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Renormalization-Group Analogy in Inflation
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 Theoriesf(R)
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S(g) = −
1

2κ2 ∫ −g f(R), κ2 = 8πG,

Action

Equations of motion

FRμν −
1
2

gμν f + (gμν∇2 − ∇μ ∇ν)F = 0, F ≡
∂f
∂R

gμνdxμdxν = dt2 − a(t)2dxidxi

On FLRW background

H ·F − F ·H − FH2 −
f
6

= 0

··F + 2 ·HF − H ·F = 0

⇒
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Slow-Roll Expansion
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ε ≡ −
·H

H2
, v ≡ −

1
Haτ

, βα ≡
dα

d ln |τ |

Convenient slow-roll parameter

EOMs

α ≡ −
·F

2HF
,

Other useful quantities 
(All power series in )α

−vβα = α(1 + 2α) − (1 − α2)ε, ε = 1 + 2α +
f

6FH2
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Slow-Roll Conditions
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Typically we assume

ε, |ηH | ≪ 1, ηH ≡
·ε

εH

From the EoMs ε =
α + 2α2 + vβα

1 − α
, ηH = −

vβε

ε
.

⇓

α ≪ 1, βα = b0α2 + 𝒪(α3) ⟺ ε = α + 𝒪(α2), ηH = 𝒪(α)

Classification

βα = b0α2 + … βα = b1α3 + …Class I Class II Class III βα = b2α4 + …

etc…
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Background expansions
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We can derive ,   and   as expansions in  v H F α

d
dt

= − vHβα
d

dα

βα
∂v
∂α

= 1 − v − ε v(α) =
∞

∑
n=0

vnαnwith

Same for  and  (up to overall functions of ) H F α

vβα
∂F
∂α

= 2αF, vβα
∂H
∂α

= Hε F = F0Φ(α)
∞

∑
n=0

fnαn, H = H0h(α)
∞

∑
n=0

hnαn,
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“Running” slow-roll parameter
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Introduce the rescaled conformal time and its log η ≡ − kτ

dα(ℓ)
dℓ

= βα(α) = bnαn+2 + 𝒪(αn+3), α(ℓ = 0) = αk

αI(ℓ) =
αk

1 − b0αkℓ

ℓ ≡ ln η .

dα
d ln k

= 0, ⇒
dαk

d ln k
= − βα(αk) .

Class I:

Since  is introduced by hand we have k

αk =
αk*

1 + b0αk*
ln k/k*

Improved Power Spectra: 𝒫(α, αk)
η→0

𝒫(αk)
d𝒫(αk)
d ln k

= − βα(αk)
d𝒫(αk)

dαk
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Perturbations
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S2(w) =
1
2 ∫ dη [w′￼2 − w2 +

2 + σ
η2

w2] ⇒ w′￼′￼+ w −
2 + σ

η2
w = 0, σ =

∞

∑
n=1

snαn

w(η) =
∞

∑
n=0

wn(η)αn
k w′￼′￼n + wn −

2
η2

wn =
gn(η)

η2
,

wn(η) = ∫
∞

η
dη′￼

gn(η′￼)
ηη′￼3 [(η − η′￼)cos(η − η′￼) − (1 + ηη′￼)sin(η − η′￼)]
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Power Spectra
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where

𝒫t =
4κ2v(αk)2H(αk)2 Q0t(αk)

2

π2F(αk)
, 𝒫s =

κ2v(αk)2H(αk)2(1 − αk)2 Q0s(αk)
2

12π2α2
k F(αk) .

r = 48 ( αk

1 − αk )
2

Q0t(αk)
Q0s(αk)

2

ηw(η) = Q(ln η) + Y(η), Y(η)
η→0

0

Q0(αk) ≡ Q(0)
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Spectral Indices
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At the leading order with

ns = 2 [1 −
1 − αk

v(αk)
− βα(αk)

d ln |Q0t(αk) |
dαk ],

ns − 1 = 2 1 −
1 − αk

v(αk)
+ βα(αk)[ 1

αk(1 − αk)
−

d ln |Q0s(αk) |
dαk ]

βα = bnα2+n + 𝒪(α3+n)

r ≃ 48α2
k , ∀n ≥ 0,

nt ≃ − 6α2
k , ∀n ≥ 0

ns − 1 ≃
2αkb0 if n = 0,
2α2

k (b1 − 3) if n = 1,
−6α2

k if n ≥ 2.
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Predictions
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Only class I and class II survive with

r* ≃

12(1 − ns*)2

b2
0

if n = 0,

24(1 − ns*)
3 − b1

if n = 1,

8(1 − ns*) if n ≥ 2.

