symmetric, traceless, and orthogonal to

the 4-velocity, using the symmetries of the Riemann tensor, the first Bianchi identity, and

their being a vacuum field solution. These SO(3) tensors are then also considered in the

body-fixed frame, where only their projection on the spatial triad is non-vanishing due to

the covariant gauge of the tetrad. It follows then that they are symmetric and traceless

also with respect to their internal spatial indices.
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These are also projected to the body-fixed frame, i.e. D[i] = eµ[i]Dµ, where we clarify

that the covariant derivative shall not act on the 4-velocity, contained in Eµν and Bµν ,

since it is a function of the worldline parameter σ only. As for the time derivative

D[0] = uµDµ ≡ D/Dσ, it is just the covariant derivative along the worldline. Now, at

linear order in the curvature time derivatives of the curvature can be integrated by parts

to time derivatives of the particle variables. Terms including such higher order time deriva-

tives of the worldline variables can be removed via variable redefinitions with a shift of,

e.g. the worldline coordinate, using lower order EOM, and get absorbed into other Rie-

mann dependent finite size operators without higher order time derivatives of the worldline

variables, namely into their Wilson coefficients. Therefore, we can consider here only the

spatial derivatives, projected orthogonally to uµ.

The indices of the covariant derivatives are also symmetrized among themselves, and

with respect to the indices of the electric and magnetic tensors. The first symmetrization
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from the electric and magnetic components, follows from the differential Bianchi identity
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ϵ[ikl]D[k]B[lj] =− Ė[ij]. (4.13)
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‣Mapping to 2-point Functions

Dimensional Regularization   
Integration-by-parts (IBP) decomposition 
Master Integrals evaluation  

d = 3 + ϵ

GREFT Diagrams vs 2-point QFT Integrals
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GR EFT for PN corrections / far zone spinning

 Bound system of Inspiraling of Black Holes
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2.6 Near zone contributions to the conservative dynamics

If we focus on the near zone, in order to evaluate contributions to the conservative dynamics, we can
start from Seff (xa, Hµ⌫ , h̄µ⌫) and integrate out the potential modes to get SNR(xa, h̄):

eiSNR(xa,h̄) =

Z
DHµ⌫e

i(Sbulk(h̄+H)+Spp(xa,h̄+H))

= exp

⇢
+ , +

�
, (2.96)

where curly lines denotes radiation gravitons whereas the double solid line represents the compact
binary. In that way SNR(xa, h̄) contains two-body forces between the point particles, written as an
explicit expansion in powers of v, and the couplings of the worldlines to radiation.
Diagrammatically, Seff (xa, h̄) can be obtained by summing diagrams that have the following topo-
logical properties:

1. diagrams must remain connected if the particles worldlines are stripped off,

2. diagrams may only contain internal lines corresponding to propagators for the potential modes
Hµ⌫ . Diagrams cannot contain external potential graviton lines,

3. diagrams can only contain external h̄µ⌫ . Diagrams cannot contain propagators corresponding
to internal radiation graviton lines.

The point of splitting the original graviton hµ⌫ into the new modes Hµ⌫ , h̄µ⌫ is that the diagrams
written in terms of these new variables have definite powers of the expansion parameter v. The
power counting rules for determining how many powers of v to assign to a given diagram follow
simply from the fact that the three momentum of a potential graviton scales ask ⇠ 1/r, since this is the
range of the force it mediates, and that the spacetime variation of a radiation graviton is �rad ⇠ r/v.
With these two observations we can assign powers of v to any term in the action, and by extension to
the Feynman rules.
Diagrammatically, we can denote the two black hole worldlines with horizontal straight lines, potential
modes with dotted lines and radiative modes with wiggled ones.
The conservative dynamic is given by the sum of diagrams containing no radiation gravitons, as:

= = + + + · · ·

(2.97)
Being interested in studying processes with one emitted radiation graviton, one should consider all
diagrams containing one radiation field:

= = + + + . . . , (2.98)

where it should be noticed that radiation gravitons can be coupled either to worldlines or to potential
gravitons.

2.6.1 Kol-Smolkin Variables

To simplify the diagram computation we can take advantage of the diffeomorphism invariance of
General Relativity to impose a Kaluza-Klein parametrization [43–46] for the metric tensor, which is
based on the use of the Kol-Smolkin variables.
We can decompose the symmetric tensor gµ⌫ in terms of a scalar field �, a d-dimensional vector field
Ai and a d⇥ d symmetric tensor field �ij where the indices i, j run from 1 to d:

gµ⌫ = e2�/⇤
 

�1 Aj/⇤

Ai/⇤ e�cd
�

� �ij �AiAj/⇤2

!
, �ij =

⇣
�ij +

�ij
⇤

⌘
, (2.99)

‣Long wavelength ( ) EFT λrad gμν = ημν + h̄μν
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  are the electric and magnetic components of the Riemann tensor 
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‣Far zone contributions to the conservative 
dynamics are needed, starting at  order4PN
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We can decompose the symmetric tensor gµ⌫ in terms of a scalar field �, a d-dimensional vector field
Ai and a d⇥ d symmetric tensor field �ij where the indices i, j run from 1 to d:

gµ⌫ = e2�/⇤
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� �ij �AiAj/⇤2
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‣Far zone contributions to the conservative 
dynamics are needed, starting at  order4PN
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2.6 Near zone contributions to the conservative dynamics

If we focus on the near zone, in order to evaluate contributions to the conservative dynamics, we can
start from Seff (xa, Hµ⌫ , h̄µ⌫) and integrate out the potential modes to get SNR(xa, h̄):

eiSNR(xa,h̄) =

Z
DHµ⌫e

i(Sbulk(h̄+H)+Spp(xa,h̄+H))

= exp

⇢
+ , +

�
, (2.96)

where curly lines denotes radiation gravitons whereas the double solid line represents the compact
binary. In that way SNR(xa, h̄) contains two-body forces between the point particles, written as an
explicit expansion in powers of v, and the couplings of the worldlines to radiation.
Diagrammatically, Seff (xa, h̄) can be obtained by summing diagrams that have the following topo-
logical properties:

1. diagrams must remain connected if the particles worldlines are stripped off,

2. diagrams may only contain internal lines corresponding to propagators for the potential modes
Hµ⌫ . Diagrams cannot contain external potential graviton lines,

3. diagrams can only contain external h̄µ⌫ . Diagrams cannot contain propagators corresponding
to internal radiation graviton lines.

The point of splitting the original graviton hµ⌫ into the new modes Hµ⌫ , h̄µ⌫ is that the diagrams
written in terms of these new variables have definite powers of the expansion parameter v. The
power counting rules for determining how many powers of v to assign to a given diagram follow
simply from the fact that the three momentum of a potential graviton scales ask ⇠ 1/r, since this is the
range of the force it mediates, and that the spacetime variation of a radiation graviton is �rad ⇠ r/v.
With these two observations we can assign powers of v to any term in the action, and by extension to
the Feynman rules.
Diagrammatically, we can denote the two black hole worldlines with horizontal straight lines, potential
modes with dotted lines and radiative modes with wiggled ones.
The conservative dynamic is given by the sum of diagrams containing no radiation gravitons, as:

= = + + + · · ·

(2.97)
Being interested in studying processes with one emitted radiation graviton, one should consider all
diagrams containing one radiation field:

= = + + + . . . , (2.98)

where it should be noticed that radiation gravitons can be coupled either to worldlines or to potential
gravitons.
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General Relativity to impose a Kaluza-Klein parametrization [43–46] for the metric tensor, which is
based on the use of the Kol-Smolkin variables.
We can decompose the symmetric tensor gµ⌫ in terms of a scalar field �, a d-dimensional vector field
Ai and a d⇥ d symmetric tensor field �ij where the indices i, j run from 1 to d:
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‣Mapping to 2-point function

⇔

No radiation

⇔

With radiation

JHEP10(2022)128

(a
)

(b
)

(c
)

(d
)

(e
)

(f
)

Fi
gu

re
5.

Th
e
six

di
ag
ra
m
s
co
nt
rib

ut
in
g
to

th
e
m

1m
3 2
co
m
po

ne
nt

of
∆
p(

3)
µ

1
in

th
e
ab

se
nc
e
of

tid
al

co
rr
ec
tio

ns
.
Th

e
up

pe
r
wo

rld
lin

e
is

on
e
co
nt
in
uo

us
flu

ct
ua

tio
n
an

d
he
nc
e
we

ha
ve

te
st
-b
od

y
m
ot
io
n.

(a
)

(b
)

(c
)

(d
)

Fi
gu

re
6.

Th
e
fo
ur

ty
pe

so
fd

ia
gr
am

sc
on

tr
ib
ut
in
g
to

th
e
te
st
-b
od

y
m

1m
3 2
co
m
po

ne
nt
so

f∆
p(

3)
µ

1
lin

ea
ri

n
tid

al
co
effi

cie
nt
s.

(a
)

(b
)

(c
)

(d
)

(e
)

(f
)

(g
)

(h
)

(i)
(j)

(k
)

(l)
(m

)
(n
)

Fi
gu

re
7.

Th
e1

4t
yp

es
of

di
ag
ra
m
sc

on
tr
ib
ut
in
gt

ot
he

m
2 1m

2 2
co
m
po

ne
nt
so

ft
he

3P
M

gr
av
ita

tio
na

l
im

pu
lse

∆
p(

3)
µ

1
wi
th
ou

t
tid

al
co
rr
ec
tio

ns
.
A
ll
di
ag
ra
m
s
ex
ce
pt

th
e
la
st
,(

n)
,a

re
as
so
cia

te
d
wi
th

th
e
co
m
pa

ra
bl
e-
m
as
s
fa
m
ily

I(
σ
1
;σ

2
;σ

3
)

n
1
,n

2
,.
..
,n

7
(3
.1
);

di
ag
ra
m
s
(l)

–(
n)

ar
e
as
so
cia

te
d

wi
th

K
(σ

1
;σ

2
;σ

3
)

n
1
,n

2
,.
..
,n

5

fa
m
ily

(3
.2
5)
.

(a
)

(b
)

(c
)

(d
)

(e
)

(f
)

(g
)

(h
)

(i)
(j)

(k
)

(l)
(m

)
(n
)

Fi
gu

re
8.

Th
e
14

ty
pe

s
of

di
ag
ra
m
s
co
nt
rib

ut
in
g
to

th
e
m

2 1m
2 2
co
m
pa

ra
bl
e-
m
as
s
co
m
po

ne
nt
s
of

∆
p(

3)
µ

1
lin

ea
ri

n
tid

al
co
effi

cie
nt
s.

–
24

–

μν h̄μν
k→0

ℳ = ∑
i

ci IMI
i

Dimensional Regularization   
Integration-by-parts (IBP) decomposition 
Master Integrals evaluation  

d = 3 + ϵ

Mandal, Patil, Steinhoff & P.M. (2024)

‣Multipole Action EFT matched to the Far zone 
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6-loop gravitational interactions at the 6th-PN order
Brunello, Mandal, Patil, Pegorin, Ronca, Smith, Steinhoff, Torres Bobadilla, & PM (2025)Static contribution to the 6PN potential
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Institut für Physik und IRIS Adlershof, Humboldt-Universit ät zu Berlin, Zum Großen Windkanal 2, D-12489 Berlin, Germany

6
Higgs Centre for Theoretical Physics, University of Edinburgh, James Clerk

Maxwell Building,Peter Guthrie Tait Road, Edinburgh, EH9 3FD, United Kingdom
7
Department of Mathematical Sciences, University of Liverpool, Liverpool L69 3BX, U.K.

We compute the gravitational interaction of two coalescing compact objects at sixth post-
Newtonian order in the static limit, employing the diagrammatic approach within the e↵ective
field theory framework of General Relativity. The calculation requires the evaluation of six-loop
Feynman diagrams that are mapped onto two-point integrals with a gauge-theory-like structure,
which are computed here for the first time. The resulting seventh-order contribution in Newton’s
constant is finite in three space dimensions. This result provides the most technically demanding
missing ingredient for the determination of the conservative dynamics of the gravitational two-body
system at sixth post-Newtonian order.

I. INTRODUCTION

Progress in gravitational-wave (GW) astronomy is
driven by observations of gravitational radiation emit-
ted from coalescing compact-object binaries. To date,
the LIGO-Virgo-KAGRA collaboration has reported over
200 GW events from such mergers [1, 2]. Future obser-
vatories — including next-generation ground-based de-
tectors such as the Einstein Telescope [3] and Cosmic
Explorer [4], and space missions like LISA [5] — will en-
hance our detection reach and sensitivity. Thus, they
will o↵er unprecedented probes of gravity and the as-
trophysics of compact objects. Realizing the full scien-
tific potential of these facilities, like the distributions of
black hole (BH) masses and spins [6], constraints on the
neutron-star equation-of-state [7], measurements of the
Hubble-Lemâıtre parameter [8–10], and constraints on
the theory of General Relativity (GR) [11–14], requires
highly accurate theoretical models for the GW signals.
Limited-accuracy models may lead to systematic biases
[15, 16] that are already evident in the current detec-
tors [17], a problem that will only escalate as the signal-
to-noise ratio increases for future detectors.

Currently the modeling of the two-body system com-
bines multiple theoretical and numerical frameworks.
Numerical relativity [18–20] is used in the highly nonlin-
ear merger regime, where Einstein’s equations are solved
numerically on supercomputers. This method is highly
accurate but computationally very intensive. On the
other hand perturbative methods, particularly the post-
Newtonian (PN) [21–69] methods are used to approxi-
mate the solution to Einstein’s equations analytically in
the inspiral regime, where the compact objects move with
slow velocities and are widely separated. Other meth-
ods, such as the post-Minkowskian approximation [70–
98] and the gravitational self-force (SF) [99–112] are also

(0SF)

+35 diag.

(1SF)

+160 diag.

(2SF)

+386 diag.

(3SF)

+532 diag.

FIG. 1. Representative Feynman diagrams at six-loop con-
tributing to the e↵ective potential at 6PN, in the static limit
O(G7

N ): massive compact objects, � and � fields are rep-
resented by black, blue and green lines, respectively. The
counting does not include diagrams that can be obtained by
the exchange of the massive objects.

used for systems in the weak-field regime and for small
mass-ratios, respectively. The e↵ective-one-body formal-
ism [113–117] combines all these approaches, providing a
unified description of coalescence in all phases.

All binary systems observed thus far consist of two
compact objects on bound trajectories that spiral toward
each other until undergoing a nonlinear merger process.
In the inspiral regime, the binary’s components move
at non-relativistic velocities, and their orbital separa-
tion slowly decays. The non-relativistic regime of mo-
tion at this stage allows for a perturbative treatment of
the problem, which can be studied in powers of v/c < 1,
where v is the orbital velocity of the compact binary and
c is the speed of light. Consequently, physical quantities
admit a series expansion, and the n

th-order coe�cient
(nPN) receives contributions from terms proportional to
G

k
N (v2)n+1�k, with 0  k  n + 1. Here, GN is the

Newton’s constant and v
2 is the squared relative veloc-

ity, a parameter that is virial-related to GN in the case
of bound orbits (v2 ' GNm/r, where m and r are the
typical mass and size of the system, respectively).

The systematic PN expansion of the two-body problem
began with the pioneering 1PN analysis in Refs. [21, 22].
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where u
µ
(a) = dx

µ
(a)/d⌧ is the four-velocity, such that

u
2

(a) = u
µ
(a)u

⌫
(a)gµ⌫ , m(a) denotes the mass of each ob-

ject, the proper time ⌧ is related to the co-ordinate time
t as d⌧ = c dt, and we work with mostly negative metric
signature.

In the inspiral regime, the dynamics is characterized
by three well separated length scales: the Schwarzschild
radius Rs of each compact object, the orbital separa-
tion r, and the wavelength of gravitational radiation �,
with � � r � Rs. In this regime, due to small veloc-
ities and weak fields, we expand the metric around flat
spacetime, gµ⌫ = ⌘µ⌫ + hµ⌫ , where the gravitational in-
teraction is mediated by the gravitons hµ⌫ . The separa-
tion of scales allows us to decompose the graviton field in
short-distance instantaneous potential modes Hµ⌫ scal-
ing as (k0,k) ⇠ (v/r, 1/r), and long-distance radiation
modes h̄µ⌫ , scaling as (k0,k) ⇠ (v/r, v/r) [37]. Since
here we are only interested in the conservative binding
potential, we discard the radiation modes and decom-
pose the potential modes using a Kaluza-Klein (KK) de-
composition [136, 137].3 The metric components gµ⌫

(= ⌘µ⌫ + Hµ⌫) are encoded in a scalar field �, a 3-
dimensional vector Ai, and a 3-dimensional symmetric
tensor �ij as,

gµ⌫ = e
2�/c2

✓
1 �Aj/c

2

�Ai/c
2
�e

�cd�/c2�ij +AiAj/c
4

◆
,

(3)
with �ij = �ij +�ij/c

2 and cd = 2(d� 1)/(d� 2). Then,
integrating out the gravitational fields gives the two-body
e↵ective action,

exp
h
i

Z
dt Le↵

i
=

Z
D�DAi D�ij e

i(SEH+Spp) , (4)

where the e↵ective Lagrangian Le↵ is decomposed as
Le↵ = Ke↵ � Ve↵ with Ke↵ the kinetic term and Ve↵

the e↵ective interaction potential. The kinetic term is
independent of graviton exchange and, at any PN order,
follows from expanding

p
1� v2/c2. By contrast, the po-

tential encodes the gravitational interaction between the
two bodies and is the primary quantity computed in this
work.

