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Introduction

Cosmological coupling (CC) is a proposal in GR that a global
FLRW cosmology and local regions of relativistic stress within it
are strongly coupled.
The idea is not new: McVittie published an exact solution almost
a century ago, which interpolates between a local black hole and
large-scale expanding FLRW metric. His solution is, however,
pathological.
The idea strongly re-emerged after some recent observational
indications that some populations of BH masses grow as ak (D.
Farrah et al.). Eventually, if k = 3 they dilute as a−3, leading to
an emergent DE without fine tuning (see Croker et al.)
Proposed interpolating models beyond McVittie are generally
non-singular (see e.g. Cadoni et al.)
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Introduction

The complexity of the equations describing solutions that
interpolate between compact objects and FLRW universes can be
circumvented by studying the general behaviour of event and
apparent horizons (MR and V. Faraoni, gr-qc: 2407.14549 and
gr-qc: 2608.21222)
CC can have profound impacts on the evolution of primordial
black holes (MR et al astro-ph 2607.13857).
CC affecting inspiralling SMBH can leave an imprint in the data of
Pulsar Timing Arrays (MR et al. gr-qc: 2409.01801)
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Static horizons cannot exist in FLRW

Static event horizons become null singularities

The most general spherically symmetric and time-dependent
metric can be written as

ds2 = −T 2(t, r)dt2 + a2(t, r)
(
dr2 + r2dΩ2

)
The areal radius is defined as R(t, r) = r a(t, r). The apparent
horizon (AH) position is fixed by

∇αR∇αR = 0 .

Null radial geodesics have tangent uα = (u0, u1, 0, 0) that satisfy
the geodesic equation

duα

dλ
+ Γαµνu

µuν = 0 .
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Static horizons cannot exist in FLRW

Combining with normalisation conditions

uαuβgαβ = 0 ⇒ u1

u0
= ±T

a

we find

d

dλ

(
1

u0

)
=
Ṫ

T
± 2T ′

a
+
ȧ

a
,

d

dλ

(
1

u1

)
=
T ′

T
± 2ȧ

T
+
a′

a

In the near-horizon region the Schwarzschild metric can be written
as the Rindler metric plus small corrections

ds2 = ds2Rindler + . . . = −x
2

4
dt2 + 4M2

[
dx2 + dΩ2

]
+ . . .

where r = M(1 + x)/2 and 0 < x� 1. The coordinate x measures
an arbitrarily small distance from the horizon.
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Static horizons cannot exist in FLRW

We compare

ds2 = −x
2

4
dt2 + 4M2

[
dx2 + dΩ2

]
with

ds2 = −T 2(t, r)dt2 + a2(t, r)
(
dr2 + r2dΩ2

)
in the near-horizon region:
we obtain the identifications

T = x/2, a = 2M, Ṫ = ȧ = 0, T ′ = 1/M.

the equations for u0, u1 simplify to

d

dλ

(
1

u0

)
' ± 2

aH
,

u1

u0
= ± x

4M
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Static horizons cannot exist in FLRW

The equations of motion for u0 can then be solved

u0 =
C

λ− λ0
> 0 ,

the positivity condition being required to maintain the vector u
future-directed. Thus we have two possibilities:
C > 0, λ > λ0, which implies

lim
λ→∞

u0 = 0 ,

that is “time stops” while u1 → 0 and also velocity vanishes.
C < 0, λ < λ0, which implies

lim
λ→λ0

u0 =∞ ,

null geodesics stop propagating at a finite λ0:
we have geodesic incompleteness.
(Same results are obtained for timelike radial geodesics)
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Static horizons cannot exist in FLRW

Curvature invariants

We found that null geodesics end (cannot originate) on (from) the
horizon (the same happens for timelike geodesics).
This is a clear case of geodesic incompleteness, which usually leads
to a singularity.
A legitimate suspicion is that these results are artefacts of a bad
coordinate choice. To clarify the issue, we compute the Ricci scalar
in the near-horizon limit

R ≡ gµνRµν = −4a′′

a3
+

6ä

aT 2
− 2a′T ′

a3T
− 6ȧṪ

aT 3
+

6ȧ2

a2T 2
− 8a′

a3r

− 4T ′

a2rT
− 2T ′′

a2T
+

2a′2

a4
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Static horizons cannot exist in FLRW

We compare again

ds2 = −x
2

4
dt2 + 4M2

[
dx2 + dΩ2

]
with

ds2 = −T 2(t, r)dt2 + a2(t, r)
(
dr2 + r2dΩ2

)
in the near-horizon region so that we obtain the identifications

T = x/2, a = 2M, Ṫ = ȧ = 0, T ′ = 1/M.

