
Phys. Status Solidi B, 1–12 (2016) / DOI 10.1002/pssb.201600531

Feature Article

p s s
basic solid state physics

b

st
a
tu

s

so
li

d
i

www.pss-b.comp
h

y
si

ca

Part of Special Issue on
Single-Electron Control in Solid-State Devices

Electronic quantum optics beyond the
integer quantum Hall effect
Dario Ferraro*, Thibaut Jonckheere, Jérôme Rech, and Thierry Martin
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The analogs of two seminal quantum optics experiments are
considered in a condensed-matter setting with single-electron
sources injecting electronic wave packets on edge states coupled
through a quantum point contact. When only one electron is in-
jected, the measurement of noise correlations at the output of the
quantum point contact corresponds to the Hanbury–Brown and
Twiss setup. When two electrons are injected on opposite edges,
the equivalent of the Hong–Ou–Mandel collision is achieved,
exhibiting a dip, as in the coincidence measurements of quan-

tum optics. The Landauer–Büttiker scattering theory is used to
first review these phenomena in the integer quantum Hall effect,
next, to focus on two more exotic systems: edge states of two-
dimensional topological insulators, where new physics emerges
from time reversal symmetry and three-electron collisions can
be achieved; and edges states of a hybrid Hall/superconducting
device, which allow electron quantum optics experiments with
Bogoliubov quasiparticles to be performed.

© 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction Electronic quantum optics (EQO)
[1, 2] aims at exploring the intimate nature of solid-state
systems by generating, manipulating and measuring individ-
ual electronic wave-packets (WPs) ballistically propagating
in mesoscopic devices, in the same spirit as is convention-
ally done for photons transmitted along wave-guides. This
opens up new prespectives for real-time electron interfer-
ometry in the context of nanophysics. For this purpose, on-
demand single electron and hole sources (SES) have been
achieved, for instance by means of driven mesoscopic ca-
pacitors [3–6] coupled via a quantum point contact (QPC)
to the edge states of an integer quantum Hall (IQH) system,
or via properly designed Lorentzian voltage pulses [7–9] im-
posed on a two-dimensional electron gas. The edge states
in the IQH effect, which are exempt of backscattering, play
the role of such waveguides and a QPC placed downstream
is equivalent to a half-silvered mirror, as it partitions elec-
trons that are either reflected by or transmitted through the
QPC. Electrons differ from photons in many aspects: they
obey fermionic statistics, they are charged particles that in-
teract among themselves and with their environment and,
finally, they are always accompanied by a Fermi sea close
to which electron–hole pairs may be easily generated. More-
over, while in quantum optics experiments the coincidence

rate is measured at the two outputs, here the noise cross-
correlation signal at zero frequency is typically computed or
measured [2].

One of the main achievement of EQO has been the re-
alization of the electronic equivalent of the Hanbury–Brown
and Twiss [10] (HBT) experiment where a single-electron
source injects electrons on a QPC, followed by the Hong–
Ou–Mandel [11] (HOM) experiment, where two electrons
incident from two independent sources collide at the QPC.
These scenarios represent fundamental tests of quantum me-
chanics for both photons and electrons, as they probe both
their statistics and the form of the injected WPs. In the elec-
tronic HBT interferometer, the Pauli principle leads to the
antibunching between the injected electrons and the thermal
ones incoming from the second channel [12]. In the HOM
fermionic setup, when the emissions of the two colliding
electrons are perfectly synchronized, one expects a suppres-
sion of the noise due again to the Pauli principle because
the electrons are forced to emerge on opposite sides of the
QPC. Conversely, for a long enough delay, twice the HBT
signal is obtained for the noise in the HOM setup as the two
sources are independent [13]. Experiments [14] do validate
the presence of a Pauli dip in the noise correlations, although
this dip does not fall to zero at coincident injection: this is
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2 D. Ferraro et al.: Electronic quantum optics beyond integer quantum Hall effect

attributed to decoherence effects because of the presence of
two or more interacting channels [15].