B. Integrand generation

The e↵ective two-body potential Ve↵ can be ex-
pressed in terms of the connected, classical, one-particle-
irreducible Feynman diagram as,

Ve↵ = i lim
d!3

Z
d
dp

(2⇡)d
e
ip·(x(1)�x(2)) ⇥ (5)

3
In the KK decomposition, the 3-dimensional vector field Ai does

not contribute to the static potential, which is crucial to the

factorization theorem [45].

SF order Diagrams MIs

0 36 1

1 161 3

2 387 13

3 533 16

Total 1117 21

TABLE I. Contributions to di↵erent SF sectors at 6PN. Mul-
tiple MIs are common to di↵erent SF orders.

where, p is the momentum transferred between the two
massive objects. The four-point amplitude consists of a
sum of 1117 six-loop diagrams4, as depicted in Fig. I,
grouped according to the power of m7�n

1
m

1+n
2

, respec-
tively indicating the n

th-order self force (nSF) contribu-
tion: the 0SF component corresponds to the simplest set
of diagrams, encoding the test-body motion; whereas the
1SF, 2SF, and 3SF include contributions with an increas-
ing level of complexity.
The required graphs and the corresponding integrands

are generated using the code PNTHR: Post-Newtonian
Toolkit for Hamiltonian and Radiation [120]5. PNTHR uses
QGRAF [140] to generate the skeleton of the diagrams, and
after dressing them with the KK field and Feynman rules
derived from the actions of PN expansion of GR given in
eqs. (1) and (2), prepares the integrands by carrying out
the tensor algebra using xTensor [141].
As observed in [38, 41], the static integrands of the 6PN

four-point diagrams within the EFT approach to GR can
be remarkably mapped onto those of six-loop two-point
functions with massless internal lines, typical of higher
order corrections in QFT, whose external momentum is
the momentum p transferred of the massive bodies as,

EFT  ! QFT (6)

We employ an in-house topology-mapping algorithm to
group the contributing diagrams into 97 equivalence
classes identified by their graphs (Symanzik) polynomi-
als.
Each topology represents a scalar integral, whose

generic form reads as:

In1,...,n27
=

Z

k

27Y

i=1

D
�ni
i , with

Z

k
:=

Z 6Y

i=1

d
d
ki

(2⇡)d
. (7)

in terms of 27 generalised denominators Di, out of which
13 are genuine propagators’ denominators (ni � 1, i =
1, . . . , 13), while the left-over 14 corresponds to irre-
ducible scalar products (ni  0 for i = 14, . . . , 27).

4
This counting does not include diagrams that can be obtained

by the exchange of m1 $ m2.
5
The code PNTHR [120] has been previously used for the analyses

of spinning compact objects in ref. [61, 62] and tidally deformed

compact objects in ref. [69, 138, 139].
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radius Rs of each compact object, the orbital separa-
tion r, and the wavelength of gravitational radiation �,
with � � r � Rs. In this regime, due to small veloc-
ities and weak fields, we expand the metric around flat
spacetime, gµ⌫ = ⌘µ⌫ + hµ⌫ , where the gravitational in-
teraction is mediated by the gravitons hµ⌫ . The separa-
tion of scales allows us to decompose the graviton field in
short-distance instantaneous potential modes Hµ⌫ scal-
ing as (k0,k) ⇠ (v/r, 1/r), and long-distance radiation
modes h̄µ⌫ , scaling as (k0,k) ⇠ (v/r, v/r) [37]. Since
here we are only interested in the conservative binding
potential, we discard the radiation modes and decom-
pose the potential modes using a Kaluza-Klein (KK) de-
composition [136, 137].3 The metric components gµ⌫

(= ⌘µ⌫ + Hµ⌫) are encoded in a scalar field �, a 3-
dimensional vector Ai, and a 3-dimensional symmetric
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integrating out the gravitational fields gives the two-body
e↵ective action,
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=
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i(SEH+Spp) , (4)

where the e↵ective Lagrangian Le↵ is decomposed as
Le↵ = Ke↵ � Ve↵ with Ke↵ the kinetic term and Ve↵

the e↵ective interaction potential. The kinetic term is
independent of graviton exchange and, at any PN order,
follows from expanding

p
1� v2/c2. By contrast, the po-

tential encodes the gravitational interaction between the
two bodies and is the primary quantity computed in this
work.

B. Integrand generation

The e↵ective two-body potential Ve↵ can be ex-
pressed in terms of the connected, classical, one-particle-
irreducible Feynman diagram as,

Ve↵ = i lim
d!3

Z
d
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(2⇡)d
e
ip·(x(1)�x(2)) ⇥ (5)

3
In the KK decomposition, the 3-dimensional vector field Ai does

not contribute to the static potential, which is crucial to the

factorization theorem [45].

SF order Diagrams MIs
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2 387 13

3 533 16

Total 1117 21

TABLE I. Contributions to di↵erent SF sectors at 6PN. Mul-
tiple MIs are common to di↵erent SF orders.

where, p is the momentum transferred between the two
massive objects. The four-point amplitude consists of a
sum of 1117 six-loop diagrams4, as depicted in Fig. I,
grouped according to the power of m7�n
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, respec-
tively indicating the n

th-order self force (nSF) contribu-
tion: the 0SF component corresponds to the simplest set
of diagrams, encoding the test-body motion; whereas the
1SF, 2SF, and 3SF include contributions with an increas-
ing level of complexity.
The required graphs and the corresponding integrands

are generated using the code PNTHR: Post-Newtonian
Toolkit for Hamiltonian and Radiation [120]5. PNTHR uses
QGRAF [140] to generate the skeleton of the diagrams, and
after dressing them with the KK field and Feynman rules
derived from the actions of PN expansion of GR given in
eqs. (1) and (2), prepares the integrands by carrying out
the tensor algebra using xTensor [141].
As observed in [38, 41], the static integrands of the 6PN

four-point diagrams within the EFT approach to GR can
be remarkably mapped onto those of six-loop two-point
functions with massless internal lines, typical of higher
order corrections in QFT, whose external momentum is
the momentum p transferred of the massive bodies as,

EFT  ! QFT (6)

We employ an in-house topology-mapping algorithm to
group the contributing diagrams into 97 equivalence
classes identified by their graphs (Symanzik) polynomi-
als.
Each topology represents a scalar integral, whose

generic form reads as:
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=
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in terms of 27 generalised denominators Di, out of which
13 are genuine propagators’ denominators (ni � 1, i =
1, . . . , 13), while the left-over 14 corresponds to irre-
ducible scalar products (ni  0 for i = 14, . . . , 27).

4
This counting does not include diagrams that can be obtained

by the exchange of m1 $ m2.
5
The code PNTHR [120] has been previously used for the analyses

of spinning compact objects in ref. [61, 62] and tidally deformed

compact objects in ref. [69, 138, 139].
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rank: (up to) 6 
[mass-dimension of numerator (up to) 12]
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Integration-by-parts identities
Brunello, Mandal, Patil, Pegorin, Ronca, Smith, Steinhoff, Torres Bobadilla, & PM (2025)@ the frontier of calculus

[credit: Smith]

Spanning-cuts                  decomposing the complete IBP system into smaller-block systems⇒

Syzygies                            limiting the number of IBP equations (avoiding those involving higher-exponent integrals) ⇒

Seeding                             minimising the number of IBP equations vs number of invalid integrals ⇒

Finite Fields                      simplifying the algebraic/arithmetic operations + reconstructing only the final expressions (not intermediate results)⇒

Topology Mapping          minimising the number of integral families subject to IBP decomposition⇒
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Brunello, Mandal, Patil, Pegorin, Ronca, Smith, Steinhoff, Torres Bobadilla, & PM (2025)@ the frontier of calculus

Syzygies                       

Seeding                        

[credit: Smith]

Finite Fields                 
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    minimising the number of IBP equations vs number of involved integrals ⇒
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Seeding determines the “shape” of the IBP systems
IBP Tools: Seeding
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Ex.: 2 denominator 
        sectors ⃗n = {n1, n2}
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Syzygies                       

Seeding                        

[credit: Smith]

Finite Fields                 

Topology Mapping      

    minimising the number of IBP equations vs number of involved integrals ⇒

Spanning-cuts             Sector  [# denominators]                        

Rank [numerator degree]                        

Dots  [denominator degree]                        

Sector  [# denominators]                        
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Dots  [denominator degree]                        

Standard seeding@ Fixed Rank

   Increasing Dots of subsectors ⇒

Improved Seeding @ Fixed Dots

   Decreasing Rank of subsectors⇒

Driess, Jakobsen, Mogull, Plefka, Sauer

Guan, Liu, Ma, Wu (2024)

Bern, Hermann, Roiban, Ruf, Smirnov,
Smirnov, Zeng (2024) 

Larssen, Zhang (2015)

Kosower, Gluza (2010 

Smith, Zeng (2025) 

Laporta, Remiddi (1996)
Laporta (2000)
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    limiting the number of IBP equations / avoiding those involving higher-exponent (Dots) ⇒

IBP Tools: Syzygies [Singular] 
[Gluza, Kajda, Kosower, 2011]
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Spanning-cuts                  decomposing the complete IBP system into smaller-block systems⇒

Syzygies                            limiting the number of IBP equations (avoiding those involving higher-exponent integrals) ⇒

Seeding                             minimising the number of IBP equations vs number of invalid integrals ⇒

Finite Fields                      simplifying the algebraic/arithmetic operations + reconstructing only the final expressions (not intermediate results)⇒

Topology Mapping          minimising the number of integral families subject to IBP decomposition⇒

Brunello, Ronca, Smith, Torres Bobadilla, & PM (in progress)PRISM: Prime-field Reduction of Integrals using Syzygy Methods
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where u
µ
(a) = dx

µ
(a)/d⌧ is the four-velocity, such that

u
2

(a) = u
µ
(a)u

⌫
(a)gµ⌫ , m(a) denotes the mass of each ob-

ject, the proper time ⌧ is related to the co-ordinate time
t as d⌧ = c dt, and we work with mostly negative metric
signature.

In the inspiral regime, the dynamics is characterized
by three well separated length scales: the Schwarzschild
radius Rs of each compact object, the orbital separa-
tion r, and the wavelength of gravitational radiation �,
with � � r � Rs. In this regime, due to small veloc-
ities and weak fields, we expand the metric around flat
spacetime, gµ⌫ = ⌘µ⌫ + hµ⌫ , where the gravitational in-
teraction is mediated by the gravitons hµ⌫ . The separa-
tion of scales allows us to decompose the graviton field in
short-distance instantaneous potential modes Hµ⌫ scal-
ing as (k0,k) ⇠ (v/r, 1/r), and long-distance radiation
modes h̄µ⌫ , scaling as (k0,k) ⇠ (v/r, v/r) [37]. Since
here we are only interested in the conservative binding
potential, we discard the radiation modes and decom-
pose the potential modes using a Kaluza-Klein (KK) de-
composition [136, 137].3 The metric components gµ⌫

(= ⌘µ⌫ + Hµ⌫) are encoded in a scalar field �, a 3-
dimensional vector Ai, and a 3-dimensional symmetric
tensor �ij as,

gµ⌫ = e
2�/c2

✓
1 �Aj/c

2

�Ai/c
2
�e

�cd�/c2�ij +AiAj/c
4

◆
,

(3)
with �ij = �ij +�ij/c

2 and cd = 2(d� 1)/(d� 2). Then,
integrating out the gravitational fields gives the two-body
e↵ective action,

exp
h
i

Z
dt Le↵

i
=

Z
D�DAi D�ij e

i(SEH+Spp) , (4)

where the e↵ective Lagrangian Le↵ is decomposed as
Le↵ = Ke↵ � Ve↵ with Ke↵ the kinetic term and Ve↵

the e↵ective interaction potential. The kinetic term is
independent of graviton exchange and, at any PN order,
follows from expanding

p
1� v2/c2. By contrast, the po-

tential encodes the gravitational interaction between the
two bodies and is the primary quantity computed in this
work.

B. Integrand generation

The e↵ective two-body potential Ve↵ can be ex-
pressed in terms of the connected, classical, one-particle-
irreducible Feynman diagram as,

Ve↵ = i lim
d!3

Z
d
dp

(2⇡)d
e
ip·(x(1)�x(2)) ⇥ (5)

3
In the KK decomposition, the 3-dimensional vector field Ai does

not contribute to the static potential, which is crucial to the

factorization theorem [45].

SF order Diagrams MIs

0 36 1

1 161 3

2 387 13

3 533 16

Total 1117 21

TABLE I. Contributions to di↵erent SF sectors at 6PN. Mul-
tiple MIs are common to di↵erent SF orders.

where, p is the momentum transferred between the two
massive objects. The four-point amplitude consists of a
sum of 1117 six-loop diagrams4, as depicted in Fig. I,
grouped according to the power of m7�n

1
m

1+n
2

, respec-
tively indicating the n

th-order self force (nSF) contribu-
tion: the 0SF component corresponds to the simplest set
of diagrams, encoding the test-body motion; whereas the
1SF, 2SF, and 3SF include contributions with an increas-
ing level of complexity.
The required graphs and the corresponding integrands

are generated using the code PNTHR: Post-Newtonian
Toolkit for Hamiltonian and Radiation [120]5. PNTHR uses
QGRAF [140] to generate the skeleton of the diagrams, and
after dressing them with the KK field and Feynman rules
derived from the actions of PN expansion of GR given in
eqs. (1) and (2), prepares the integrands by carrying out
the tensor algebra using xTensor [141].
As observed in [38, 41], the static integrands of the 6PN

four-point diagrams within the EFT approach to GR can
be remarkably mapped onto those of six-loop two-point
functions with massless internal lines, typical of higher
order corrections in QFT, whose external momentum is
the momentum p transferred of the massive bodies as,

EFT  ! QFT (6)

We employ an in-house topology-mapping algorithm to
group the contributing diagrams into 97 equivalence
classes identified by their graphs (Symanzik) polynomi-
als.
Each topology represents a scalar integral, whose

generic form reads as:

In1,...,n27
=

Z

k

27Y

i=1

D
�ni
i , with

Z

k
:=

Z 6Y

i=1

d
d
ki

(2⇡)d
. (7)

in terms of 27 generalised denominators Di, out of which
13 are genuine propagators’ denominators (ni � 1, i =
1, . . . , 13), while the left-over 14 corresponds to irre-
ducible scalar products (ni  0 for i = 14, . . . , 27).

4
This counting does not include diagrams that can be obtained

by the exchange of m1 $ m2.
5
The code PNTHR [120] has been previously used for the analyses

of spinning compact objects in ref. [61, 62] and tidally deformed

compact objects in ref. [69, 138, 139].
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Topology Mapping          minimising the number of integral families subject to IBP decomposition⇒
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C. Integrals’ decomposition

Dimensionally regulated integrals In1,...,n27
are not in-

dependent, and IBP identities [121–123] can be lever-
aged to decompose them, and consequently the ampli-
tude in terms of a finite set of independent scalar inte-
grals, dubbed MIs. They can be considered as generators
of a vector space [142, 143]. The number of MIs can be
determined using methods inspired by di↵erential geom-
etry, for instance by counting the critical points associ-
ated with the Symanzik polynomials of the corresponding
Feynman diagrams [144, 145].

IBP relations for the integrals of the considered prob-
lems stem from a system of symbolic equations reading
as:

Z

k

@

@k
µ
`

 
q
µ

27Y

i=1

D
�ni
i

!
= 0 , (8)

where q 2 {k1, k2, k3, k4, k5, k6, p}. By seeding the equa-
tions, namely by inserting di↵erent values of the indices
ni, and including symmetry relations (linear relations
originating from shifting the loop momenta), we can gen-
erate a large system of linear equations for the integrals
In1,...,n27

, whose solutions gives the decomposition rela-
tions, exactly in d, in terms of 39 MIs.

Let us remark that the decomposition of the integrals
arising in this problem constitutes a highly demanding
computational task. The relevant integrals are scalar six-
loop integrals of rank up to six, corresponding to at most
six powers of scalar products in the numerator, or equiva-
lently to numerators with mass dimension not exceeding
twelve. Their reduction to MIs cannot be achieved with
commonly used public codes and instead required the
development of a novel algorithm that combines multiple
optimization strategies to e�ciently generate and solve
the associated IBP systems.

Spanning Cuts: Starting from the Symanzik polynomi-
als of each topology, graph-theoretic considerations allow
one to identify minimal edge cuts whose removal sep-
arates the diagram into two connected subgraphs, each
containing at least one external leg. Applying IBP reduc-
tion to integrals associated with spanning cuts —where
selected propagator denominators Di are replaced by
Dirac delta functions �(Di) [124]—decomposes the origi-
nal IBP system into smaller cut subsystems that are sig-
nificantly easier to solve. The solution of the full system
is then obtained by consistently combining the results
from all spanning cuts that collectively cover the original
graph [146, 147].