We find that

R ' 1

x

which blows up for x→ 0. Thus, forcing a horizon to be static in an
expanding universe turns it into a naked singularity.
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Static horizons cannot exist in FLRW

Test Klein-Gordon field

We consider a massless scalar field in the s-mode, which satisfies
the Klein-Gordon equation �φ(t, r) = 0, that is:

φ̈+

(
3ȧ

a
+
Ṫ

T

)
φ̇− T 2

a2
φ′′ − T

a2

(
T ′ +

Ta′

a
+

2T

r

)
φ′ = 0 .

We recall that arbitrarily close to the horizon ȧ = Ṫ = 0 and
T = x/2→ 0. The above equation boils down to

φ̈ ' 0 ⇒ φ(t) = φ0 + φ1t→∞
From the trace of the stress tensor fluid Παβ we have

Π ≡ 3P − ρ = (φ̇/T )2 →∞ as T ' x

2
→ 0

However ρ = φ̇2/2 = const so the pressure diverges. This also
means that perturbations grow unbounded.
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How does a horizon evolve?
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How does a horizon evolve?

We consider again the metric

ds2 = −T 2(t, r)dt2 + a2(t, r)
(
dr2 + r2dΩ2

)
If the AH exists, its areal radius satisfies

∇cR(t, r)∇cR(t, r)
∣∣∣
AH

= 0

so that

RAH(t) = a (t, rAH(t)) rAH(t)

We find that the rate of change:

1

RAH

dRAH

dt
=

1

M

dM

dt
= HAH

(
1− aAHṙAH

TAH

)
where M is the Misner-Sharp-Hernandez mass.
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TAH

)
where M is the Misner-Sharp-Hernandez mass.

M. Rinaldi (Trento U. & TIFPA) 14 / 35



How does a horizon evolve?

This equation unambiguously determines the behaviour of the AH:

1

RAH

dRAH

dt
=

1

M

dM

dt
= HAH

(
1− aAHṙAH

TAH

)
Let us see the various possibilities

RAH = const leads to a static, null event horizon, so it is
unphysical. It is obtained when ṙAH = TAH/aAH.
ṙAH = 0 leads to an AH that is exactly comoving: then

1

M

dM

dt
=

1

RAH

dRAH

dt
= HAH ⇒ M(t) = M0a(t)

and the MSH mass shows a linear cosmological coupling.
When the AH forms, it can also be slower or faster than comoving,
depending on whether, at its formation,(

1− aAHṙAH

TAH

)
≶ 1
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ṙAH = 0 leads to an AH that is exactly comoving: then

1

M

dM

dt
=

1

RAH

dRAH

dt
= HAH ⇒ M(t) = M0a(t)

and the MSH mass shows a linear cosmological coupling.
When the AH forms, it can also be slower or faster than comoving,
depending on whether, at its formation,(

1− aAHṙAH
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How does a horizon evolve?

Possible evolutions of slower than comoving AH:

↑ asymptotically
comoving Alt

(Forbidden configuration !)

OnTal/dah

-> Wah >Tah/eah)o
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CC and primordial black holes
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CC and primordial black holes

Observational signatures

Let’s assume that black holes are cosmologically coupled: is there any
observational evidence?

Observations suggest that SMBHs must have grown much faster at
redshifts z > 6 than standard astrophysical channels [Volonteri et
al. Nat. Rev. Phys. 3, 732 (2021)].
Recent reports show plausible evidence for cosmological coupling
between the masses of SMBH and the scale factor, obtained from
data of black hole populations in red elliptical galaxies in the
redshift range 0 < z ≤ 2.5 [Farrah et al. AJL 944, L31 (2023)].
Virgo/LIGO reveal the presence of much heavier stellar mass black
holes than predicted from well-established models of stellar
evolution [Abbott et al. PRL 125, 101102 (2020)].
What are other possible effects?
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CC and primordial black holes

Effects on Hawking evaporation and PBH as dark matter

Hawking evaporation and growth due to CC are competing processes.
Assuming that CC switched on at some zCC so that