In this paper, we wish to point out that EQO is not limited
to the IQH regime. In addition to presenting the basic physics
of HOM interferometry for IQH at filling factor ν = 1, we
explore two different situations where the paradigms of EQO
are also present. First, we consider the situation of the quan-
tum spin Hall (QSH) effect in a two-dimensional (2D) topo-
logical insulator [16, 17], where two counter-propagating
edge states carrying electrons with opposite spin appear on
each side of the Hall bar [18]. In this situation (with or with-
out spin flip processes at the QPC), it is possible to study the
interplay between Fermi statistics and time-reversal symme-
try (TRS) using HOM interferometry, with two or even three
SES. Next, we study the interplay between the IQH effect and
superconductivity, as Andreev reflections convert an injected
electron into a coherent superposition of electrons and holes –
a Bogoliubov quasiparticle – which can subsequently be used
as an input quasiparticle for an HBT or an HOM interfero-
metric device [19]. Such Bogoliubov quasiparticles, although
generated from electrons of finite energy above the Fermi sea,
have recently been identified as possible realization of Ma-
jorana fermions in a condensed-matter system [20–22]. For
simplicity, in both of these extensions, we work solely with
scattering theory and do not include interactions between the
edges or with the electromagnetic environment surrounding
the device.

2 Hong–Ou–Mandel electron collisions in the in-
teger quantum Hall effect We start by considering the
case of standard IQHE in the QPC geometry [23] (see Fig. 1).
A SES injects electrons on each incoming edge state, and cur-
rent cross-correlations are detected at the two outputs of the
QPC, exhibiting a dependence on the delay between injec-
tions. In experiments, the voltage drive is typically a periodic
square wave, which results in the controlled emission of a
regular train of single electrons and holes [3, 4, 24].

V1 t

V2 t

I2
out t

I1
out t

Figure 1 HOM setup in the IQH regime. Two chiral edge channels
meet at a QPC. Each one is coupled to a SES in the optimal regime
of emission of electrons (holes). Current cross-correlations at the
two outputs are measured at zero frequency as a function of the
delay between the electron emissions. Figure taken from Ref. [13].

We consider the outgoing current cross-correlations at
zero frequency:

Sout
12 =

∫
dt dt′

〈
I out

1 (t)I out
2 (t′)

〉
c
, (1)

where I out
1 (t) and I out

2 (t) are the currents outgoing from the
QPC (see Fig. 1) and where we defined the connected cor-
relator 〈AB〉c = 〈AB〉 − 〈A〉〈B〉. We can safely assume a
linear dispersion for the electrons along the edge and chi-
rality (from now on we assume the Fermi velocity vF = 1,
reintroducing it only where needed). We compute the cross-
correlations at the output of the QPC, using conventionally
an x-axis pointing in the propagation direction of each edge.
A scattering matrix with transmission (reflection) probability
T (R = 1 − T ) characterizes the QPC. The currents outgo-
ing from the QPC can be written in terms of the incoming
field operators as

I out
1 = T I1 + RI2 + ie

√
RT (Ψ †

1 Ψ2 − Ψ
†
2 Ψ1),

I out
2 = RI1 + T I2 − ie

√
RT (Ψ †

1 Ψ2 − Ψ
†
2 Ψ1),

with Ψl (l = 1, 2) the annihilation operator for an electron on
edge l and where we neglected the time dependence for nota-
tional convenience. Replacing these expressions into Eq. (1)
allows the outgoing noise to be expressed as [25]

S out
12 = RT (S11 + S22 + Q) . (2)

The last term encodes quantum-interference contributions:

Q = −e2

∫
dtdt′

[
〈Ψ1(t)Ψ

†
1 (t′)〉〈Ψ †

2 (t)Ψ2(t′)〉

+〈Ψ †
1 (t)Ψ1(t

′)〉〈Ψ2(t)Ψ †
2 (t′)〉

]
, (3)

while the first two terms are the incoming autocorrelation
noise associated, respectively, to I1 and I2. Notice that the
averages are evaluated with respect to the initial state |ϕ〉 and
correspond to the first-order electronic coherence functions
defined in [25].