Syzygies: Recent progress in syzygy-based approaches
[125–128] has significantly enhanced the algorithmic ef-
ficiency of IBP reductions. When integrated with span-
ning cuts, these methods substantially reduce the size
and complexity of the IBP systems to be generated and
solved. In our implementation, syzygy relations are com-
puted using Singular [148] and are embedded directly
into the IBP generation step, thereby constraining the

system at the outset and improving the overall perfor-
mance of the reduction algorithm.
Seeding strategy: We further optimize the reduction

by employing an improved seeding strategy based on the
choice of optimal exponents in the symbolic IBP iden-
tities used to generate the system of integral relations
[84, 96–98, 129–132], adapted to the syzygy-based frame-
work. In the top sector, integrals are seeded up to rank
six, with the maximal rank reduced according to the de-
gree of the corresponding syzygy solutions. As the al-
gorithm descends to lower sectors, the maximum seed
rank is decreased by one at each step, while integrals
with squared denominators’ exponents are excluded. Ad-
ditional constraints inspired by rectangular seeding are
imposed and tailored to the specific integrals appearing
for each topology. In several instances, these combined
strategies lead to a substantial reduction in both the size
of the IBP systems and the overall computational cost.
After generating the IBP systems for each spanning cut

and topology, the resulting linear systems are solved us-
ing FiniteFlow [149], whose solver first applies a mark-
and-sweep procedure to eliminate redundant equations
and to identify the relevant MIs from the predefined ba-
sis obtained through counting. The reduced systems are
then solved over finite fields at multiple numerical phase-
space points, and the rational coe�cients of the MIs are
reconstructed from these evaluations.

D. Master Integrals

The IBP reduction yields 39 MIs, out of which only
21 contribute to the conservative potential. They are
shown in Fig. 2. Let us observe that the 0SF sector gets
contribution just from one MI, namely I3, as expected
[150, 151], whereas the 1SF, 2SF and 3SF sectors get
contributions respectively from 3, 13 and 16 MIs.
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FIG. 2. The 21 MIs contributing to the 6PN static potential.
The topology I18,i has two MIs, i 2 {1, 2}, but only I18,2

appears in the final result.

IBP decomposition of 6-loop 2-point diagrams  
of planar and non-planar GREFT integrals  

 39 Master Integrals ⇒

x 2

Master Integrals
@ the frontier of calculus Brunello, Mandal, Patil, Pegorin, Ronca, Smith, Steinhoff, Torres Bobadilla, & PM (2025)

only 21 Master Integrals  
contribute to  
the conservative potential 

(*) Gauge theory/QFT version unknown



4
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Dimensionally regulated integrals In1,...,n27
are not in-

dependent, and IBP identities [121–123] can be lever-
aged to decompose them, and consequently the ampli-
tude in terms of a finite set of independent scalar inte-
grals, dubbed MIs. They can be considered as generators
of a vector space [142, 143]. The number of MIs can be
determined using methods inspired by di↵erential geom-
etry, for instance by counting the critical points associ-
ated with the Symanzik polynomials of the corresponding
Feynman diagrams [144, 145].
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and to identify the relevant MIs from the predefined ba-
sis obtained through counting. The reduced systems are
then solved over finite fields at multiple numerical phase-
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The IBP reduction yields 39 MIs, out of which only
21 contribute to the conservative potential. They are
shown in Fig. 2. Let us observe that the 0SF sector gets
contribution just from one MI, namely I3, as expected
[150, 151], whereas the 1SF, 2SF and 3SF sectors get
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Analytic Evaluation: direct integration

5

The MIs I1 through I10 are directly solvable as iterated
massless one-loop two-point integrals, and are evaluated
analytically in generic dimension d using the standard
identity:
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Remarkably, this subset is su�cient for the determina-
tion of the 0SF and 1SF terms of the complete result.
Using the identity in Eq. (9), MIs I11, I12, I13 are solv-
able as two-loop kite integrals with d-dependent denom-
inator exponents, and are evaluated analytically, using
the techniques proposed in Refs. [152–156]. The MIs I14
through I21 are evaluated numerically around d = 3 + ✏

dimensions, using the auxiliary mass flow method imple-
mented in AMFlow [133, 134]. Their analytic Laurent co-
e�cients are reconstructed via the PSLQ algorithm [135],
employing tailored ansätze for the expected transcenden-
tal constants.

The definitions and analytic expressions of the 21 MIs

of the problem can be found in App. A.
Checks. The 13 MIs that have been obtained analyt-

ically in d dimensions have been checked by verifying
that they satisfy dimensional recurrence relations [157–
160], and via an independent numerical evaluation using
AMFlow. Independent numerical checks of all the six-loop
MIs were performed using feyntrop [161], which eval-
uates the integrals via Monte Carlo integration within
a tropical-geometry framework. Such a comparison re-
quires the determination of a quasi-finite basis of MIs in
d = 5, the construction of dimensional recurrence rela-
tions, and additional IBP reductions to relate the two
bases. The resulting agreement between these computa-
tional strategies can be considered a stringent validation
test on the MIs as well as on the IBP decomposition.

III. RESULTS

Following Eq. (5), the e↵ective two-body potential
is obtained by Fourier transforming the amplitude, ex-
pressed as linear combination of MIs, and performing
the Laurent expansion in ✏ = d � 3. Finally, the re-
sulting static two-body e↵ective interaction potential at
6PN order reads
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This remarkably simple expression constitutes the main
result of this letter. The robustness of this result has
been assessed in several ways.

Finite and rational potential. The final potential (10)
is finite in d = 3 spatial dimensions and purely rational,
due to the exact cancellation of the ✏ poles, appearing
at 2SF and 3SF orders, as well as the cancellation of the
transcendental constant ⇡

2 [36] which is present in the
contributions of the individual 1SF-, 2SF- and 3SF-order
terms. The purely rational expression of the 6PN poten-
tial atO(G7

N ) is in line with the known result of the static
contribution at the lower PN orders, and the cancellation
of the divergent terms along with the transcendental con-
stant appearing in the intermediate expressions can be
considered a non-trivial validation of our result.

The m
7

1
m2 term. We further verified the result against

the known test body limit. The static contribution to the
interaction potential, linear in m2, is given by
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where the metric component g00 is expressed in harmonic
coordinates. The Taylor expansion in GN yields the nu-
merical coe�cient �5/16 at O(G7

N ), which exactly agrees

with the coe�cient of the m
7

1
m2 term in Eq. (10).

The static contribution at 5PN. Let us remark that our
complete computational pipeline, from the automatic di-
agrams and integrands generation to the master integral
decomposition, and the Fourier transform of the ampli-
tude from momentum to position space in d = 3 dimen-
sions has been validated by computing the 5PN static
contribution, reproducing the result of Refs. [45, 46].

IV. CONCLUSION

In this Letter, we computed the static contribution to
the conservative two-body potential at 6PN order within
the EFT framework. This term constitutes the most
technically demanding component of the 6PN conser-
vative dynamics and, for the first time, incorporates a
third-order SF contribution. The calculation required
the evaluation of six-loop massless two-point Feynman
integrals, never addressed before. We achieved this by
combining state-of-the-art multi-loop techniques, includ-
ing automatic diagrams generation, IBP identities sup-
plemented by spanning cuts, syzygy-based methods, and
optimized seeding strategies. The analytic expressions of
the MIs are obtained through a combination of analytic
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This remarkably simple expression constitutes the main
result of this letter. The robustness of this result has
been assessed in several ways.

Finite and rational potential. The final potential (10)
is finite in d = 3 spatial dimensions and purely rational,
due to the exact cancellation of the ✏ poles, appearing
at 2SF and 3SF orders, as well as the cancellation of the
transcendental constant ⇡

2 [36] which is present in the
contributions of the individual 1SF-, 2SF- and 3SF-order
terms. The purely rational expression of the 6PN poten-
tial atO(G7

N ) is in line with the known result of the static
contribution at the lower PN orders, and the cancellation
of the divergent terms along with the transcendental con-
stant appearing in the intermediate expressions can be
considered a non-trivial validation of our result.
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The static contribution at 5PN. Let us remark that our
complete computational pipeline, from the automatic di-
agrams and integrands generation to the master integral
decomposition, and the Fourier transform of the ampli-
tude from momentum to position space in d = 3 dimen-
sions has been validated by computing the 5PN static
contribution, reproducing the result of Refs. [45, 46].

IV. CONCLUSION

In this Letter, we computed the static contribution to
the conservative two-body potential at 6PN order within
the EFT framework. This term constitutes the most
technically demanding component of the 6PN conser-
vative dynamics and, for the first time, incorporates a
third-order SF contribution. The calculation required
the evaluation of six-loop massless two-point Feynman
integrals, never addressed before. We achieved this by
combining state-of-the-art multi-loop techniques, includ-
ing automatic diagrams generation, IBP identities sup-
plemented by spanning cuts, syzygy-based methods, and
optimized seeding strategies. The analytic expressions of
the MIs are obtained through a combination of analytic
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C. Integrals’ decomposition

Dimensionally regulated integrals In1,...,n27
are not in-

dependent, and IBP identities [121–123] can be lever-
aged to decompose them, and consequently the ampli-
tude in terms of a finite set of independent scalar inte-
grals, dubbed MIs. They can be considered as generators
of a vector space [142, 143]. The number of MIs can be
determined using methods inspired by di↵erential geom-
etry, for instance by counting the critical points associ-
ated with the Symanzik polynomials of the corresponding
Feynman diagrams [144, 145].

IBP relations for the integrals of the considered prob-
lems stem from a system of symbolic equations reading
as:
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where q 2 {k1, k2, k3, k4, k5, k6, p}. By seeding the equa-
tions, namely by inserting di↵erent values of the indices
ni, and including symmetry relations (linear relations
originating from shifting the loop momenta), we can gen-
erate a large system of linear equations for the integrals
In1,...,n27

, whose solutions gives the decomposition rela-
tions, exactly in d, in terms of 39 MIs.

Let us remark that the decomposition of the integrals
arising in this problem constitutes a highly demanding
computational task. The relevant integrals are scalar six-
loop integrals of rank up to six, corresponding to at most
six powers of scalar products in the numerator, or equiva-
lently to numerators with mass dimension not exceeding
twelve. Their reduction to MIs cannot be achieved with
commonly used public codes and instead required the
development of a novel algorithm that combines multiple
optimization strategies to e�ciently generate and solve
the associated IBP systems.

Spanning Cuts: Starting from the Symanzik polynomi-
als of each topology, graph-theoretic considerations allow
one to identify minimal edge cuts whose removal sep-
arates the diagram into two connected subgraphs, each
containing at least one external leg. Applying IBP reduc-
tion to integrals associated with spanning cuts —where
selected propagator denominators Di are replaced by
Dirac delta functions �(Di) [124]—decomposes the origi-
nal IBP system into smaller cut subsystems that are sig-
nificantly easier to solve. The solution of the full system
is then obtained by consistently combining the results
from all spanning cuts that collectively cover the original
graph [146, 147].

Syzygies: Recent progress in syzygy-based approaches
[125–128] has significantly enhanced the algorithmic ef-
ficiency of IBP reductions. When integrated with span-
ning cuts, these methods substantially reduce the size
and complexity of the IBP systems to be generated and
solved. In our implementation, syzygy relations are com-
puted using Singular [148] and are embedded directly
into the IBP generation step, thereby constraining the

system at the outset and improving the overall perfor-
mance of the reduction algorithm.
Seeding strategy: We further optimize the reduction

by employing an improved seeding strategy based on the
choice of optimal exponents in the symbolic IBP iden-
tities used to generate the system of integral relations
[84, 96–98, 129–132], adapted to the syzygy-based frame-
work. In the top sector, integrals are seeded up to rank
six, with the maximal rank reduced according to the de-
gree of the corresponding syzygy solutions. As the al-
gorithm descends to lower sectors, the maximum seed
rank is decreased by one at each step, while integrals
with squared denominators’ exponents are excluded. Ad-
ditional constraints inspired by rectangular seeding are
imposed and tailored to the specific integrals appearing
for each topology. In several instances, these combined
strategies lead to a substantial reduction in both the size
of the IBP systems and the overall computational cost.
After generating the IBP systems for each spanning cut

and topology, the resulting linear systems are solved us-
ing FiniteFlow [149], whose solver first applies a mark-
and-sweep procedure to eliminate redundant equations
and to identify the relevant MIs from the predefined ba-
sis obtained through counting. The reduced systems are
then solved over finite fields at multiple numerical phase-
space points, and the rational coe�cients of the MIs are
reconstructed from these evaluations.

D. Master Integrals

The IBP reduction yields 39 MIs, out of which only
21 contribute to the conservative potential. They are
shown in Fig. 2. Let us observe that the 0SF sector gets
contribution just from one MI, namely I3, as expected
[150, 151], whereas the 1SF, 2SF and 3SF sectors get
contributions respectively from 3, 13 and 16 MIs.
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I6 I7 I8 I9 I10
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I16 I17 I18,i I19

I20 I21

FIG. 2. The 21 MIs contributing to the 6PN static potential.
The topology I18,i has two MIs, i 2 {1, 2}, but only I18,2

appears in the final result.
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Dimensionally regulated integrals In1,...,n27
are not in-

dependent, and IBP identities [121–123] can be lever-
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ated with the Symanzik polynomials of the corresponding
Feynman diagrams [144, 145].

IBP relations for the integrals of the considered prob-
lems stem from a system of symbolic equations reading
as:
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where q 2 {k1, k2, k3, k4, k5, k6, p}. By seeding the equa-
tions, namely by inserting di↵erent values of the indices
ni, and including symmetry relations (linear relations
originating from shifting the loop momenta), we can gen-
erate a large system of linear equations for the integrals
In1,...,n27

, whose solutions gives the decomposition rela-
tions, exactly in d, in terms of 39 MIs.

Let us remark that the decomposition of the integrals
arising in this problem constitutes a highly demanding
computational task. The relevant integrals are scalar six-
loop integrals of rank up to six, corresponding to at most
six powers of scalar products in the numerator, or equiva-
lently to numerators with mass dimension not exceeding
twelve. Their reduction to MIs cannot be achieved with
commonly used public codes and instead required the
development of a novel algorithm that combines multiple
optimization strategies to e�ciently generate and solve
the associated IBP systems.

Spanning Cuts: Starting from the Symanzik polynomi-
als of each topology, graph-theoretic considerations allow
one to identify minimal edge cuts whose removal sep-
arates the diagram into two connected subgraphs, each
containing at least one external leg. Applying IBP reduc-
tion to integrals associated with spanning cuts —where
selected propagator denominators Di are replaced by
Dirac delta functions �(Di) [124]—decomposes the origi-
nal IBP system into smaller cut subsystems that are sig-
nificantly easier to solve. The solution of the full system
is then obtained by consistently combining the results
from all spanning cuts that collectively cover the original
graph [146, 147].

Syzygies: Recent progress in syzygy-based approaches
[125–128] has significantly enhanced the algorithmic ef-
ficiency of IBP reductions. When integrated with span-
ning cuts, these methods substantially reduce the size
and complexity of the IBP systems to be generated and
solved. In our implementation, syzygy relations are com-
puted using Singular [148] and are embedded directly
into the IBP generation step, thereby constraining the

system at the outset and improving the overall perfor-
mance of the reduction algorithm.
Seeding strategy: We further optimize the reduction

by employing an improved seeding strategy based on the
choice of optimal exponents in the symbolic IBP iden-
tities used to generate the system of integral relations
[84, 96–98, 129–132], adapted to the syzygy-based frame-
work. In the top sector, integrals are seeded up to rank
six, with the maximal rank reduced according to the de-
gree of the corresponding syzygy solutions. As the al-
gorithm descends to lower sectors, the maximum seed
rank is decreased by one at each step, while integrals
with squared denominators’ exponents are excluded. Ad-
ditional constraints inspired by rectangular seeding are
imposed and tailored to the specific integrals appearing
for each topology. In several instances, these combined
strategies lead to a substantial reduction in both the size
of the IBP systems and the overall computational cost.
After generating the IBP systems for each spanning cut

and topology, the resulting linear systems are solved us-
ing FiniteFlow [149], whose solver first applies a mark-
and-sweep procedure to eliminate redundant equations
and to identify the relevant MIs from the predefined ba-
sis obtained through counting. The reduced systems are
then solved over finite fields at multiple numerical phase-
space points, and the rational coe�cients of the MIs are
reconstructed from these evaluations.

D. Master Integrals

The IBP reduction yields 39 MIs, out of which only
21 contribute to the conservative potential. They are
shown in Fig. 2. Let us observe that the 0SF sector gets
contribution just from one MI, namely I3, as expected
[150, 151], whereas the 1SF, 2SF and 3SF sectors get
contributions respectively from 3, 13 and 16 MIs.

I1 I2 I3 I4 I5

I6 I7 I8 I9 I10

I11 I12 I13 I14 I15

I16 I17 I18,i I19

I20 I21

FIG. 2. The 21 MIs contributing to the 6PN static potential.
The topology I18,i has two MIs, i 2 {1, 2}, but only I18,2

appears in the final result.
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C. Integrals’ decomposition

Dimensionally regulated integrals In1,...,n27
are not in-

dependent, and IBP identities [121–123] can be lever-
aged to decompose them, and consequently the ampli-
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grals, dubbed MIs. They can be considered as generators
of a vector space [142, 143]. The number of MIs can be
determined using methods inspired by di↵erential geom-
etry, for instance by counting the critical points associ-
ated with the Symanzik polynomials of the corresponding
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tions, exactly in d, in terms of 39 MIs.
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containing at least one external leg. Applying IBP reduc-
tion to integrals associated with spanning cuts —where
selected propagator denominators Di are replaced by
Dirac delta functions �(Di) [124]—decomposes the origi-
nal IBP system into smaller cut subsystems that are sig-
nificantly easier to solve. The solution of the full system
is then obtained by consistently combining the results
from all spanning cuts that collectively cover the original
graph [146, 147].