M(z) = Mθ(z − zCC) +M

(
1 + zCC

1 + z

)k
θ(zCC − z)

that is M ∝ ak after some zCC and assuming adiabaticity
we can model the two effects as (MR et al astro-ph 2607.13857)

dM(t)

dt
= ΓHR[M(t)] + ΓCC[M(t), t]

where

ΓHR = − CHR

M(t)2
, ΓCC[M(t), t] = kH(t)M(t)
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CC and primordial black holes

Effects on Hawking evaporation and PBH as dark matter

Evolution of a primordial BH with initial mass 4.5× 1014 g: 9

2 4 6 8 10 12 14 16 18

t [Gyr]

0 1 2 3 4 5 6
t [s]

0

1

2

3

4

5

6

M
[g

]

�1017

�1014

tCC t0
HR only

CC only

HR+CC

FIG. 1. Illustrative mass evolution of evaporating and/or cosmologically coupled BHs for three benchmark scenarios of interest,
all of which are normalized to have the same value of mass at the time the CC mechanism activates, MCC = M(tCC), with the
activation redshift being zCC = 0.2. The two vertical gray dashed lines indicate the time at which the CC mechanism activates
(leftmost line, tCC → 11.5Gyr) and the present time (rightmost line, t0 → 13.8Gyr). The red dotted curve corresponds to a
pure Hawking evaporation evolution of a BH whose mass at formation is Mform = 4.5 ↑ 1014 g: by zCC, Hawking evaporation
has reduced the BH mass to MCC ↓ 2.5 ↑ 1014 g, and the BH evaporates at t0. The blue dashed curve instead corresponds to
a pure CC evolution of a BH whose mass at formation is Mform ↓ 2.5 ↑ 1014 g, where the coupling strength is k = 1.7. Finally,
the green solid curve shows the mass evolution of an evaporating cosmologically coupled BH, with the same formation mass as
the red curve and the same CC parameters as the blue curve. For t < tCC, the red and green curves overlap by construction.
In this example the CC mechanism slows down the final stages of evaporation and prevents the BH from evaporating at t0,
prolonging its lifetime by → 30% to tev → 18.0 Gyr.

HR-dominated and CC-dominated trajectories, as it only
captures the present-day sign of Ṁ . Stated di!erently,
a BH may lie above the black curve and hence be CC-
dominated today, but may still eventually enter the HR-
dominated branch and evaporate at a finite future time.
We find that the black curve is very well approximated
by the hyperbola k(zCC) → 0.17 + (3zCC)→1. Finally, the
contour lines in Fig. 2 connect points in the zCC-k plane
which lead to the same present-day residual mass M0.

Finally, in Fig. 3 we show upper limits on the present-
day (primordial) CCBH density parameter ”ccbh, as a
function of both the primordial CCBH formation mass
Mform (lower horizontal axis) and present-day mass M0
(upper horizontal axis), the latter computed for the spe-
cific k = 3 and zCC = 3 evaporating CCBH benchmark.
The blue solid curve corresponds to the standard case
where only HR is present, and is the baseline against
which we compare the e!ects of the CC mechanism. For
simplicity, we consider three evaporating CCBH bench-
marks, characterized by the following values of the CC
parameters: k = 3 and zCC = 1 (red dotted curve),
k = 1 and zCC = 3 (green dashed curve), and k = 3

and zCC = 3 (magenta dash-dotted curve). As expected
from the previous discussion, turning on the CC mech-
anism necessarily weakens the evaporation constraints.
In other words, at fixed Mform, the allowed abundance
of CCBHs is larger relative to the uncoupled case. The
reason is that the CC mechanism keeps the CCBH far
from the (runaway) endpoint of the evaporation regime
for a longer time, thereby reducing the intensity of the
photons emitted during the evaporation. We stress that
this intensity, and therefore the EGRB signal, is sensitive
to the entire mass history M(z) entering Eq. (21), rather
than just the formation mass or the present-day mass.