Calculations are performed in the simple case in which a
single electron, with a given WP, is injected into each edge.
This allows analytical expressions to be obtained for the
HOM dip, which corresponds to the cross-correlated noise
when two WPs collide from opposite sides of the QPC. The
state corresponding to an electron injected with WP ϕ1,2(x)
on edge 1, 2 reads:

|ϕ1,2〉 =
∫

dx ϕ1,2(x) Ψ
†
1,2(x) |F 〉, (4)

where |F 〉 indicates the edge state Fermi sea at finite tem-
perature T . For identical WPs ϕ1,2 = ϕ(x), reaching the QPC
with a delay δt, the noise normalized by twice the HBT noise
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(only one source emitting [12]) is:

SHOM(δt)

2SHBT

= 1 −
∣∣∣∣∣
∫ ∞

0
dk|ϕ̃(k)|2e−ikδt(1 − fk)2∫ ∞
0

dk|ϕ̃(k)|2(1 − fk)2

∣∣∣∣∣
2

, (5)

where

fk = 1

1 + e(k−kF )/T
(6)

is the Fermi distribution (kF the Fermi momentum), ϕ̃(k) is
the WP in momentum space, and

SHBT = −e2RT
(∫ ∞

0
dk|ϕ̃(k)|2(1 − fk)2∫ ∞

0
dk|ϕ̃(k)|2(1 − fk)

)2

. (7)

Equation (5) shows immediately that SHOM(0)/(2SHBT) = 0,
as a consequence of Fermi statistics. By contrast, when δt is
much larger than the inverse width of ϕ̃(k), SHOM(∞) is the
sum of the HBT noise of the two electrons taken indepen-
dently, andSHOM/(2SHBT) = 1. At low temperature, when the
injected WP does not overlap with the Fermi sea, one has:

SHOM(δt)

2SHBT

= 1 −
∣∣∣∣
∫

dτ ϕ(τ) ϕ∗(τ + δt)

∣∣∣∣
2

, (8)

which is similar to the case of optics [11] as the profile of the
HOM dip corresponds to the autoconvolution of the WP. The
functional forms of the HOM dip can be obtained analytically
for various types of WPs. The SES of Ref. [3] is believed to
generate Lorentzian WPs of the form:

ϕ̃(k) =
√

Γ√
2π

1

(k − k0) + i Γ

2

, (9)

which corresponds to Breit–Wigner resonance associated
with the emission by the discrete level of a quantum dot
of width Γ/2 at energy k0, with a half exponential (see Fig.
1) real-space profile ϕ(x) = √

Γ eik0xe
Γ
2 xθ(−x) (θ(x) is the

Heaviside function). At zero temperature, the noise corre-
sponding to two such WPs, centered at the same energy k0

but with different widths Γ1,2 reads:

SHOM(δt)

2SHBT

= 1 − 4Γ1Γ2

(Γ1 + Γ2)2

[
θ(δt)e−Γ1δt + θ(−δt)eΓ2δt

]
.

(10)

This HOM dip lacks mirror symmetry: its exponential
behavior is characterized by the time constants Γ −1

1 or Γ −1
2 ,

respectively, depending on the sign of δt. The dip does not
reach zero as for Eq. (5). The reduced contrast (less than
unity) reflects the distinguishability of the injected electrons.
This asymmetry is clearly not present for WPs generated

by a Lorentzian voltage applied directly to the edge chan-
nels [7, 9, 26] or when considering the adiabatic limit for the
emission of a SES [23, 27, 28].