Syzygies: Recent progress in syzygy-based approaches
[125–128] has significantly enhanced the algorithmic ef-
ficiency of IBP reductions. When integrated with span-
ning cuts, these methods substantially reduce the size
and complexity of the IBP systems to be generated and
solved. In our implementation, syzygy relations are com-
puted using Singular [148] and are embedded directly
into the IBP generation step, thereby constraining the

system at the outset and improving the overall perfor-
mance of the reduction algorithm.
Seeding strategy: We further optimize the reduction

by employing an improved seeding strategy based on the
choice of optimal exponents in the symbolic IBP iden-
tities used to generate the system of integral relations
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six, with the maximal rank reduced according to the de-
gree of the corresponding syzygy solutions. As the al-
gorithm descends to lower sectors, the maximum seed
rank is decreased by one at each step, while integrals
with squared denominators’ exponents are excluded. Ad-
ditional constraints inspired by rectangular seeding are
imposed and tailored to the specific integrals appearing
for each topology. In several instances, these combined
strategies lead to a substantial reduction in both the size
of the IBP systems and the overall computational cost.
After generating the IBP systems for each spanning cut

and topology, the resulting linear systems are solved us-
ing FiniteFlow [149], whose solver first applies a mark-
and-sweep procedure to eliminate redundant equations
and to identify the relevant MIs from the predefined ba-
sis obtained through counting. The reduced systems are
then solved over finite fields at multiple numerical phase-
space points, and the rational coe�cients of the MIs are
reconstructed from these evaluations.

D. Master Integrals

The IBP reduction yields 39 MIs, out of which only
21 contribute to the conservative potential. They are
shown in Fig. 2. Let us observe that the 0SF sector gets
contribution just from one MI, namely I3, as expected
[150, 151], whereas the 1SF, 2SF and 3SF sectors get
contributions respectively from 3, 13 and 16 MIs.
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FIG. 2. The 21 MIs contributing to the 6PN static potential.
The topology I18,i has two MIs, i 2 {1, 2}, but only I18,2

appears in the final result.
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We observe that, up to the given order in ✏, the following
relations are valid:

I2 �
9

2
I7 = O(✏) , and I10 � I13 = O(✏0) .

Such relations could originate from Gram determinant or
Schouten identities in the d = 3 case [125, 167]. This will
be a subject for future studies.
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D44 = (k6 + p)2 . (A1)

The MIs appearing in Fig. 2 are defined as:
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Appendix B: Analytic expression of the MIs

The analytic expression of the MIs, given as a Laurent
series in ✏ up to the needed order, with ✏ = d � 3, and
with overall normalization
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We observe that, up to the given order in ✏, the following
relations are valid:

I2 �
9

2
I7 = O(✏) , and I10 � I13 = O(✏0) .

Such relations could originate from Gram determinant or
Schouten identities in the d = 3 case [125, 167]. This will
be a subject for future studies.
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Appendix B: Analytic expression of the MIs

The analytic expression of the MIs, given as a Laurent
series in ✏ up to the needed order, with ✏ = d � 3, and
with overall normalization
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The MIs I1 through I10 are directly solvable as iterated
massless one-loop two-point integrals, and are evaluated
analytically in generic dimension d using the standard
identity:

Z
d
d
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.

Remarkably, this subset is su�cient for the determina-
tion of the 0SF and 1SF terms of the complete result.
Using the identity in Eq. (9), MIs I11, I12, I13 are solv-
able as two-loop kite integrals with d-dependent denom-
inator exponents, and are evaluated analytically, using
the techniques proposed in Refs. [152–156]. The MIs I14
through I21 are evaluated numerically around d = 3 + ✏

dimensions, using the auxiliary mass flow method imple-
mented in AMFlow [133, 134]. Their analytic Laurent co-
e�cients are reconstructed via the PSLQ algorithm [135],
employing tailored ansätze for the expected transcenden-
tal constants.

The definitions and analytic expressions of the 21 MIs

of the problem can be found in App. A.
Checks. The 13 MIs that have been obtained analyt-
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III. RESULTS
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is obtained by Fourier transforming the amplitude, ex-
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the Laurent expansion in ✏ = d � 3. Finally, the re-
sulting static two-body e↵ective interaction potential at
6PN order reads
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This remarkably simple expression constitutes the main
result of this letter. The robustness of this result has
been assessed in several ways.

Finite and rational potential. The final potential (10)
is finite in d = 3 spatial dimensions and purely rational,
due to the exact cancellation of the ✏ poles, appearing
at 2SF and 3SF orders, as well as the cancellation of the
transcendental constant ⇡

2 [36] which is present in the
contributions of the individual 1SF-, 2SF- and 3SF-order
terms. The purely rational expression of the 6PN poten-
tial atO(G7

N ) is in line with the known result of the static
contribution at the lower PN orders, and the cancellation
of the divergent terms along with the transcendental con-
stant appearing in the intermediate expressions can be
considered a non-trivial validation of our result.

The m
7

1
m2 term. We further verified the result against

the known test body limit. The static contribution to the
interaction potential, linear in m2, is given by
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, (11)

where the metric component g00 is expressed in harmonic
coordinates. The Taylor expansion in GN yields the nu-
merical coe�cient �5/16 at O(G7

N ), which exactly agrees

with the coe�cient of the m
7

1
m2 term in Eq. (10).

The static contribution at 5PN. Let us remark that our
complete computational pipeline, from the automatic di-
agrams and integrands generation to the master integral
decomposition, and the Fourier transform of the ampli-
tude from momentum to position space in d = 3 dimen-
sions has been validated by computing the 5PN static
contribution, reproducing the result of Refs. [45, 46].

IV. CONCLUSION

In this Letter, we computed the static contribution to
the conservative two-body potential at 6PN order within
the EFT framework. This term constitutes the most
technically demanding component of the 6PN conser-
vative dynamics and, for the first time, incorporates a
third-order SF contribution. The calculation required
the evaluation of six-loop massless two-point Feynman
integrals, never addressed before. We achieved this by
combining state-of-the-art multi-loop techniques, includ-
ing automatic diagrams generation, IBP identities sup-
plemented by spanning cuts, syzygy-based methods, and
optimized seeding strategies. The analytic expressions of
the MIs are obtained through a combination of analytic
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1 218 52 80 23 20 4 397

2 486 135 354 136 117 14 1242

3 702 203 672 288 269 28 2162

Total 1434 395 1111 448 407 47 3842

TABLE I. Number of diagrams contributing to the 7PN static
potential: displayed according to the self force contribution
(rows) and grouped in factorization classes (column), where
number in the product denotes the diagrams at a PN order.

In the static sector the time dependence trivializes, hence
here and in remainder of this work we assume the over-
all time integral is understood. We also set c = 1 for
convenience.

III. FACTORIZATION FROM FEYNMAN
GRAPHS

As proved in Ref. [96], static diagrams at odd PN or-
ders can be factorized in terms of products of lower PN
order diagrams. It is useful to distinguish between prime
and factorizable static graphs. A prime graph (p.g.) con-
tains only linear matter–� couplings of the form m�,
namely each � field emitted from the bulk couples in-
dividually to a worldline. Instead, a factorizable graph
contains at least one composite worldline vertex m�n

with n > 1, and can therefore be obtained by sewing to-
gether two or more lower-order subgraphs at that vertex.
Ref. [96] proves that static prime graphs exist only at
even PN orders; equivalently, all odd-PN static graphs
are factorizable. At 7PN, therefore, no new prime static
graph appears. The full answer is obtained by combin-
ing lower-order even-PN building blocks. As in the 5PN
analysis of Ref. [96], the factorized contributions are or-
ganized according to their sewing pattern. Importantly,
each factorized graph is not given by a simple product
of lower-order contributions: when two subgraphs are
sewn together, one must also include the factor associ-
ated with the new composite worldline vertex and the
appropriate combinatorial weight. By the factorization
theorem, the contribution of a factorizable graph G to the
kPN potential can be expressed in terms of the product
of contributions from lower-PN order subgraphs Gi as:

V
G
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ki

V
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ki

Cki

, (9)

with
P

i ki = k � 1, where Ck and Cki are the symmetry
factors of G and Gi, respectively. At the considered 7PN
order, we remark that the determination of Ck requires
the generation of the complete set of 3842 contributing
7-loop diagrams computed using PNTHR: Post-Newtonian
Toolkit for Hamiltonian and Radiation [129]. Thus, ow-
ing to Eq. (9), the 7PN static contribution is obtained by

summing all admissible sewings of lower-order even-PN
prime sectors, with the appropriate C factors included.
Accordingly, the 7PN correction to the e↵ective poten-
tial is organized into six factorization classes, as
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= V0PN⇥6PN + V2PN⇥4PN + V(0PN)3⇥4PN

+ V(0PN)2⇥(2PN)2 + V(0PN)5⇥2PN + V(0PN)8 , (10)

and can be shown graphically as:
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where the black, blue and green lines represent the mas-
sive bodies, the � and � fields, respectively. The number
of diagrams in each factorized class is reported in Table I,
grouped according to their nth-order self force (nSF) con-
tribution which corresponds to the terms proportional to
m8�n

1
m1+n

2
.

The prime graphs appearing on the right-hand side
of Eqs. (10, 11) reduce to Euclidean multi-loop massless
two-point integrals in d = 3+✏ dimensions [93], with even
loop order ` = {0, 2, 4, 6}. The topologies required up to
V6PN were already computed in Ref. [125], so the present
calculation can be carried out within the same compu-
tational framework. The corresponding IBP reductions
are performed analytically with the code PRISM [130],
combining spanning cuts [131–133], syzygy-based meth-
ods [134–137] implemented with Singular [138], im-
proved seeding algorithms [135, 136, 139], and finite-
field reconstruction through FiniteFlow [140]. Ana-
lytic expressions for the relevant master integrals at 4PN
and 6PN can be found, respectively, in Ref. [93] and in
Ref. [125].

IV. FACTORIZATION FROM CORRELATION
FUNCTIONS

Building on a proposed computational framework
based on correlation functions [141], we derive the e↵ec-
tive static potential in terms of connected gravitational
correlators. We show that the factorization theorem is a
consequence of the Z2 symmetry of the static sector.
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The prime graphs appearing on the right-hand side
of Eqs. (10, 11) reduce to Euclidean multi-loop massless
two-point integrals in d = 3+✏ dimensions [93], with even
loop order ` = {0, 2, 4, 6}. The topologies required up to
V6PN were already computed in Ref. [125], so the present
calculation can be carried out within the same compu-
tational framework. The corresponding IBP reductions
are performed analytically with the code PRISM [130],
combining spanning cuts [131–133], syzygy-based meth-
ods [134–137] implemented with Singular [138], im-
proved seeding algorithms [135, 136, 139], and finite-
field reconstruction through FiniteFlow [140]. Ana-
lytic expressions for the relevant master integrals at 4PN
and 6PN can be found, respectively, in Ref. [93] and in
Ref. [125].

IV. FACTORIZATION FROM CORRELATION
FUNCTIONS

Building on a proposed computational framework
based on correlation functions [141], we derive the e↵ec-
tive static potential in terms of connected gravitational
correlators. We show that the factorization theorem is a
consequence of the Z2 symmetry of the static sector.
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This remarkably compact formula represents the second
main result of this communication. It is fully compatible
with the test-body limit. Specifically, the series expan-
sion of Eq. (27) yields the numerical coe�cient 35/128 at
O(G8

N ), which exactly agrees with the coe�cient of the
m1m8

2
term in Eq. (29).

The master formula in Eq. (25) can be used to derive
the static contributions to higher PN orders in terms
of correlation functions. In particular, after employing
Eq. (28), the 8PN and 9PN static potentials are fixed up

to four undetermined correlation functions, which can
be evaluated from explicit diagrammatic calculation at
8-loops. Defining the rescaled correlators
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the static potential at 8PN and 9PN order, respectively,
read as:
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where the presently unknown 8PN correlation functions
are indicated in red. At 9PN, no new correlation func-
tions appear. In general, from Eq. (26), at even (2k)-
PN order, k+ 1 new prime correlation functions appear,
reducing to k via Eq. (28). This pattern makes explicit
that genuinely new prime correlation functions enter only
at even-PN orders, whereas the odd-PN static potentials
are fixed recursively in terms of lower-order correlation
functions.

VI. CONCLUSION

We investigated the all-order structure of the post-
Newtonian static gravitational potential within a field-
theoretic framework. Exploiting the Z2 symmetry of the
static sector, we derived a closed formula for the generic
contribution at nPN order in terms of correlation func-
tions. We showed that any odd-order term is entirely de-
termined by lower-order data, thereby providing a novel
theoretical formulation of the factorization theorem [96].

Our results yield both conceptual and computational
advantages. In its original formulation, the factoriza-
tion theorem allows one to determine the odd n-th or-
der contribution by avoiding the explicit evaluation of
the corresponding n-loop diagrams, reducing the prob-
lem to lower-order (up to (n � 1)-loop) computations.

On the other hand, our closed formula, expressing odd-
order contributions directly and solely in terms of known
lower-order correlators (which are intrinsically sums of
diagrams), eliminates the need for diagrammatic input
altogether.

As a concrete application, we have computed for the
first time the static gravitational potential at 7PN order,
and explicitly verified the consistency between our closed-
form approach and the diagrammatic implementation of
the factorization theorem up to this order.

More generally, the formalism developed here provides
an e�cient and systematic organization of static PN cor-
rections at arbitrarily high orders. Once the lower-order
connected correlators are known, all odd-PN contribu-
tions follow recursively, while genuinely new information
enters only through even-PN correlators. This structure
imposes strong constraints on higher-order terms and
clarifies the origin of the remarkable predictive power ob-
served in the static sector.

Our findings further suggest that the static post-
Newtonian expansion is governed by an underlying alge-
braic structure, in which symmetry and correlation func-
tions organize the multi-loop, yet classical, two-body dy-
namics in a highly constrained and unexpectedly com-
pact form.
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gether two or more lower-order subgraphs at that vertex.
Ref. [96] proves that static prime graphs exist only at
even PN orders; equivalently, all odd-PN static graphs
are factorizable. At 7PN, therefore, no new prime static
graph appears. The full answer is obtained by combin-
ing lower-order even-PN building blocks. As in the 5PN
analysis of Ref. [96], the factorized contributions are or-
ganized according to their sewing pattern. Importantly,
each factorized graph is not given by a simple product
of lower-order contributions: when two subgraphs are
sewn together, one must also include the factor associ-
ated with the new composite worldline vertex and the
appropriate combinatorial weight. By the factorization
theorem, the contribution of a factorizable graph G to the
kPN potential can be expressed in terms of the product
of contributions from lower-PN order subgraphs Gi as:
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i ki = k � 1, where Ck and Cki are the symmetry
factors of G and Gi, respectively. At the considered 7PN
order, we remark that the determination of Ck requires
the generation of the complete set of 3842 contributing
7-loop diagrams computed using PNTHR: Post-Newtonian
Toolkit for Hamiltonian and Radiation [129]. Thus, ow-
ing to Eq. (9), the 7PN static contribution is obtained by

summing all admissible sewings of lower-order even-PN
prime sectors, with the appropriate C factors included.
Accordingly, the 7PN correction to the e↵ective poten-
tial is organized into six factorization classes, as
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where the black, blue and green lines represent the mas-
sive bodies, the � and � fields, respectively. The number
of diagrams in each factorized class is reported in Table I,
grouped according to their nth-order self force (nSF) con-
tribution which corresponds to the terms proportional to
m8�n
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.

The prime graphs appearing on the right-hand side
of Eqs. (10, 11) reduce to Euclidean multi-loop massless
two-point integrals in d = 3+✏ dimensions [93], with even
loop order ` = {0, 2, 4, 6}. The topologies required up to
V6PN were already computed in Ref. [125], so the present
calculation can be carried out within the same compu-
tational framework. The corresponding IBP reductions
are performed analytically with the code PRISM [130],
combining spanning cuts [131–133], syzygy-based meth-
ods [134–137] implemented with Singular [138], im-
proved seeding algorithms [135, 136, 139], and finite-
field reconstruction through FiniteFlow [140]. Ana-
lytic expressions for the relevant master integrals at 4PN
and 6PN can be found, respectively, in Ref. [93] and in
Ref. [125].
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FUNCTIONS

Building on a proposed computational framework
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correlators. We show that the factorization theorem is a
consequence of the Z2 symmetry of the static sector.
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are performed analytically with the code PRISM [130],
combining spanning cuts [131–133], syzygy-based meth-
ods [134–137] implemented with Singular [138], im-
proved seeding algorithms [135, 136, 139], and finite-
field reconstruction through FiniteFlow [140]. Ana-
lytic expressions for the relevant master integrals at 4PN
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correlators. We show that the factorization theorem is a
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namely each � field emitted from the bulk couples in-
dividually to a worldline. Instead, a factorizable graph
contains at least one composite worldline vertex m�n

with n > 1, and can therefore be obtained by sewing to-
gether two or more lower-order subgraphs at that vertex.
Ref. [96] proves that static prime graphs exist only at
even PN orders; equivalently, all odd-PN static graphs
are factorizable. At 7PN, therefore, no new prime static
graph appears. The full answer is obtained by combin-
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4 Results and discussion
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where r′1, r′2 are two UV scales which do not contribute to physical observables. Such a
Lagrangian gets contributions from the 50 genuine O(G5
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) diagrams depicted in fig.1, and
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The individual contributions La are presented in Appendix B. We observe that, al-
though there appear contributions which are divergent in the d → 3 limit, the sum of all
contributions is finite, hence L does not show up in physical observables.