Every class larger than II is excluded because they give r* ≃ 0.2 − 0.3

r* < 0.035

ns* = 0.974 ± 0.003

ns* = 0.9682 ± 0.0032

ns* = 0.9728 ± 0.0029

(P-ACT)

(Planck+SPT+ACT+Bicep/Keck)

(Planck+SPT+ACT+Bicep/Keck+DESI BAO)

b0 ≲ −0.48 −0.59 −0.50 b1 ≲ −14.8 −18.8 −15.6

ACT Collaboration, JCAP 11 (2025) 062

Balkenhol et al., OJA Vol. 9 2026
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Number of e-folds
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Only class I and class II survive with

Nk = ∫
tf

tk

dt H(t) = − ∫
αf

αk

dα′￼

v(α′￼)βα(α′￼)
= −

1
bn(n + 1)α1+n

k
+ 𝒪(α0

k ) .

Nn=0
* ≃

77 ± 9,
63 ± 7,
74 ± 8.

N* ≃

2
1 − ns*

if n = 0,

1
1 − ns* (1 − 3

b1 ) if n = 1.

Nn=1
* ≃

47 ± 7,
37 ± 4,
42 ± 6.

Zharov, Sobol, Vilchinskii, PRD 112 (2025) 2, 023544 Drees, Xu, PLB 867 (2025) 139612 

 might be compatible with non-instantaneous reheatingN* > 60
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Reconstructing  f(R)
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We know already ,  and  then we also haveε(α) H(α) F(α)

̂f(α) = 6FH2 (ε − 1 − 2α)

Inverting  we get  and plug it back into R(α) α(R) ̂f(α)

R(α) = − 6H2(2 − ε)

f(R) = ̂f(α(R))

cn = cn(bn, bn−1, …) dn = dn(bn, bn−1, …)

Class I f(R) = C0R̃2 [1 +
c0

R̃γ
+

c1

R̃2γ
+ 𝒪(R̃−3γ)] γ ≡ − 2b0

Class II f(R) =
C0R̃2

(3γ ln R̃)1/γ [1 +
d1

ln R̃
+

d2

ln2 R̃
+ 𝒪(ln−3 R̃)] γ ≡ − b1/6

b2 = 4b1

R̃ =
R

12H̄2
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Examples
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Class I

f(R) = R −
1

6M2
R2 + 2Λ, f(R) =

1
6M2

R2 + 2M2 .

f(R) = R −
1

6M2
R2 −

λ
M

(−R)3/2, f(R) = −
R2

6M2 (1 +
3
2

M4

M4 + R2 ) .

f(R) = −
F0R2

24H2
0 [2 + 3 ln ( −R

12H2
0 )]

Class II

Where are all the other polynomials in ?R
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Class 0: linear βα
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If we accept a linear beta function β̄α = b̄α + βα, b̄ < 0.

f(R) = C0 [1 − 2 (1 + R̃) + c̄ (1 + R̃)2 + 𝒪 ((1 + R̃)3)], c̄ = c̄(b̄) .

ε ∼ α + 𝒪(α2) βε ∼ ε + 𝒪(ε2) ηH = −
vβε

ε
∼ 𝒪(ε0)

ε = (1 + b̄)α + 𝒪(α2), ηH = − b̄ + 𝒪(α)

The condition  is violated unless  is small (compared to ) but|ηH | ≪ 1 b̄ α α(η)
η→∞

0
⇓

Far enough in the past there is a period of constant-roll inflation

dα
dℓ

= b̄α, ⇒ α(η) = αkηb̄ .

Motohashi, Starobinsky, Yokoyama, JCAP 09 (2015) 018 Motohashi, Starobinsky, EPJC 77 (2017) 8 538 
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Observables in Class 0
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ns* − 1 = 2b̄ −
6α* (b̄ − 1) (b̄ + b0)

3 − 2b̄
+ 𝒪(α2

*)

 should be not too small b̄

 should be not too large.b̄

𝒫t* =
4C2

t

π2 [1 + α2
* ( 3

b̄
− 4 +

10 − 8γM

1 + 2b̄
+ 2γM) + 𝒪(α3

*)]

 and  all depend on !b̄ bi γn

f(R) = R −
1

6M2
R2 +

N

∑
i=3

γn

M2n+2
Rn

Warning!
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Resummations in f(R) = R + R2 + R3
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f(R) = R −
1

6M2
R2 +

γ2

16M4
R3, [γ] = 0

EoM

[1 +
27H2γ2

2M2 (1 −
ε
2 )]

·ε
H

= − 3ε (1 −
ε
2 ) +

M2

2H2
−

9γ2H2

8M2
(2 − ε)2 (1 + 10ε)

Two Possible approaches

1) Keep  exact and expand in  (produces powers of )γ α α/γ

2) Expand in  first and then in  (produces powers of )γ α γ/α

MP, arXiv 09/2026 (I hope :D )
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Case 1): Expand first in  then in α γ
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De Sitter spacetime is a solution of the EoM

H̄ =
M
3γ

, R̄ = −
4M2

γ
, ⇒ H(α) = H̄

∞

∑
n=0

hnαn, R(α) = R̄
∞

∑
n=0

rnαn, h0, r0 = 1,

From  and  we solve    for the coefficients H(R) ε(R) ·α
∂H
∂α

= εH2 rn

rn(γ) =
r̃n(γ)