We compare our formulas with the numerical results of a
Floquet calculation [29–31] properly modeling the emission
process from a realistic periodic source [6, 24]. This emitter
consists of the mesoscopic capacitor [3, 4, 12]: a quantum
dot with discrete levels connected through a QPC to the
edge state that is driven by a gate applying a periodic square
drive V (t). The highest occupied state is first positioned
above the Fermi level, causing the tunneling of a dot electron
to the edge; this (now) empty level is next placed below the
Fermi sea, causing the emission of a hole. Periodic square
voltage with an amplitude identical to the dot level spacing
Δ yield optimal emission.

The Floquet approach allows us to evaluate numerically
current and noise [24]. Figure 2 shows the comparison be-
tween the numerical results for the HOM dip with the analyt-
ical formula in Eq. (10). The upper panel shows a symmetric
profile, due to the fact that the two SES are identical. The
dips (with minimum value 0 at zero delay) are broader for
lower emitter transparencies. This is a consequence of the
fact that electrons take a longer time to exit the dot, leading

100 50 0 50 100
0.0

0.2

0.4

0.6

0.8

1.0

0 T 0

0

1

d t

SHOM d t

2 SHBT

100 50 0 50 100

0.0

0.2

0.4

0.6

0.8

1.0

d t

SHOM dt

2 SHBT

Figure 2 Normalized HOM noise as a function of the delay in the
electron (hole) emission δt. Full curves represent the result obtained
within the Floquet scattering matrix formalism in the optimal emis-
sion regime of the SES. Dotted-dashed curves are the analytical pre-
dictions of Eq. (10) for exponential WPs. Upper panel: symmetric
profile, with emitter transparencies D = 0.2 (red curve), 0.5 (green
curve), and 0.8 (blue curve). Inset: dips for D = 0.2 on two periods
of the applied voltage. Lower panel: asymmetric profile, with trans-
parencies D1 = 0.2, D2 = 0.5 (bottom red curve) and D1 = 0.1,
D2 = 0.8 (top blue curve). Other parameters are: T0 = 400 (in units
of �/Δ) the period of the applied voltage, and T = 0.01Δ the tem-
perature. Figure taken from Ref. [13].
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4 D. Ferraro et al.: Electronic quantum optics beyond integer quantum Hall effect

to a broader WP. In the optimal regime, the electron emission
time corresponds to [24, 32]

τ = 2π

Δ

(
1

D
− 1

2

)
. (11)

This value (with Γ = τ−1) is chosen to plot the analyti-
cal predictions from Eq. (10) (dotted-dashed curves). The
agreement is excellent, especially at low enough trans-
parency, where the single-electron emission is properly
achieved [4, 25]. Concerning the asymmetric profile (lower
panel), the contrast is smaller than 1. Also in this case both
the numerical and the analytical approaches agree very well.

The HOM interferometry with fermions is thus character-
ized by a dip in the zero-frequency current cross-correlations
in collisions between two electrons, whose shape depends on
the injected WPs. This same setup also offers the interesting
possibility (not shown) to achieve electron–hole collisions,
which produce an HOM peak at high enough temperature
[13].

3 Electronic quantum optics with 2D topological
insulators Such materials exhibit the QSH effect [16, 17].
The first experimental observations of this peculiar state of
matter have been carried out in CdTe/HgTe [33, 34] and
InAs/GaSb [35–37] quantum wells. The QSH effect man-
ifests itself through a gapped bulk and metallic edge states
[38] where electrons with opposite spin propagate in oppo-
site directions along the edges as a consequence of spin–orbit
interaction. The topologically protected helical edge states of
the QSH effect, with their spin-momentum locking proper-
ties, suggests that they could be studied in a EQO context
[18] especially given the recent proposals for an electron
source and beamsplitter. Indeed, the characterization of the
SES has already been provided [39–41]. This pair-electron
source (PES) is predicted to trigger the injection into the he-
lical edge states of a pair of electrons (holes) with opposite
spin per period. However, the experimental realization of a
QPC in the QSH regime still represents a challenge due to the
same Klein mechanism that prevents confinement of mass-
less Dirac fermions in graphene [42]. Still, new generation
heterostructures [36, 37] give reasonable hopes of possible
applications to EQO.