To obtain the whole expression for the 4PN O(G5
N
) corrections, one would need to

add contributions generated from lower GN terms when using the equations of motion, in
order to eliminate terms quadratic at least in the accelerations. All such contributions have
been computed also in the EFT framework [17], except for LG

3
N→G

5
N

4PN
. We can nevertheless

perform partial checks between eq.(4.3) and eq.(4.1).

The m5
1m2-term. It can be proven that this term does not receive any contribution from
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Lagrangian for n = 3,4.
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V(4PN)
static

directly representing the product of the Newton potential
and of a 4PN term, respectively, represented by a one-loop
and a five-loop vacuum diagram.
Results.—We verified that the static potential at 1PN and

3PN [40] can be derived by applying the factorization
theorem to the relevant diagrams.
We now apply the factorization theorem to the 5PN case,

computed for the first time in thepresentLetter. There are 154
diagrams to evaluate and it is convenient to divide them in
four classes, according to their factorization patterns. For
ease of notation, we arrange the 5PN static graphs in four
subsets, displaying the lower-PN corrections they stem out
from, and give the factors K and C as understood. (1) There
are 11 diagrams composed of six Newtonian factors,
combined in differentways, and schematically represented as

ð14Þ

The contribution to the 5PNpotential coming from this set of
diagrams is
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2

r6
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(2) One can build static factorizable diagrams as prod-
ucts of three Newtonian graphs, and either of the 2PN
prime graphs, schematically represented as:

ð16Þ

This set contains 49 diagrams, 9 of which are vanishing,
because one of the 2PN factors is indeed zero. The
combined contribution of the remaining diagrams is

VN3×2PN ¼ 1
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(3) In this class, we consider 5PN diagrams schemati-
cally represented by the product of one Newtonian graph
with each of the 25 static prime 4PN diagrams studied in
Ref. [24] (the cardinal number attached to each graph is the
same as in Ref. [24], for ease of comparison)

ð18Þ

This set contains 79 diagrams, 16 of which are vanishing
(due to vanishing 4PN factors). The remaining 63 diagrams
give
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Interestingly, let us observe that although this set contains
contributions that are individually divergent in the d → 3
limit, as well as factors of π2, within their sum all poles and
irrational factors cancel, and the result is indeed finite and
rational.
(4) Finally, we consider static 5PN diagram formed

by the product of two 2PN graphs, schematically repre-
sented as

ð20Þ

This term contains 15 5PN graphs, 5 of which are
manifestly vanishing, while the contribution of the remain-
ing 10 diagrams reads:

Vð2PNÞ2 ¼
1

18

G6
Nm

6
1m2

r6
þ 11

6

G6
Nm

5
1m

2
2

r6

þ 37

3

G6
Nm

4
1m

3
2

r6
þ ðm1 ↔ m2Þ: ð21Þ

Total 5PN static potential: by combining all the previous
results, the expression for the static sector of the 5PN
potential finally reads

Vð5PNÞ
static ¼ VN6 þ VN3×2PN þ VN×4PN þ Vð2PNÞ2
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This expression contains the genuine G6
N contribution

coming from graphs, without contributions generated from
lower-GN terms when using the equations of motion to
eliminate terms that, at least, have a quadratic dependence
on the acceleration. Together with the factorization theo-
rem, the above expressions constitute the second important
result of this Letter [46].
Check of test particle limit: it is possible to verify that the

coefficient of the term m6
1m2 agrees with what can be

expected from the extreme mass ratio limit m2 ≪ m1. In
this limit, where only the graphs displayed in Fig. 2
contribute, it is possible to consider the body with mass
m2 as a test particle in the Schwarzschild metric generated
by the body with mass m1.
The action describing the dynamics of the test body has

still the form Spp described in Eq. (2), but with gμν given by
the Schwarzschild metric in harmonic coordinates (which is
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from, and give the factors K and C as understood. (1) There
are 11 diagrams composed of six Newtonian factors,
combined in differentways, and schematically represented as

ð14Þ

The contribution to the 5PNpotential coming from this set of
diagrams is
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(2) One can build static factorizable diagrams as prod-
ucts of three Newtonian graphs, and either of the 2PN
prime graphs, schematically represented as:
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This set contains 49 diagrams, 9 of which are vanishing,
because one of the 2PN factors is indeed zero. The
combined contribution of the remaining diagrams is
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(3) In this class, we consider 5PN diagrams schemati-
cally represented by the product of one Newtonian graph
with each of the 25 static prime 4PN diagrams studied in
Ref. [24] (the cardinal number attached to each graph is the
same as in Ref. [24], for ease of comparison)

ð18Þ

This set contains 79 diagrams, 16 of which are vanishing
(due to vanishing 4PN factors). The remaining 63 diagrams
give
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Interestingly, let us observe that although this set contains
contributions that are individually divergent in the d → 3
limit, as well as factors of π2, within their sum all poles and
irrational factors cancel, and the result is indeed finite and
rational.
(4) Finally, we consider static 5PN diagram formed

by the product of two 2PN graphs, schematically repre-
sented as
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This term contains 15 5PN graphs, 5 of which are
manifestly vanishing, while the contribution of the remain-
ing 10 diagrams reads:
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Total 5PN static potential: by combining all the previous
results, the expression for the static sector of the 5PN
potential finally reads
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This expression contains the genuine G6
N contribution

coming from graphs, without contributions generated from
lower-GN terms when using the equations of motion to
eliminate terms that, at least, have a quadratic dependence
on the acceleration. Together with the factorization theo-
rem, the above expressions constitute the second important
result of this Letter [46].
Check of test particle limit: it is possible to verify that the

coefficient of the term m6
1m2 agrees with what can be

expected from the extreme mass ratio limit m2 ≪ m1. In
this limit, where only the graphs displayed in Fig. 2
contribute, it is possible to consider the body with mass
m2 as a test particle in the Schwarzschild metric generated
by the body with mass m1.
The action describing the dynamics of the test body has

still the form Spp described in Eq. (2), but with gμν given by
the Schwarzschild metric in harmonic coordinates (which is
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The MIs I1 through I10 are directly solvable as iterated
massless one-loop two-point integrals, and are evaluated
analytically in generic dimension d using the standard
identity:
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Remarkably, this subset is su�cient for the determina-
tion of the 0SF and 1SF terms of the complete result.
Using the identity in Eq. (9), MIs I11, I12, I13 are solv-
able as two-loop kite integrals with d-dependent denom-
inator exponents, and are evaluated analytically, using
the techniques proposed in Refs. [152–156]. The MIs I14
through I21 are evaluated numerically around d = 3 + ✏

dimensions, using the auxiliary mass flow method imple-
mented in AMFlow [133, 134]. Their analytic Laurent co-
e�cients are reconstructed via the PSLQ algorithm [135],
employing tailored ansätze for the expected transcenden-
tal constants.

The definitions and analytic expressions of the 21 MIs

of the problem can be found in App. A.
Checks. The 13 MIs that have been obtained analyt-

ically in d dimensions have been checked by verifying
that they satisfy dimensional recurrence relations [157–
160], and via an independent numerical evaluation using
AMFlow. Independent numerical checks of all the six-loop
MIs were performed using feyntrop [161], which eval-
uates the integrals via Monte Carlo integration within
a tropical-geometry framework. Such a comparison re-
quires the determination of a quasi-finite basis of MIs in
d = 5, the construction of dimensional recurrence rela-
tions, and additional IBP reductions to relate the two
bases. The resulting agreement between these computa-
tional strategies can be considered a stringent validation
test on the MIs as well as on the IBP decomposition.

III. RESULTS

Following Eq. (5), the e↵ective two-body potential
is obtained by Fourier transforming the amplitude, ex-
pressed as linear combination of MIs, and performing
the Laurent expansion in ✏ = d � 3. Finally, the re-
sulting static two-body e↵ective interaction potential at
6PN order reads
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This remarkably simple expression constitutes the main
result of this letter. The robustness of this result has
been assessed in several ways.

Finite and rational potential. The final potential (10)
is finite in d = 3 spatial dimensions and purely rational,
due to the exact cancellation of the ✏ poles, appearing
at 2SF and 3SF orders, as well as the cancellation of the
transcendental constant ⇡

2 [36] which is present in the
contributions of the individual 1SF-, 2SF- and 3SF-order
terms. The purely rational expression of the 6PN poten-
tial atO(G7

N ) is in line with the known result of the static
contribution at the lower PN orders, and the cancellation
of the divergent terms along with the transcendental con-
stant appearing in the intermediate expressions can be
considered a non-trivial validation of our result.

The m
7

1
m2 term. We further verified the result against

the known test body limit. The static contribution to the
interaction potential, linear in m2, is given by

V
m2⌧m1 = m2

p
�g00 = m2

s
1� GNm1

r

1 + GNm1

r

, (11)

where the metric component g00 is expressed in harmonic
coordinates. The Taylor expansion in GN yields the nu-
merical coe�cient �5/16 at O(G7

N ), which exactly agrees

with the coe�cient of the m
7

1
m2 term in Eq. (10).

The static contribution at 5PN. Let us remark that our
complete computational pipeline, from the automatic di-
agrams and integrands generation to the master integral
decomposition, and the Fourier transform of the ampli-
tude from momentum to position space in d = 3 dimen-
sions has been validated by computing the 5PN static
contribution, reproducing the result of Refs. [45, 46].

IV. CONCLUSION

In this Letter, we computed the static contribution to
the conservative two-body potential at 6PN order within
the EFT framework. This term constitutes the most
technically demanding component of the 6PN conser-
vative dynamics and, for the first time, incorporates a
third-order SF contribution. The calculation required
the evaluation of six-loop massless two-point Feynman
integrals, never addressed before. We achieved this by
combining state-of-the-art multi-loop techniques, includ-
ing automatic diagrams generation, IBP identities sup-
plemented by spanning cuts, syzygy-based methods, and
optimized seeding strategies. The analytic expressions of
the MIs are obtained through a combination of analytic
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This remarkably compact formula represents the second
main result of this communication. It is fully compatible
with the test-body limit. Specifically, the series expan-
sion of Eq. (27) yields the numerical coe�cient 35/128 at
O(G8

N ), which exactly agrees with the coe�cient of the
m1m8

2
term in Eq. (29).

The master formula in Eq. (25) can be used to derive
the static contributions to higher PN orders in terms
of correlation functions. In particular, after employing
Eq. (28), the 8PN and 9PN static potentials are fixed up

to four undetermined correlation functions, which can
be evaluated from explicit diagrammatic calculation at
8-loops. Defining the rescaled correlators
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the static potential at 8PN and 9PN order, respectively,
read as:
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where the presently unknown 8PN correlation functions
are indicated in red. At 9PN, no new correlation func-
tions appear. In general, from Eq. (26), at even (2k)-
PN order, k+ 1 new prime correlation functions appear,
reducing to k via Eq. (28). This pattern makes explicit
that genuinely new prime correlation functions enter only
at even-PN orders, whereas the odd-PN static potentials
are fixed recursively in terms of lower-order correlation
functions.

VI. CONCLUSION

We investigated the all-order structure of the post-
Newtonian static gravitational potential within a field-
theoretic framework. Exploiting the Z2 symmetry of the
static sector, we derived a closed formula for the generic
contribution at nPN order in terms of correlation func-
tions. We showed that any odd-order term is entirely de-
termined by lower-order data, thereby providing a novel
theoretical formulation of the factorization theorem [96].

Our results yield both conceptual and computational
advantages. In its original formulation, the factoriza-
tion theorem allows one to determine the odd n-th or-
der contribution by avoiding the explicit evaluation of
the corresponding n-loop diagrams, reducing the prob-
lem to lower-order (up to (n � 1)-loop) computations.

On the other hand, our closed formula, expressing odd-
order contributions directly and solely in terms of known
lower-order correlators (which are intrinsically sums of
diagrams), eliminates the need for diagrammatic input
altogether.

As a concrete application, we have computed for the
first time the static gravitational potential at 7PN order,
and explicitly verified the consistency between our closed-
form approach and the diagrammatic implementation of
the factorization theorem up to this order.

More generally, the formalism developed here provides
an e�cient and systematic organization of static PN cor-
rections at arbitrarily high orders. Once the lower-order
connected correlators are known, all odd-PN contribu-
tions follow recursively, while genuinely new information
enters only through even-PN correlators. This structure
imposes strong constraints on higher-order terms and
clarifies the origin of the remarkable predictive power ob-
served in the static sector.

Our findings further suggest that the static post-
Newtonian expansion is governed by an underlying alge-
braic structure, in which symmetry and correlation func-
tions organize the multi-loop, yet classical, two-body dy-
namics in a highly constrained and unexpectedly com-
pact form.
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matic factorization and the present formalism, and the
two computations agree exactly. In addition to extending
the PN-EFT frontier to seven loops, these results reveal
a simple all-order structure in the static sector and open
a direct route to further higher orders.

Conventions. The mostly minus metric, with signa-
ture (+,�,�,�), is employed throughout this work, and
multi-loop integrals are defined within the dimensional
regularization scheme, considering d = 3 + ✏ spatial di-
mensions, with ✏ being the analytic regulator.

II. GRAVITATIONAL DYNAMICS IN THE
STATIC SECTOR

The conservative dynamics of a binary system of coa-
lescing compact objects is characterized by a well-defined
hierarchy of scales: the size of the compact objects Rs

is much smaller than the orbital separation r, which in
turn is much smaller than the wavelength of the emit-
ted gravitational radiation �: Rs ⌧ r ⌧ � . The first
inequality defines a weak-coupling expansion in the ratio
Rs/r, while the second corresponds to a small-velocity
expansion, since r/� ⇠ v ⌧ 1.

Within the post-Newtonian approximation, the ex-
pansion parameter is the typical velocity v of the binary
system, which is related to the gravitational potential
through the virial theorem, v2 ⇠ GNM/r. Accordingly,
one has GNM/r ⇠ v2 ⌧ 1 , where M = m1+m2 denotes
the total mass of the system.

In this work, we focus on the static contributions to
the gravitational potential, corresponding to terms of
order O(Gk

Nv0) at the k-th PN order. We adopt the
E↵ective Field Theory framework for the PN expansion,
as introduced in [90], and analyze the all-order structure
in terms of Feynman diagrams and correlation functions.

The bulk action governing the gravitational dynamics
is given by the gauge-fixed Einstein-Hilbert action:

Sbulk = SEH + SGF

= �
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where Gd = GN (
p
4⇡ e�ER0)(d�3) is the d-dimensional

gravitational coupling, with �E the Euler-Mascheroni
constant and R0 an arbitrary length scale, with the gauge
fixing term enforcing harmonic gauge (�µ = g⌫⇢�µ

⌫⇢ = 0).
The compact objects are described in terms of point-
particle worldline actions

Spp =
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where uµ
(a) = dxµ

(a)/d⌧ is the four-velocity. In the weak
field approximation, we expand the metric around the
Minkowski background, gµ⌫ = ⌘µ⌫ + hµ⌫ , with hµ⌫ the

graviton field. The non-relativistic limit splits the gravi-
ton field into potential modes Hµ⌫ , which are short-
ranged and o↵-shell and scale as (k0,k) ⇠ (v/r, 1/r),
and radiation modes h̄µ⌫ , which are long-range and on-
shell and scale as (k0,k) ⇠ (v/r, v/r). In the following,
we focus on the conservative static contributions to the
potential, which are sourced by the potential modes, and
therefore restrict attention to the Hµ⌫ field.
We decompose the potential gravitons Hµ⌫ using the

Kaluza-Klein (KK) decomposition of the metric (gµ⌫ =
⌘µ⌫ +Hµ⌫) introduced in [126, 127] as:

gµ⌫ = e2�/c2
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where cd = 2(d� 1)/(d� 2) and �ij = �ij +�ij/c2. This
parametrization rewrites the metric in terms of a scalar
field �, a d-dimensional vector Ai, and a d-dimensional
symmetric tensor �ij . Substituting the parametrization
into the bulk action (1), and expanding it in the static
limit, the Ai field appears only quadratically and there-
fore contributes only through quantum graviton loop cor-
rections, which are discarded in the classical limit.
The action in the static limit reduces to [128]:
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Analogously, substituting the KK variables in the point-
particle action, and imposing the static limit uµ

a = (1,0)
we obtain:
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where only the � field appears.
An e↵ective action that depends only on the worldline

parameters can be obtained by integrating out the po-
tential gravitational degrees of freedom of the theory. In
the static limit, this reads as

Z[{xµ
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i
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with Spp = Spp[{xµ
a},�,�ij ], Sbulk = Sbulk[�,�ij ], and

Z0 =

Z
D[�,�ij ] e

i
~Sbulk . (7)

In Eq. (6) T denotes the kinetic term density, while Ve↵

is the e↵ective potential density. Throughout, we use cal-
ligraphic letters to denote quantities defined at the level
of the time integrand. The functional integration can be
performed perturbatively, expressing the e↵ective action
in terms of 1PI classical connected Feynman diagrams,

Ve↵ = i lim
d!3

Z
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we focus on the conservative static contributions to the
potential, which are sourced by the potential modes, and
therefore restrict attention to the Hµ⌫ field.
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In Eq. (6) T denotes the kinetic term density, while Ve↵

is the e↵ective potential density. Throughout, we use cal-
ligraphic letters to denote quantities defined at the level
of the time integrand. The functional integration can be
performed perturbatively, expressing the e↵ective action
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two computations agree exactly. In addition to extending
the PN-EFT frontier to seven loops, these results reveal
a simple all-order structure in the static sector and open
a direct route to further higher orders.