γn
 regular for  . r̃n(γ) γ → 0 This suggests an expansion in ξ =

α
γ

The series can be rearranged as R = R̄
∞

∑
n=0

Rn(ξ)γn Rn(ξ) = power series

R0(ξ) = 1 − ξ +
ξ2

2
−

ξ4

8
+

ξ6

16
−

5ξ8

128
+

7ξ10

256
+ … =

1
ξ + 1 + ξ2

e.g.
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Resummed functions and “Improved” Slow-Roll Expansion
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From the equation for  we can find  exactly (same for , , , )R Rn(ξ) H v ε βα

“Improved” slow-roll expansion

R = R̄
∞

∑
n=0

Rn(ξ)γn = −
2M2

α

∞

∑
n=0

R̃n(ζ)αn

R̃n(ζ) = 2ζn−1Rn(1/ζ), ζ = γ/α = 1/ξ

Expand in  while keeping  of order 1α ζ

βα = − 2α2 1 + ζ2 + 𝒪3 R = −
4M2

α
1

1 + 1 + ζ2
+ 𝒪0 H ≃

M

3α

1

1 + 1 + ζ2
+ 𝒪0
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Case 2): Expand first in  then in γ α
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De Sitter spacetime is NOT a solution of the EoM

R(α) = −
2M2

α

∞

∑
n,m=0

rnmαn ( γ
α )

2m

= −
2M2

α

∞

∑
n=0

R̂n(ζ)αn

R̂n(ζ) =
∞

∑
m=0

rnmζ2m

They coincides with he Taylor series of  around R̃n(ζ) ζ = 0

R̂n(ζ) = R̃n(ζ), ∀n ≥ 0.
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Improved Observables
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𝒫s =
M2κ2

96π2α2
k {1 − αk [2 − (5 − 4γM) 1 + ζ2

k ] + 𝒪2}

ns − 1 = − 4αk 1 + ζ2
k 1 + αk

−5 + 4γM

2 1 + ζ2
k

−
31
6

1 + ζ2
k +

7 + 9ζ2
k

1 + ζ2
k

+ 𝒪2

r = 48α2
k {1 + 2αk [1 + 2 (γM − 2) 1 + ζ2

k ] + 𝒪2}
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Comparison with Recent Calculations
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ns = 1 − 4α −
2γ2

α
+ 𝒪(γ3) = 1 − 4αk 1 + ζ2

k

Recent attempts to reconcile ACT data by adding Higher-curvature terms

Modak, Phys. Rev. D 112, 115006 (2025) 
Ketov, Pozdeeva, Vernov, JCAP 12 (2025) 040 
Gialamas, Katsoulas, Tamvakis, JCAP 09 (2025) 060 
Addazi, Aldabergenov, Ketov, Phys.Lett.B 869 (2025) 139883 
Bezerra-Sobrinho, Medeiros Eur.Phys.J.C 86 (2026) 4, 416 
Del Grosso, Urbano, Ziccolella arXiv:2607.09808 
and more…

A series of ambulance-chasing papers

Require <0 for a larger γ2 ns

Our formulas are the same with the substitution  

with the caveat that  is not always real.

γ2 → − γ2

1 −
γ2

α2

E.g.  they have           
  

   with        questionable for EFT

Nk = 50 − 60 0.006 ≲ γ ≲ 0.009 0.009 ≲ α ≲ 0.01

γ2

16M4
R3 =

cR3

Λ4
c = 𝒪(1) ⇒ Λ ≃ 20M − 30M

Effective field theory approach
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Renormalizable Gravity with Purely Virtual Particles
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S(g) = −
1
κ2 ∫ −g (R −

1
6M2

R2 +
1

2m2
χ

CμνρσCμνρσ + 2ΛC) .

With new prescription to remove the ghost (see Damiano’s talk yesterday) 
Only one tensor and one scalar perturbations survive

𝒫s =
4M2G
3πθ2

s [1 +
5
12

θs + 𝒪(θ2
s )] 𝒫t =

8M2G
π(2 + ρ) [1 −

3θs

2(2 + ρ)
+ 𝒪(θ2

s )]
r =

6θ2
s

2 + ρ [1 −
θs(28 + 5ρ)
12(2 + ρ) ] + 𝒪(θ4

s ) nt = −
9αθ2

s

4(6α + β) [1 −
θs(4 − 7ρ)
12(2 + ρ) ] + 𝒪(θ4

s )

θs = 1 − ns, ρ =
M2

m2
χ

D. Anselmi, E. Bianchi, MP,  JHEP 07 (2020) 211

D. Anselmi, MP,  JHEP 06 (2017) 066

D. Anselmi, MP,  JHEP 11 (2018) 021
D. Anselmi, JHEP 06 (2017) 086
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Conclusions 
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Stop using non-renormalizable models to study inflation  

(Or at least don’t cry when they do not work well)