A few points concerning the above limits and their
physical interpretation are worthy of further discussion.
We first note that, in the usual studies of PBH evapo-
ration constraints, for most of the parameter space con-
sidered here one typically neglects the di!erence between
Mform and M0, and treats the evaporating PBHs as be-
ing quasi-static over the age of the Universe, at a single
mass Mpbh. In other words, in the integral of Eq. (21)
one typically sets M(z) = Mpbh → Mform → M0. This is
a good approximation because Hawking evaporation is a
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FIG. 3. Upper limits on !ccbh, the present-day CCBH density parameter, as a function of the CCBH formation mass Mform.
The limits are derived for di”erent evaporating CCBH benchmarks: k = 3 and zCC = 1 (red dotted curve), k = 1 and zCC = 3
(green dashed curve), and k = 3 and zCC = 3 (magenta dash-dotted curve). Note that the blue solid curve corresponds to
the standard case where only Hawking radiation is at play, which is recovered in the limit where k = 0 and zCC = 0. The
upper horizontal axis shows the present-day CCBH mass M0, computed for the specific k = 3 and zCC = 3 evaporating CCBH
benchmark, and is colored in magenta to reinforce the connection to the magenta benchmark. This upper horizontal axis is
plotted simply for representative purposes, and is useful for assessing whether limits depending on the present-day mass of the
CCBH population, such as microlensing limits, may also become relevant.

ter Mpbh. This one-to-one mapping no longer holds for
CCBHs, so limits which normally apply to di!erent re-
gions of Mpbh parameter space, such as evaporation vs
microlensing limits, may now simultaneously apply to a
given CCBH population, even if this is monochromatic.
A complete investigation of non-evaporation constraints
on the full CCBH parameter space requires a dedicated
study which is beyond the scope of this paper, and is
therefore left to future work.

V. CONCLUSIONS

Recent observational and theoretical advances have led
to cosmologically coupled black holes (CCBHs) receiving
tremendous interest, as these objects may play a role in
addressing both the singularity and cosmic acceleration
problems, while leading to a host of other unique observa-
tional signatures [59–108]. However, all existing studies
on CCBHs treat these as purely classical objects, neglect-
ing Hawking radiation (HR). Evaporation can have a sig-
nificant impact on the evolution of CCBHs, as it acts to
decrease the CCBH mass, thereby competing with the
cosmological coupling (CC) mechanism, which instead

acts to increase the CCBH mass. Our goal in this work
has therefore been to take a first step towards studying
evaporating CCBHs and their phenomenology. We have
argued that the problem is most naturally tackled within
a quasi-adiabatic approximation. Specifically, we evolve
the CCBH mass under the combined e!ects of CC (via
the usual power-law mass growth ansatz) and HR, with
the instantaneous evaporation rate taken to be the stan-
dard Hawking one evaluated at the corresponding value
of the evolving CCBH mass. The validity of this approxi-
mation does not require a hierarchy between the CC and
HR rates, but rather that the mass evolution be slow
compared to the typical CCBH dynamical timescale, in
which case the CCBH can be treated as evolving through
a sequence of quasi-static configurations.

We have shown that the competition between HR and
CC cannot lead to a stable balance configuration: the
system is instead characterized by a time-dependent in-
stantaneous balance mass, which defines an unstable con-
figuration. The asymptotic outcome of the evolution of
evaporating CCBHs is therefore either CC-dominated or
HR-dominated. In the former case, the CCBH mass is
ever-increasing as time goes on. In the latter case, the
CCBH ultimately evaporates at a finite time, but its life-
time is increased, relative to the uncoupled case, by the

If dark matter is made of primordial black holes, CC alters the mass
window.
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CC and Pulsar Timing Array (PTA)

Effects on Pulsar Timing Array

Pulsar Timing Array (PTA)
experiments like NanoGrav
are designed to measure the
stochastic background of
gravitational waves by
means of pulsar signal
distortions. If the
background is generated by
merging supermassive black
holes there is a problem
with data.
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CC and Pulsar Timing Array (PTA)

Effects on Pulsar Timing Array

Cosmological coupling can leave an imprint on PTA data on the
stochastic gravitational wave background (SGWB), when
attributed to the merger of supermassive black holes. The
standard amplitude is:

A2 =
4(GM)5/3

3π1/3H0

∫ zmax

zmin

ṅ(z)dz

(1 + z)4/3E(z)

Because the inspiral phase is very long, the mass growth can
significantly alter the amplitude of SGWB through an increasing
chirp massM. Assume Croker’s growth model (−3 < k < 3)

M(z) = MiΘ(z − zi) +Mi

(
1 + zi
1 + z

)k
Θ(zi − z)
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CC and Pulsar Timing Array (PTA)