Conventions. The mostly minus metric, with signa-
ture (+,�,�,�), is employed throughout this work, and
multi-loop integrals are defined within the dimensional
regularization scheme, considering d = 3 + ✏ spatial di-
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the total mass of the system.

In this work, we focus on the static contributions to
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order O(Gk

Nv0) at the k-th PN order. We adopt the
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A. Correlation functions framework

The e↵ective action of the system can be evaluated as
the logarithm of the full path integral in Eq. (6). The
latter can be recast as the bulk expectation value of the
operator O = e

i
~Spp ,
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where we define the bulk expectation value of a generic
operator O[�,�ij ] as the path integral over the gravita-
tional fields,
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In the static sector, the time dependence drops out,
and the path integral is evaluated over fields on a d-
dimensional Euclidean space. We note that the point-
particle action of Eq. (5) localizes the fields �(x) to be
evaluated either in the worldline position x(1) or x(2).
Hence we define �a = �(x(a)) and the composite opera-
tors

�1 := e�1 , �2 := e�2 , (14)

so that the point-particle action reads

Spp = � (m1�1 +m2�2) . (15)

We evaluate the bulk expectation value in Eq. (12)
perturbatively, performing a series expansion to recover
a polynomial expression in the gravitational fields:
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The expectation value of h�a

1
�b

2
ibulk can be further

expanded perturbatively. By linearity of the expectation
value, the e↵ective static post-Newtonian action is then
entirely expressed in terms of gravitational correlation
functions of the � field.

We introduce the connected correlation functions
�n1,n2 of the � field, evaluated at the worldline positions,
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normalised such that its leading order classical scaling is
the real quantity
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The connected correlation functions are diagrammati-
cally represented as sums over sets of prime graphs in-
troduced in Sec. III, i.e. the sum of connected Feyn-
man diagrams with n1 and n2 � legs sourced from the

worldlines via linear operators at positions x(1) and x(2),
respectively.
To evaluate the quantity h�a
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ibulk we introduce the

linear sources J1 and J2 and the generating functional of
the bulk connected correlation functions
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which have been directly collapsed to the localized
worldlines positions. The sum in Wbulk is restricted
to na > 0 to remove self-energies and vanishing
1-point functions. Using the identities hO[�]i =
O[�i~ �
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Z(J) = Z(J+↵), with

Z = exp(i/~Wbulk[J ]) [142, 143], it holds:
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The expression of the bulk expectation value in Eq. (16)
then reads:
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Therefore, recalling Eq. (12), the e↵ective potential can
be expressed entirely in terms of the connected gravita-
tional correlation functions �n1,n2 .

B. Z2 symmetry of the static sector

Employing the KK parametrization of the metric [126,
127], the classical d-dimensional static bulk action of
Eq. (4) is manifestly invariant under a Z2 symmetry of
the � gravitational field [144], i.e., the action is invariant
under the discrete transformation

� ! �� . (22)

This Z2 symmetry is a subgroup of SL(2,R) symmetry of
the static Einstein-Hilbert action [144–151] in the d = 3
spatial dimensions.
We assume the Minkowski vacuum to preserve the

symmetry, h�i = 0. Then the Z2 symmetry implies se-
lection rules for the correlation functions. Specifically,
only correlation functions with an even total number of
� fields can be non-vanishing:

�n1,n2 = 0 if n1 + n2 2 2N+ 1 . (23)

This condition can be imposed at all orders in Eq. (21).
Hence, this accidental symmetry of the bulk gravita-
tional action, which also underlies the vanishing of black
hole tidal Love numbers [144, 151], strictly constrains
the static potential for binary black holes to all post-
Newtonian orders.
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A. Correlation functions framework

The e↵ective action of the system can be evaluated as
the logarithm of the full path integral in Eq. (6). The
latter can be recast as the bulk expectation value of the
operator O = e
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⌘
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where we define the bulk expectation value of a generic
operator O[�,�ij ] as the path integral over the gravita-
tional fields,

hO[�,�ij ]ibulk =
1
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Z
D[�,�ij ]O[�,�ij ] e

i
~Sbulk .

(13)
In the static sector, the time dependence drops out,
and the path integral is evaluated over fields on a d-
dimensional Euclidean space. We note that the point-
particle action of Eq. (5) localizes the fields �(x) to be
evaluated either in the worldline position x(1) or x(2).
Hence we define �a = �(x(a)) and the composite opera-
tors

�1 := e�1 , �2 := e�2 , (14)

so that the point-particle action reads

Spp = � (m1�1 +m2�2) . (15)

We evaluate the bulk expectation value in Eq. (12)
perturbatively, performing a series expansion to recover
a polynomial expression in the gravitational fields:
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The expectation value of h�a
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ibulk can be further

expanded perturbatively. By linearity of the expectation
value, the e↵ective static post-Newtonian action is then
entirely expressed in terms of gravitational correlation
functions of the � field.

We introduce the connected correlation functions
�n1,n2 of the � field, evaluated at the worldline positions,
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The connected correlation functions are diagrammati-
cally represented as sums over sets of prime graphs in-
troduced in Sec. III, i.e. the sum of connected Feyn-
man diagrams with n1 and n2 � legs sourced from the

worldlines via linear operators at positions x(1) and x(2),
respectively.
To evaluate the quantity h�a
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ibulk we introduce the

linear sources J1 and J2 and the generating functional of
the bulk connected correlation functions
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which have been directly collapsed to the localized
worldlines positions. The sum in Wbulk is restricted
to na > 0 to remove self-energies and vanishing
1-point functions. Using the identities hO[�]i =
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Z(J) = Z(J+↵), with

Z = exp(i/~Wbulk[J ]) [142, 143], it holds:
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The expression of the bulk expectation value in Eq. (16)
then reads:

he
i
~Sppibulk =

X

a,b�0

✓
�

i

~

◆a+b ma
1

a!

mb
2

b!

⇥ exp

0

@ i

~
X

n1,n2�1

(�i~)n1+n2
an1

n1!

bn2

n2!
�n1,n2

1

A .

(21)

Therefore, recalling Eq. (12), the e↵ective potential can
be expressed entirely in terms of the connected gravita-
tional correlation functions �n1,n2 .

B. Z2 symmetry of the static sector

Employing the KK parametrization of the metric [126,
127], the classical d-dimensional static bulk action of
Eq. (4) is manifestly invariant under a Z2 symmetry of
the � gravitational field [144], i.e., the action is invariant
under the discrete transformation

� ! �� . (22)

This Z2 symmetry is a subgroup of SL(2,R) symmetry of
the static Einstein-Hilbert action [144–151] in the d = 3
spatial dimensions.
We assume the Minkowski vacuum to preserve the

symmetry, h�i = 0. Then the Z2 symmetry implies se-
lection rules for the correlation functions. Specifically,
only correlation functions with an even total number of
� fields can be non-vanishing:

�n1,n2 = 0 if n1 + n2 2 2N+ 1 . (23)

This condition can be imposed at all orders in Eq. (21).
Hence, this accidental symmetry of the bulk gravita-
tional action, which also underlies the vanishing of black
hole tidal Love numbers [144, 151], strictly constrains
the static potential for binary black holes to all post-
Newtonian orders.
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A. Correlation functions framework

The e↵ective action of the system can be evaluated as
the logarithm of the full path integral in Eq. (6). The
latter can be recast as the bulk expectation value of the
operator O = e
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where we define the bulk expectation value of a generic
operator O[�,�ij ] as the path integral over the gravita-
tional fields,

hO[�,�ij ]ibulk =
1

Z0

Z
D[�,�ij ]O[�,�ij ] e
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~Sbulk .

(13)
In the static sector, the time dependence drops out,
and the path integral is evaluated over fields on a d-
dimensional Euclidean space. We note that the point-
particle action of Eq. (5) localizes the fields �(x) to be
evaluated either in the worldline position x(1) or x(2).
Hence we define �a = �(x(a)) and the composite opera-
tors

�1 := e�1 , �2 := e�2 , (14)

so that the point-particle action reads

Spp = � (m1�1 +m2�2) . (15)

We evaluate the bulk expectation value in Eq. (12)
perturbatively, performing a series expansion to recover
a polynomial expression in the gravitational fields:
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The expectation value of h�a
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ibulk can be further

expanded perturbatively. By linearity of the expectation
value, the e↵ective static post-Newtonian action is then
entirely expressed in terms of gravitational correlation
functions of the � field.

We introduce the connected correlation functions
�n1,n2 of the � field, evaluated at the worldline positions,
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normalised such that its leading order classical scaling is
the real quantity
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The connected correlation functions are diagrammati-
cally represented as sums over sets of prime graphs in-
troduced in Sec. III, i.e. the sum of connected Feyn-
man diagrams with n1 and n2 � legs sourced from the

worldlines via linear operators at positions x(1) and x(2),
respectively.
To evaluate the quantity h�a
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ibulk we introduce the

linear sources J1 and J2 and the generating functional of
the bulk connected correlation functions
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which have been directly collapsed to the localized
worldlines positions. The sum in Wbulk is restricted
to na > 0 to remove self-energies and vanishing
1-point functions. Using the identities hO[�]i =
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�J ]Z[J ]
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J=0
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Z(J) = Z(J+↵), with

Z = exp(i/~Wbulk[J ]) [142, 143], it holds:
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The expression of the bulk expectation value in Eq. (16)
then reads:
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Therefore, recalling Eq. (12), the e↵ective potential can
be expressed entirely in terms of the connected gravita-
tional correlation functions �n1,n2 .

B. Z2 symmetry of the static sector

Employing the KK parametrization of the metric [126,
127], the classical d-dimensional static bulk action of
Eq. (4) is manifestly invariant under a Z2 symmetry of
the � gravitational field [144], i.e., the action is invariant
under the discrete transformation

� ! �� . (22)

This Z2 symmetry is a subgroup of SL(2,R) symmetry of
the static Einstein-Hilbert action [144–151] in the d = 3
spatial dimensions.
We assume the Minkowski vacuum to preserve the

symmetry, h�i = 0. Then the Z2 symmetry implies se-
lection rules for the correlation functions. Specifically,
only correlation functions with an even total number of
� fields can be non-vanishing:

�n1,n2 = 0 if n1 + n2 2 2N+ 1 . (23)

This condition can be imposed at all orders in Eq. (21).
Hence, this accidental symmetry of the bulk gravita-
tional action, which also underlies the vanishing of black
hole tidal Love numbers [144, 151], strictly constrains
the static potential for binary black holes to all post-
Newtonian orders.
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A. Correlation functions framework

The e↵ective action of the system can be evaluated as
the logarithm of the full path integral in Eq. (6). The
latter can be recast as the bulk expectation value of the
operator O = e

i
~Spp ,
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⌘
= �i~ log
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where we define the bulk expectation value of a generic
operator O[�,�ij ] as the path integral over the gravita-
tional fields,

hO[�,�ij ]ibulk =
1

Z0

Z
D[�,�ij ]O[�,�ij ] e

i
~Sbulk .

(13)
In the static sector, the time dependence drops out,
and the path integral is evaluated over fields on a d-
dimensional Euclidean space. We note that the point-
particle action of Eq. (5) localizes the fields �(x) to be
evaluated either in the worldline position x(1) or x(2).
Hence we define �a = �(x(a)) and the composite opera-
tors

�1 := e�1 , �2 := e�2 , (14)

so that the point-particle action reads

Spp = � (m1�1 +m2�2) . (15)

We evaluate the bulk expectation value in Eq. (12)
perturbatively, performing a series expansion to recover
a polynomial expression in the gravitational fields:
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The expectation value of h�a
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ibulk can be further

expanded perturbatively. By linearity of the expectation
value, the e↵ective static post-Newtonian action is then
entirely expressed in terms of gravitational correlation
functions of the � field.

We introduce the connected correlation functions
�n1,n2 of the � field, evaluated at the worldline positions,
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normalised such that its leading order classical scaling is
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The connected correlation functions are diagrammati-
cally represented as sums over sets of prime graphs in-
troduced in Sec. III, i.e. the sum of connected Feyn-
man diagrams with n1 and n2 � legs sourced from the

worldlines via linear operators at positions x(1) and x(2),
respectively.
To evaluate the quantity h�a
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linear sources J1 and J2 and the generating functional of
the bulk connected correlation functions
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which have been directly collapsed to the localized
worldlines positions. The sum in Wbulk is restricted
to na > 0 to remove self-energies and vanishing
1-point functions. Using the identities hO[�]i =
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�J ]Z[J ]
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Z(J) = Z(J+↵), with
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The expression of the bulk expectation value in Eq. (16)
then reads:
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Therefore, recalling Eq. (12), the e↵ective potential can
be expressed entirely in terms of the connected gravita-
tional correlation functions �n1,n2 .

B. Z2 symmetry of the static sector

Employing the KK parametrization of the metric [126,
127], the classical d-dimensional static bulk action of
Eq. (4) is manifestly invariant under a Z2 symmetry of
the � gravitational field [144], i.e., the action is invariant
under the discrete transformation

� ! �� . (22)

This Z2 symmetry is a subgroup of SL(2,R) symmetry of
the static Einstein-Hilbert action [144–151] in the d = 3
spatial dimensions.
We assume the Minkowski vacuum to preserve the

symmetry, h�i = 0. Then the Z2 symmetry implies se-
lection rules for the correlation functions. Specifically,
only correlation functions with an even total number of
� fields can be non-vanishing:

�n1,n2 = 0 if n1 + n2 2 2N+ 1 . (23)

This condition can be imposed at all orders in Eq. (21).
Hence, this accidental symmetry of the bulk gravita-
tional action, which also underlies the vanishing of black
hole tidal Love numbers [144, 151], strictly constrains
the static potential for binary black holes to all post-
Newtonian orders.
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A. Correlation functions framework

The e↵ective action of the system can be evaluated as
the logarithm of the full path integral in Eq. (6). The
latter can be recast as the bulk expectation value of the
operator O = e
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where we define the bulk expectation value of a generic
operator O[�,�ij ] as the path integral over the gravita-
tional fields,

hO[�,�ij ]ibulk =
1
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Z
D[�,�ij ]O[�,�ij ] e
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~Sbulk .

(13)
In the static sector, the time dependence drops out,
and the path integral is evaluated over fields on a d-
dimensional Euclidean space. We note that the point-
particle action of Eq. (5) localizes the fields �(x) to be
evaluated either in the worldline position x(1) or x(2).
Hence we define �a = �(x(a)) and the composite opera-
tors

�1 := e�1 , �2 := e�2 , (14)

so that the point-particle action reads

Spp = � (m1�1 +m2�2) . (15)

We evaluate the bulk expectation value in Eq. (12)
perturbatively, performing a series expansion to recover
a polynomial expression in the gravitational fields:
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The expectation value of h�a

1
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2
ibulk can be further

expanded perturbatively. By linearity of the expectation
value, the e↵ective static post-Newtonian action is then
entirely expressed in terms of gravitational correlation
functions of the � field.

We introduce the connected correlation functions
�n1,n2 of the � field, evaluated at the worldline positions,
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normalised such that its leading order classical scaling is
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The connected correlation functions are diagrammati-
cally represented as sums over sets of prime graphs in-
troduced in Sec. III, i.e. the sum of connected Feyn-
man diagrams with n1 and n2 � legs sourced from the

worldlines via linear operators at positions x(1) and x(2),
respectively.
To evaluate the quantity h�a
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linear sources J1 and J2 and the generating functional of
the bulk connected correlation functions
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which have been directly collapsed to the localized
worldlines positions. The sum in Wbulk is restricted
to na > 0 to remove self-energies and vanishing
1-point functions. Using the identities hO[�]i =
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The expression of the bulk expectation value in Eq. (16)
then reads:
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Therefore, recalling Eq. (12), the e↵ective potential can
be expressed entirely in terms of the connected gravita-
tional correlation functions �n1,n2 .

B. Z2 symmetry of the static sector

Employing the KK parametrization of the metric [126,
127], the classical d-dimensional static bulk action of
Eq. (4) is manifestly invariant under a Z2 symmetry of
the � gravitational field [144], i.e., the action is invariant
under the discrete transformation

� ! �� . (22)

This Z2 symmetry is a subgroup of SL(2,R) symmetry of
the static Einstein-Hilbert action [144–151] in the d = 3
spatial dimensions.
We assume the Minkowski vacuum to preserve the

symmetry, h�i = 0. Then the Z2 symmetry implies se-
lection rules for the correlation functions. Specifically,
only correlation functions with an even total number of
� fields can be non-vanishing:

�n1,n2 = 0 if n1 + n2 2 2N+ 1 . (23)

This condition can be imposed at all orders in Eq. (21).
Hence, this accidental symmetry of the bulk gravita-
tional action, which also underlies the vanishing of black
hole tidal Love numbers [144, 151], strictly constrains
the static potential for binary black holes to all post-
Newtonian orders.
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A. Correlation functions framework

The e↵ective action of the system can be evaluated as
the logarithm of the full path integral in Eq. (6). The
latter can be recast as the bulk expectation value of the
operator O = e
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where we define the bulk expectation value of a generic
operator O[�,�ij ] as the path integral over the gravita-
tional fields,

hO[�,�ij ]ibulk =
1
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D[�,�ij ]O[�,�ij ] e
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~Sbulk .