Effects on Pulsar Timing Array

The amplitude changes according to

A2 =
4(GM)5/3

3π1/3H0
(zi + 1)5k/3

∫ zmax

zmin

dz
ṅ(z)

(1 + z)(5k+4)/3E(z)
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Conclusions

Conclusions

An exactly static black hole event horizon embedded in the
time-dependent geometry generates a naked null singularity
located at a finite areal radius. All radial null and timelike
geodesics are future-inextensible at this static horizon leading to
geodesic incompleteness, which define spacetime singularities
(Hawking-Penrose theorems). This is confirmed by a divergent
Ricci scalar.
Scale separation is not sufficient: static horizon in expanding
universes cause catastrophic effects no regardless of the magnitude
of the expansion rate!
The evolution of apparent horizons seems to be generic: in the long
term they become comoving.
CC has an impact in modelling DM as primordial black holes. It
also affects PTA signals.
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Null geodesics in isotropic coordinates

Isotropic and Rindler coordinate

Schwarzschild metric in spherical and isotropic coordinates

ds2 = − (1− 2M/r̃) dt2 + (1− 2M/r̃)−1 dr̃2 + r̃2dΩ2

r̃ = r

(
1 +

M

2r

)2

⇒ ds2 = −
(

2r −M
2r +M

)2

dt2 +

(
1 +

M

2r

)4 [
dr2 + r2dΩ2

]
Note that the horizon now is located at r = M/2! Set

x

2
=

2r −M
2r +M

⇔ r =
M(x+ 2)

2(2− x)
, dr =

2M

(x− 2)2
dx

The metric becomes

ds2 = −x
2

4
dt2 +

1024M2

(x+ 2)4(x− 2)4
dx2 +

64M2

(x+ 2)4(x− 2)4
dΩ2

In the limit x→ 0 we have the near-horizon Rindler metric

ds2 = −x
2

4
dt2 + 4M2

[
dx2 + dΩ2

]
with R =

1

2M2
.
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Null geodesics in isotropic coordinates

Null geodesics in isotropic coordinates

Schwarzschild solution in isotropic coordinates:

ds2 = −
(

2r −M
2r +M

)2

dt2 +

(
1 +

M

2r

)4 [
dr2 + r2dΩ2

]
Null radial ray with tangent vector (u0, u1, 0, 0) with normalisation
condition

uαuα = 0 ⇒ u1

u0
= ±4r2(M − 2r)

(M + 2r)3

In the near-horizon region r →M/2 we have :

x

2
→ 1

M

(
r − M

2

)
and

u1

u0
' ∓ 1

4M

(
r − M

2

)
⇒ u1

u0
→ ∓x

8

The geodesic equation for u0 is

du0

dλ
+ 2Γ0

01u
0u1 = 0 ⇒ du0

dλ
− 8Mu0u1

(M − 2r)(M + 2r)
= 0
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Null geodesics in isotropic coordinates

In the near-horizon region

du0

dλ
∓ 1

2M
(u0)2 = 0

The solution has the form

u0 = ∓ C

λ− λ0
with C and λ0 arbitrary constant.
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McVittie metric

Can we interpolate FLRW and Schwarzschild?
After the discovery of the Schwarzschild solution, McVittie
proposed in 1933 a metric that interpolates it with FLRW at large
scale.
But why bother? The size of a black is negligible compared to the
Universe (separation of scales)
Until 1929 the Universe was though to be static (Einstein found a
solution of his equations provided a cosmological constant Λ was
introduced in its equations)
In 1929 everything changed when Hubble discovered the
eponymous expansion law (Λ became the “biggest blunder”...) and
it became sensible to look for an interpolating solution.
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McVittie metric

The metric of the McVittie solution in isotropic coordinates is

ds2 = −
[
1− m0

2ra(t)

]2 [
1 +

m0

2ra(t)

]−2
dt2

+a(t)2
[
1 +

m0

2ra(t)

]4 (
dr2 + r2dΩ2

)
For a = 1 it becomes Schwarzschild, for a(t)→∞ it becomes
FLRW.
The source is a fluid with G1

0 (unphysical no-accretion condition)
and

8πP = −3H2 − 2Ḣ

(
1 +

m0

2ra(t)

)(
1− m0

2ra(t)

)−1
The solution shows a singularity at the horizon located at
r = m(t)/2, where pressure diverges and energy conditions are
violated.
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