(13)
In the static sector, the time dependence drops out,
and the path integral is evaluated over fields on a d-
dimensional Euclidean space. We note that the point-
particle action of Eq. (5) localizes the fields �(x) to be
evaluated either in the worldline position x(1) or x(2).
Hence we define �a = �(x(a)) and the composite opera-
tors

�1 := e�1 , �2 := e�2 , (14)

so that the point-particle action reads

Spp = � (m1�1 +m2�2) . (15)

We evaluate the bulk expectation value in Eq. (12)
perturbatively, performing a series expansion to recover
a polynomial expression in the gravitational fields:
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The expectation value of h�a
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ibulk can be further

expanded perturbatively. By linearity of the expectation
value, the e↵ective static post-Newtonian action is then
entirely expressed in terms of gravitational correlation
functions of the � field.

We introduce the connected correlation functions
�n1,n2 of the � field, evaluated at the worldline positions,
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The connected correlation functions are diagrammati-
cally represented as sums over sets of prime graphs in-
troduced in Sec. III, i.e. the sum of connected Feyn-
man diagrams with n1 and n2 � legs sourced from the

worldlines via linear operators at positions x(1) and x(2),
respectively.
To evaluate the quantity h�a
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ibulk we introduce the

linear sources J1 and J2 and the generating functional of
the bulk connected correlation functions
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which have been directly collapsed to the localized
worldlines positions. The sum in Wbulk is restricted
to na > 0 to remove self-energies and vanishing
1-point functions. Using the identities hO[�]i =
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The expression of the bulk expectation value in Eq. (16)
then reads:
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Therefore, recalling Eq. (12), the e↵ective potential can
be expressed entirely in terms of the connected gravita-
tional correlation functions �n1,n2 .

B. Z2 symmetry of the static sector

Employing the KK parametrization of the metric [126,
127], the classical d-dimensional static bulk action of
Eq. (4) is manifestly invariant under a Z2 symmetry of
the � gravitational field [144], i.e., the action is invariant
under the discrete transformation

� ! �� . (22)

This Z2 symmetry is a subgroup of SL(2,R) symmetry of
the static Einstein-Hilbert action [144–151] in the d = 3
spatial dimensions.
We assume the Minkowski vacuum to preserve the

symmetry, h�i = 0. Then the Z2 symmetry implies se-
lection rules for the correlation functions. Specifically,
only correlation functions with an even total number of
� fields can be non-vanishing:

�n1,n2 = 0 if n1 + n2 2 2N+ 1 . (23)

This condition can be imposed at all orders in Eq. (21).
Hence, this accidental symmetry of the bulk gravita-
tional action, which also underlies the vanishing of black
hole tidal Love numbers [144, 151], strictly constrains
the static potential for binary black holes to all post-
Newtonian orders.
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A. Correlation functions framework

The e↵ective action of the system can be evaluated as
the logarithm of the full path integral in Eq. (6). The
latter can be recast as the bulk expectation value of the
operator O = e
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where we define the bulk expectation value of a generic
operator O[�,�ij ] as the path integral over the gravita-
tional fields,

hO[�,�ij ]ibulk =
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D[�,�ij ]O[�,�ij ] e
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~Sbulk .

(13)
In the static sector, the time dependence drops out,
and the path integral is evaluated over fields on a d-
dimensional Euclidean space. We note that the point-
particle action of Eq. (5) localizes the fields �(x) to be
evaluated either in the worldline position x(1) or x(2).
Hence we define �a = �(x(a)) and the composite opera-
tors

�1 := e�1 , �2 := e�2 , (14)

so that the point-particle action reads

Spp = � (m1�1 +m2�2) . (15)

We evaluate the bulk expectation value in Eq. (12)
perturbatively, performing a series expansion to recover
a polynomial expression in the gravitational fields:
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The expectation value of h�a
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ibulk can be further

expanded perturbatively. By linearity of the expectation
value, the e↵ective static post-Newtonian action is then
entirely expressed in terms of gravitational correlation
functions of the � field.

We introduce the connected correlation functions
�n1,n2 of the � field, evaluated at the worldline positions,
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normalised such that its leading order classical scaling is
the real quantity

�n1,n2 / ~0
✓
GN

r

◆n1+n2�1

. (18)

The connected correlation functions are diagrammati-
cally represented as sums over sets of prime graphs in-
troduced in Sec. III, i.e. the sum of connected Feyn-
man diagrams with n1 and n2 � legs sourced from the

worldlines via linear operators at positions x(1) and x(2),
respectively.
To evaluate the quantity h�a
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which have been directly collapsed to the localized
worldlines positions. The sum in Wbulk is restricted
to na > 0 to remove self-energies and vanishing
1-point functions. Using the identities hO[�]i =
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Therefore, recalling Eq. (12), the e↵ective potential can
be expressed entirely in terms of the connected gravita-
tional correlation functions �n1,n2 .

B. Z2 symmetry of the static sector

Employing the KK parametrization of the metric [126,
127], the classical d-dimensional static bulk action of
Eq. (4) is manifestly invariant under a Z2 symmetry of
the � gravitational field [144], i.e., the action is invariant
under the discrete transformation

� ! �� . (22)

This Z2 symmetry is a subgroup of SL(2,R) symmetry of
the static Einstein-Hilbert action [144–151] in the d = 3
spatial dimensions.
We assume the Minkowski vacuum to preserve the

symmetry, h�i = 0. Then the Z2 symmetry implies se-
lection rules for the correlation functions. Specifically,
only correlation functions with an even total number of
� fields can be non-vanishing:

�n1,n2 = 0 if n1 + n2 2 2N+ 1 . (23)

This condition can be imposed at all orders in Eq. (21).
Hence, this accidental symmetry of the bulk gravita-
tional action, which also underlies the vanishing of black
hole tidal Love numbers [144, 151], strictly constrains
the static potential for binary black holes to all post-
Newtonian orders.

5

C. All-order structure of the static potential

The all-order e↵ective action can be obtained from
Eqs. (12) and (21), enforcing the Z2 symmetry via the
selection rules (23).
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This formula represents the first main result of this com-
munication. It establishes the exact all-order structure
of the static post-Newtonian e↵ective action as a decom-
position into fundamental connected correlation functions
�n1,n2 . The classical static potential at k-PN order, VkPN

at O(Gk+1

N ), can be obtained by taking a series expansion
in the masses and then evaluating the ~ ! 0 limit:
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The explicit expressions of V
Gk+1

N
kPN

for 0  k  7, ob-
tained from this formula, are collected in App. A, whereas
the analytic expressions of the known connected corre-
lators are reported in App. B. A ready-to-use imple-
mentation of the formula is provided in the ancillary
file static pn generator.m.

D. Factorization theorem from Z2 symmetry

The factorization theorem discussed in Sec. III admits
a reformulation in terms of correlation functions, based
on Eq. (25) and its underlying Z2 symmetry. Each coef-
ficient bV in Eq. (25) can be written as

bVl,k�l+2 = cl,k�l+2 �l,k�l+2 +
X

↵

c↵

N↵Y

i=1

�
n(↵)
1,i , n

(↵)
2,i

, (26)

with
PN↵

i=1
(n(↵)

1,i + n(↵)
2,i ) = k + 1 + N↵, where N↵ is

the number of factorized correlators. Here, the correla-
tor �l,k�l+2 appears linearly and corresponds to prime
graphs, while the products of lower-order correlators
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encode factorizable graphs generated by the

composite operators in Eq. (14).
For odd k, the prime correlators �l,k�l+2 vanish iden-

tically due to the Z2 selection rule in Eq. (23). As a

result, each bVl,k�l+2, and thus the full classical odd-PN

static potential bVGk+1
N

kPN
, depends exclusively on products

of correlators appearing at lower even orders.

This identifies the Z2 symmetry as the underlying ori-
gin of the factorization theorem of Ref. [96], and explains
why odd-PN static contributions are fully determined by
lower-order data.

E. All-order value of 0SF correlators

The values of the 0SF static correlators �1,n = �n,1

can be determined to all orders by matching Eq. (25)
to the known test-particle limit. Specifically, the static
contribution to the interaction potential, linear in m1, is
given by

V
m1⌧m2 = m1

p
�g00 = m1

s
1� GNm2

r

1 + GNm2
r

, (27)

where the metric component g00 is expressed in harmonic
coordinates. As detailed in App. C, the matching proce-
dure yields:
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V. 7PN STATIC POTENTIAL AND BEYOND

The 7PN static contribution O(G8

N ) of the two-body
gravitational potential receives contributions from 3842
7-loop PN-EFT diagrams (up to m1 $ m2 exchange).
Nevertheless, owing to the factorization theorem, it can
be determined either using Eqs. (10, 11), in terms of up to
6-loop diagrams, or, more directly, via correlation func-
tions using Eq. (25), both yielding:
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where we define the bulk expectation value of a generic
operator O[�,�ij ] as the path integral over the gravita-
tional fields,
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In the static sector, the time dependence drops out,
and the path integral is evaluated over fields on a d-
dimensional Euclidean space. We note that the point-
particle action of Eq. (5) localizes the fields �(x) to be
evaluated either in the worldline position x(1) or x(2).
Hence we define �a = �(x(a)) and the composite opera-
tors

�1 := e�1 , �2 := e�2 , (14)

so that the point-particle action reads

Spp = � (m1�1 +m2�2) . (15)

We evaluate the bulk expectation value in Eq. (12)
perturbatively, performing a series expansion to recover
a polynomial expression in the gravitational fields:
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The expectation value of h�a
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ibulk can be further

expanded perturbatively. By linearity of the expectation
value, the e↵ective static post-Newtonian action is then
entirely expressed in terms of gravitational correlation
functions of the � field.

We introduce the connected correlation functions
�n1,n2 of the � field, evaluated at the worldline positions,
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normalised such that its leading order classical scaling is
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The connected correlation functions are diagrammati-
cally represented as sums over sets of prime graphs in-
troduced in Sec. III, i.e. the sum of connected Feyn-
man diagrams with n1 and n2 � legs sourced from the

worldlines via linear operators at positions x(1) and x(2),
respectively.
To evaluate the quantity h�a

1
�b

2
ibulk we introduce the

linear sources J1 and J2 and the generating functional of
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which have been directly collapsed to the localized
worldlines positions. The sum in Wbulk is restricted
to na > 0 to remove self-energies and vanishing
1-point functions. Using the identities hO[�]i =
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The expression of the bulk expectation value in Eq. (16)
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he
i
~Sppibulk =

X

a,b�0

✓
�

i

~

◆a+b ma
1

a!

mb
2

b!

⇥ exp

0

@ i

~
X

n1,n2�1

(�i~)n1+n2
an1

n1!

bn2

n2!
�n1,n2

1

A .

(21)

Therefore, recalling Eq. (12), the e↵ective potential can
be expressed entirely in terms of the connected gravita-
tional correlation functions �n1,n2 .

B. Z2 symmetry of the static sector

Employing the KK parametrization of the metric [126,
127], the classical d-dimensional static bulk action of
Eq. (4) is manifestly invariant under a Z2 symmetry of
the � gravitational field [144], i.e., the action is invariant
under the discrete transformation

� ! �� . (22)

This Z2 symmetry is a subgroup of SL(2,R) symmetry of
the static Einstein-Hilbert action [144–151] in the d = 3
spatial dimensions.
We assume the Minkowski vacuum to preserve the

symmetry, h�i = 0. Then the Z2 symmetry implies se-
lection rules for the correlation functions. Specifically,
only correlation functions with an even total number of
� fields can be non-vanishing:

�n1,n2 = 0 if n1 + n2 2 2N+ 1 . (23)

This condition can be imposed at all orders in Eq. (21).
Hence, this accidental symmetry of the bulk gravita-
tional action, which also underlies the vanishing of black
hole tidal Love numbers [144, 151], strictly constrains
the static potential for binary black holes to all post-
Newtonian orders.

5

C. All-order structure of the static potential

The all-order e↵ective action can be obtained from
Eqs. (12) and (21), enforcing the Z2 symmetry via the
selection rules (23).
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This formula represents the first main result of this com-
munication. It establishes the exact all-order structure
of the static post-Newtonian e↵ective action as a decom-
position into fundamental connected correlation functions
�n1,n2 . The classical static potential at k-PN order, VkPN

at O(Gk+1

N ), can be obtained by taking a series expansion
in the masses and then evaluating the ~ ! 0 limit:
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The explicit expressions of V
Gk+1

N
kPN

for 0  k  7, ob-
tained from this formula, are collected in App. A, whereas
the analytic expressions of the known connected corre-
lators are reported in App. B. A ready-to-use imple-
mentation of the formula is provided in the ancillary
file static pn generator.m.

D. Factorization theorem from Z2 symmetry

The factorization theorem discussed in Sec. III admits
a reformulation in terms of correlation functions, based
on Eq. (25) and its underlying Z2 symmetry. Each coef-
ficient bV in Eq. (25) can be written as
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the number of factorized correlators. Here, the correla-
tor �l,k�l+2 appears linearly and corresponds to prime
graphs, while the products of lower-order correlators
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encode factorizable graphs generated by the

composite operators in Eq. (14).
For odd k, the prime correlators �l,k�l+2 vanish iden-

tically due to the Z2 selection rule in Eq. (23). As a

result, each bVl,k�l+2, and thus the full classical odd-PN

static potential bVGk+1
N

kPN
, depends exclusively on products

of correlators appearing at lower even orders.

This identifies the Z2 symmetry as the underlying ori-
gin of the factorization theorem of Ref. [96], and explains
why odd-PN static contributions are fully determined by
lower-order data.

E. All-order value of 0SF correlators

The values of the 0SF static correlators �1,n = �n,1

can be determined to all orders by matching Eq. (25)
to the known test-particle limit. Specifically, the static
contribution to the interaction potential, linear in m1, is
given by
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s
1� GNm2

r

1 + GNm2
r

, (27)

where the metric component g00 is expressed in harmonic
coordinates. As detailed in App. C, the matching proce-
dure yields:
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V. 7PN STATIC POTENTIAL AND BEYOND

The 7PN static contribution O(G8

N ) of the two-body
gravitational potential receives contributions from 3842
7-loop PN-EFT diagrams (up to m1 $ m2 exchange).
Nevertheless, owing to the factorization theorem, it can
be determined either using Eqs. (10, 11), in terms of up to
6-loop diagrams, or, more directly, via correlation func-
tions using Eq. (25), both yielding:
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This formula represents the first main result of this com-
munication. It establishes the exact all-order structure
of the static post-Newtonian e↵ective action as a decom-
position into fundamental connected correlation functions
�n1,n2 . The classical static potential at k-PN order, VkPN

at O(Gk+1

N ), can be obtained by taking a series expansion
in the masses and then evaluating the ~ ! 0 limit:
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for 0  k  7, ob-
tained from this formula, are collected in App. A, whereas
the analytic expressions of the known connected corre-
lators are reported in App. B. A ready-to-use imple-
mentation of the formula is provided in the ancillary
file static pn generator.m.

D. Factorization theorem from Z2 symmetry

The factorization theorem discussed in Sec. III admits
a reformulation in terms of correlation functions, based
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encode factorizable graphs generated by the

composite operators in Eq. (14).
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tically due to the Z2 selection rule in Eq. (23). As a

result, each bVl,k�l+2, and thus the full classical odd-PN

static potential bVGk+1
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, depends exclusively on products

of correlators appearing at lower even orders.

This identifies the Z2 symmetry as the underlying ori-
gin of the factorization theorem of Ref. [96], and explains
why odd-PN static contributions are fully determined by
lower-order data.

E. All-order value of 0SF correlators

The values of the 0SF static correlators �1,n = �n,1

can be determined to all orders by matching Eq. (25)
to the known test-particle limit. Specifically, the static
contribution to the interaction potential, linear in m1, is
given by

V
m1⌧m2 = m1

p
�g00 = m1

s
1� GNm2

r

1 + GNm2
r

, (27)
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V. 7PN STATIC POTENTIAL AND BEYOND

The 7PN static contribution O(G8

N ) of the two-body
gravitational potential receives contributions from 3842
7-loop PN-EFT diagrams (up to m1 $ m2 exchange).
Nevertheless, owing to the factorization theorem, it can
be determined either using Eqs. (10, 11), in terms of up to
6-loop diagrams, or, more directly, via correlation func-
tions using Eq. (25), both yielding:
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‣Connected Correlation functions

‣All-order static PN structure / Wick Theorem & Ursell series expansion
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Appendix A: Potentials in terms of connected
correlators

We report the explicit expression for the static po-
tential in terms of the connected correlation functions
�n1,n2 , obtained expanding Eq. (25). We highlight in
red the prime contributions �A,B in the sector mA

1
mB

2
.

These are the sole new contributions to be evaluated at a
given PN order, and they are present at even PN orders
only, as implied by the factorization theorem. Up to 7PN
order the potential reads:
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0,1,2,3,4,5,… Tree-level coefficient

2-loop coefficients

4-loop coefficients
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Appendix B: Values of connected correlators

The connected correlation functions �n1,n2 , defined in
Eq. (17) are the fundamental quantities required to eval-
uate the static post-Newtonian potential.

The computation of their values generically requires
the evaluation of multi-loop two-point Feynman inte-
grals. Nonetheless, we determine their values by di-
rectly comparing the expressions reported in App. A with
the expressions for the static post-Newtonian potential,
which are known up to 6PN [93, 96, 101, 125].

We report the values of the connected correlators
�n1,n2 in Table II. We recall from Eq. (23) that corre-
lators with an odd total number of � fields vanish due to
the Z2 symmetry of the static sector. Furthermore, the
0SF correlators are specified to all orders by Eq. (28).

The values reported in Table II su�ce to completely
determine the static potential up to 7PN order. They
also determine a subset of contributions to higher orders,
as detailed in Sec. V. Notably, all correlators known thus
far are positive integers, whose values increase with each
PN order.

…,6 & 7,…

6-loop coefficients
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◆
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This remarkably compact formula represents the second
main result of this communication. It is fully compatible
with the test-body limit. Specifically, the series expan-
sion of Eq. (27) yields the numerical coe�cient 35/128 at
O(G8

N ), which exactly agrees with the coe�cient of the
m1m8

2
term in Eq. (29).

The master formula in Eq. (25) can be used to derive
the static contributions to higher PN orders in terms
of correlation functions. In particular, after employing
Eq. (28), the 8PN and 9PN static potentials are fixed up

to four undetermined correlation functions, which can
be evaluated from explicit diagrammatic calculation at
8-loops. Defining the rescaled correlators

�̄n1,n2 =

✓
GN

r

◆1�n1�n2

�n1,n2 , (30)

the static potential at 8PN and 9PN order, respectively,
read as:
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where the presently unknown 8PN correlation functions
are indicated in red. At 9PN, no new correlation func-
tions appear. In general, from Eq. (26), at even (2k)-
PN order, k+ 1 new prime correlation functions appear,
reducing to k via Eq. (28). This pattern makes explicit
that genuinely new prime correlation functions enter only
at even-PN orders, whereas the odd-PN static potentials
are fixed recursively in terms of lower-order correlation
functions.

VI. CONCLUSION

We investigated the all-order structure of the post-
Newtonian static gravitational potential within a field-
theoretic framework. Exploiting the Z2 symmetry of the
static sector, we derived a closed formula for the generic
contribution at nPN order in terms of correlation func-
tions. We showed that any odd-order term is entirely de-
termined by lower-order data, thereby providing a novel
theoretical formulation of the factorization theorem [96].

Our results yield both conceptual and computational
advantages. In its original formulation, the factoriza-
tion theorem allows one to determine the odd n-th or-
der contribution by avoiding the explicit evaluation of
the corresponding n-loop diagrams, reducing the prob-
lem to lower-order (up to (n � 1)-loop) computations.

On the other hand, our closed formula, expressing odd-
order contributions directly and solely in terms of known
lower-order correlators (which are intrinsically sums of
diagrams), eliminates the need for diagrammatic input
altogether.

As a concrete application, we have computed for the
first time the static gravitational potential at 7PN order,
and explicitly verified the consistency between our closed-
form approach and the diagrammatic implementation of
the factorization theorem up to this order.

More generally, the formalism developed here provides
an e�cient and systematic organization of static PN cor-
rections at arbitrarily high orders. Once the lower-order
connected correlators are known, all odd-PN contribu-
tions follow recursively, while genuinely new information
enters only through even-PN correlators. This structure
imposes strong constraints on higher-order terms and
clarifies the origin of the remarkable predictive power ob-
served in the static sector.

Our findings further suggest that the static post-
Newtonian expansion is governed by an underlying alge-
braic structure, in which symmetry and correlation func-
tions organize the multi-loop, yet classical, two-body dy-
namics in a highly constrained and unexpectedly com-
pact form.

…8PN & 9PN… static corrections to the GR-Effective Potential 
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where the presently unknown 8PN correlation functions
are indicated in red. At 9PN, no new correlation func-
tions appear. In general, from Eq. (26), at even (2k)-
PN order, k+ 1 new prime correlation functions appear,
reducing to k via Eq. (28). This pattern makes explicit
that genuinely new prime correlation functions enter only
at even-PN orders, whereas the odd-PN static potentials
are fixed recursively in terms of lower-order correlation
functions.

VI. CONCLUSION

We investigated the all-order structure of the post-
Newtonian static gravitational potential within a field-
theoretic framework. Exploiting the Z2 symmetry of the
static sector, we derived a closed formula for the generic
contribution at nPN order in terms of correlation func-
tions. We showed that any odd-order term is entirely de-
termined by lower-order data, thereby providing a novel
theoretical formulation of the factorization theorem [96].

Our results yield both conceptual and computational
advantages. In its original formulation, the factoriza-
tion theorem allows one to determine the odd n-th or-
der contribution by avoiding the explicit evaluation of
the corresponding n-loop diagrams, reducing the prob-
lem to lower-order (up to (n � 1)-loop) computations.

On the other hand, our closed formula, expressing odd-
order contributions directly and solely in terms of known
lower-order correlators (which are intrinsically sums of
diagrams), eliminates the need for diagrammatic input
altogether.

As a concrete application, we have computed for the
first time the static gravitational potential at 7PN order,
and explicitly verified the consistency between our closed-
form approach and the diagrammatic implementation of
the factorization theorem up to this order.

More generally, the formalism developed here provides
an e�cient and systematic organization of static PN cor-
rections at arbitrarily high orders. Once the lower-order
connected correlators are known, all odd-PN contribu-
tions follow recursively, while genuinely new information
enters only through even-PN correlators. This structure
imposes strong constraints on higher-order terms and
clarifies the origin of the remarkable predictive power ob-
served in the static sector.

Our findings further suggest that the static post-
Newtonian expansion is governed by an underlying alge-
braic structure, in which symmetry and correlation func-
tions organize the multi-loop, yet classical, two-body dy-
namics in a highly constrained and unexpectedly com-
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Feynman Integrals :: Baikov Representation

Denominators as integration variables

2.2 Baikov
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aN
N

(5.23)

u = B
� (5.24)

dimH
n

±! = dimH
±!

n ⌘ ⌫

hei| 2 H
n

! , |hii 2 H
n

�! , i = 1, . . . , ⌫

|�i] 2 H
!

n , [⌘i| 2 H
�!

n , i = 1, . . . , ⌫ (5.25)

0

BBBBBBBB@

he1|

he2|

he3|

.

.

.

he⌫ |

1

CCCCCCCCA

0

BBBBBBBB@

hei|

@xhei|

@
2
xhei|

.

.

.

@
⌫�1
x hei|

1

CCCCCCCCA

0

BBBBBBBB@

hei|

hB ei|

hB
2
ei|

.

.

.

hB
⌫�1

ei|

1

CCCCCCCCA

(5.26)

h'| = c1 he1|+ c2 he2|+ c3 he3|+ . . .+ c⌫ he⌫ | (5.27)

@
⌫

xhei| = ai,0 hei|+ ai,1 @xhei|+ ai,2 @
2
xhei|+ . . .+ ai,⌫�1 @

⌫�1
x hei| (5.28)

⌫X

j=0

ai,j @
j

xhei| = 0 , (ai,⌫ ⌘ �1) (5.29)

B
⌫
hei| = bi,0 hei|+ bi,1 hBei|+ bi,2 hB

2
ei|+ . . .+ bi,⌫�1 hB

⌫�1
ei| (5.30)

⌫X

j=0

bi,j hB
j
ei| = 0 , (ai,⌫ ⌘ �1) (5.31)
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2.2 Baikov

Z LY

i=1

ddki
⇡d/2

@

@kµj

✓
vµ

NY

n=1

1

Dan
n

◆
= 0 (2.9)

vµ = vµ(pi, kj) (2.10)

{D1, . . . , DN} ! {z1, . . . , zN} ⌘ z (2.11)

Ia1,...,an ⌘ K(d, sij)

Z
dz B(z)�

NY

i=1

1

zani
(2.12)

B(z) = det(qi · qj) (2.13)

� ⌘ (d� E � L� 1)/2 (2.14)

q = {pi, kj}, i = 1, . . . , E j = 1, . . . , L (2.15)

sij = pi · pj , i, j = 1, . . . , E (2.16)
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Mizera & P.M. (2018)

  Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019, 2020)
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f(x, z)
∂Γ

= 0 ∫Γ
df(x, z) = 0 = ∫∂Γ

f(x, z)

I(n, x) ≡ ∫Γ
f(x, z)

What does a (twisted) integral represent?

vanishing condition  
at the boundary of the integration domain

[Stokes’ theorem]
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I(n, x) ≡ ∫Γ
f(x, z) = ∫Γ

u(x, z) φ(x, z)

What does a (twisted) integral represent?

83

φ̂(x, z) dnz

eS(x,z)eγ log P(x,z) = Pγ(x, z)

Differential n-form

Twist u(x, z)
∂Γ

= 0

polynomial polynomial



Space of Integrals  
and their (linear and quadratic) relations

What does a (twisted) integral represent?

84

I(n, x) ≡ ∫Γ
f(x, z)



I(n, x) ≡ ∫Γ
f(x, z)

Space of Integrands  
that differ by a total differential  

g = f + dfSpace of Integrals  
and their (linear and quadratic) relations

What does a (twisted) integral represent?
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Space of Integrands  
that differ by a total differential  

g = f + df

Space of Integration Contours  
that differ by boundary terms  

Σ = Γ + ∂Γ

Space of Integrals  
and their (linear and quadratic) relations

What does a (twisted) integral represent?
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I(n, x) ≡ ∫Γ
f(x, z)



Space of Integrands  
that differ by a total differential  

g = f + df

Space of Integration Contours  
that differ by boundary terms  

Σ = Γ + ∂Γ

Space of (partial) Differential Operators  
w.r.t. to  variables 

that annihilate the integrand 
 

z

Lz f(x, z) = 0

Space of Integrals  
and their (linear and quadratic) relations

What does a (twisted) integral represent?
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I(n, x) ≡ ∫Γ
f(x, z)



Space of Integrands  
that differ by a total differential  

g = f + df

Space of Integration Contours  
that differ by boundary terms  

Σ = Γ + ∂Γ

Space of (partial) Differential Operators  
w.r.t. to  variable  

that annihilate the integral 
 

x

Dx I(n, x) = 0

Space of (partial) Differential Operators  
w.r.t. to  variables 

that annihilate the integrand 
 

z

Lz f(x, z) = 0

Space of Integrals  
and their (linear and quadratic) relations

What does a (twisted) integral represent?
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I(n, x) ≡ ∫Γ
f(x, z)



Space of Integrands  
that differ by a total differential  

g = f + df

Space of Integration Contours  
that differ by boundary terms  

Σ = Γ + ∂Γ

Space of Integrals  
and their (linear and quadratic) relations

Space of (partial) Differential Operators  
w.r.t. to  variable  

that annihilate the integral 
 

x

Dx I(n, x) = 0

Space of (partial) Differential Operators  
w.r.t. to  variables 

that annihilate the integrand 
 

z

Lz f(x, z) = 0

De-Rham Cohomology Group

De-Rham Homology Group

Integrals Vector Space

D-Module  
(external variables)

What does a (twisted) integral represent?

89

D-Module  
(internal variables)

I(n, x) ≡ ∫Γ
f(x, z)



Vector Space of  
Feynman  

(Twisted Period)  
Integrals

De Rahm  
Co-Homology 

ν = dimH

Vector Space of 
integration contours 

(twisted cycles) 

Vector Space of 
differential n-forms 
(twisted cocycles) 

Ring of  
Differential operators  

(w.r.t. external variables)

De Rham Thm & Vector Spaces Isomorphism/Correspondence  

90

Annihilator ideal
Macaulay matrix
D-module
Pfaffian systems

Picard-Fuchs eq’s

Restrictions

Special Functions

generators / basis
dimensions = # of basis elements

Master integrals
# of Master Integrals

Standard (Std) Monomials
Rank = # of independent Std’s

# of independent formsdim Hn
dR =

Differential forms (closed / exact)

# of independent formsdim Hn,dR =
Integration contours (closed / boundary)

De-Rham Cohomology Group

De-Rham Homology Group

D-Module

Integrals Vector Space



Vector Space Dimensions / counting “holes”

91

De Rahm  
Co-Homology 

ν = dimH

Number of Master Integrals
Chetyrkin, Tkachov (1981);  Remiddi, Laporta (1996);  Laporta (2000)

Number of Critical Points Lee, Pomeranski (2013)

Relation with χE

Bitoun, Bogner, Klausen, Panzer (2018)

Aluffi, Marcolli (2008)

Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019)  

Primo, Tancredi (2017)Bosma, Sogaard, Zhang (2017)

Number of Independent Contours

Number of Independent Forms
Mizera & P.M. (2018)

  Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019)

Ideal saturation / dimension of quotient space
  Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2020)

Mixed volume of Newton Polyhedra
  Bernstein-Khobaskii-Kushnirenko

  Saito Sturmfels Takayama

Holonomic rank of GKZ systems
  Gelfand Kapranov Zelevinski

Maximum likelihood degree
  Agostini, Brysiewicz, Fevola, Sturmfels, Tellen (2021)

Betti numbers

… … … … …

Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019) 



2.7 Vector Space Decomposition

⌫ = dimension of the vector space of Feynman integrals

I =
⌫X

i=1

ci Ji (2.45)

Projection

if Ji · Jj = �ij ,

I·Ji = ci , (2.46)

if Ji · Jj = Cij 6= �ij (metric matrix)

X

i,j

I · Jj(C
�1)ji =

⌫X

i,j,k=1

ck Jk · Jj(C
�1)ji =

⌫X

i,j,k=1

ck Ckj(C
�1)ji =

⌫X

i,k=1

ck �ki = ci

Completeness

Plugging back in

I =
X

i,j

I · Jj(C
�1)ji Ji ()

X

i,j

Jj (C
�1)ji Ji = I⌫⇥⌫ (2.47)

The two questions:

1) what is the vector space dimension ⌫ ?

2) what is the scalar product “·” between integrals ?

– 9 –

Vector decomposition

Coefficients as Intersection Numbers

Master Integrals 

Vector Space Structure of Feynman [- Euler-Mellin - GKZ - A-hypegeometric] Integrals

92

ci = J∨
i ⋅ I = ⟨e∨

i |φ⟩ ≡
1

(2πi)n ∫ℂn−𝕍
(u−1 e∨

i ) ∧ (u φ)

Mizera & P.M. (2018)

  Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019)I ≡ ∫Γ
u φ

Ji ≡ ∫Γ
u ei i = 1,…, ν

u = eS

u = Pγ = eγ log P

Grothendiek  
Residue formula                     

(Generalised) 
Cho-Matsumoto 
Residue formula

if

if

ν = dim H = # solutions of ∂zi
log u = 0

Vector space dimensions and Master Integrals

IBP decomposition

Master forms = basis of   Hn
dR

Twisted Period Integral



To Conclude:
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Underpinning Correspondence: Physics vs Math
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Underpinning Correspondence: Physics vs Math
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Physics (Quantum) 
Field Theory

Feynman  
Integrals

Integrals 
Vector Space

Master  
Integrals

Integration by 
Parts Identities

Differential 
Equations

Quadratic 
Integral  

Relations
Laporta 
Systems

Math
Differential & 

Algebraic 
Geometry

Twisted Period 
Integrals

Co- 
Homology  

Groups

Master Forms  
& Master 
Contours

Contiguity 
Relations

Pfaffian  
Systems

Riemann 
Twisted Period 

Relations
Macaulay 
Matrices

A unifying vision on Calculus in Fundamental Physics: Twisted Period Integrals

Area
High-energy 

Physics 
&  

String theory

General  
Relativity Cosmology Algebraic and Differential  

Geometry

Target Scattering  
Amplitudes Interaction Hamiltonian Correlator Functions Euler Mellin  

Integrals



Summary
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EFT Diagrammatic Approach to General Relativity

Multi-loop Calculus from Quantum Field Theory to Effective Filed Theory of Gravity

Precision Gravitational Wave Physics: PM and PN corrections

Crucial result for the complete 6PN potential 

(The road to) 7PN static corrections & beyond 

(Crucial result for QCD)

Correlation function based approach

Outlook

Applied Mathematical & Computational Algebraic Geometry

Development of a novel high-performance IBP decomposition code (pushing the state-of-the-art) of PN and PM calculations

Using state-of-the-art public software for computational algebraic geometry

Higher-order PN and PM corrections

QFT & Amplitudes approach to investigate the “beautiful and simple” mathematical structures of GR  



Effective Field Theories 
(in several disciplines)

General Relativity, 
Gravitational Waves 

& Cosmology

Analysis, Geometry, Topology,  
Number Theory, Combinatorics, Statistics

Computer and Data Science, 
AI, and Networks

Amplitudes

Particles, Fields, & Strings

&  
Euler-Mellin/

Feynman 
Integrals

Scattering Amplitudes & Multiloop Calculus: interdisciplinary toolbox
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