3.1 Model The Hamiltonian of the system, in the pres-
ence of a QPC, is given by [40, 43–45]

H = H0 + Hsp + Hsf (12)

with

H0 = −i�
∑

α=R,L

∑
σ=↑,↓

∫ +∞

−∞
dx ξα : Ψ †

α,σ
(x)∂xΨα,σ(x) : (13)

the free Dirac Hamiltonian of the one-dimensional helical
edge channels. Here, Ψα,σ(x) extends the previous definition

Σ

R, ↑
L, ↓

R, ↓
L, ↑

PES1

PES2 PES3

Figure 3 Schematic view of a QSH bar with spin-up (full arrows)
and spin-down (dashed arrows) electrons. Dotted lines indicate the
scattering processes, compatible with TRS, which affect the current
in the R, ↑ outgoing channel (see main text). Pair-electron sources
(PES) are represented with colored circles. Figure taken from Ref.
[18].

for the electronic annihilation operator by taking into account
the chirality (α = R, L) and spin (σ =↑, ↓) degrees of free-
dom. Moreover, ξR/L = ±1 represents the chirality index and
: ... : indicates the conventional normal ordering. Assuming
a local QPC, one obtains two additional contributions:

Hsp = 2�

∑
σ=↑,↓

γspΨ
†
R,σ

(0)ΨL,σ(0) + h.c. (14)

the spin-preserving and

Hsf = 2�

∑
α=R,L

ξαγsfΨ
†
α,↑(0)Ψα,↓(0) + h.c. (15)

the spin-flipping tunneling Hamiltonian.
TRS of the total Hamiltonian H is guaranteed as long as

γsp and γsf are real numbers [43, 46] (γsp > γsf is generally
assumed). The evolution of the fermionic field operators is
specified by the Heisenberg equation of motion in Dirac form.
This allows us to specify the incoming/outgoing scattering
states/operators, which are related by a 4 × 4 scattering ma-
trix describing the QPC [43, 47], whose structure reflects the
TRS. The scattering matrix elements are then parametrized
by λpb, λff , λpf [43, 47], namely the amplitude probabilities of
spin-preserving backscattering, spin-flipping forward scat-
tering and spin-preserving forward scattering processes (re-
spectively, orange, magenta, and green dotted lines in Fig. 3)
[40]. They naturally satisfy the constraint

|λff |2 + λ2
pf + |λpb|2 = 1 (16)

imposed by charge conservation.

3.2 Autocorrelated noise We want to investigate
now the autocorrelated outgoing noise. We will focus for sim-
plicity on the (R, ↑) channel, the expressions for the other
possible cases can be derived, proceeding in the same way.

© 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.pss-b.com
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It reads

S out
R↑,R↑ =

∫
dtdt′〈I out

R↑ (t)I out
R↑ (t′)〉ρ,c, (17)

where the notation indicates that the connected correlator is
calculated over a density matrix of the form ρ = |ϕ〉〈ϕ|. In
terms of the incoming signals, it can be written as

S out
R↑,R↑ = |λff |4SR↓,R↓ + λ4

pfSR↑,R↑ + |λpd|4SL↑,L↑ + Q.

(18)

Notice that the interesting physics is encoded in the last term
of Eq. (18) that extends what we already evaluated in the
IQH case, while the others are the auto-correlations of the
incoming currents, which vanish when taking the average
over one period and computing their zero frequency Fourier
component [4, 12]. Its explicit form here is

Q = [
(A + B + C)Q(FS) + (A + B)Q(HBT)

R↓

+ (A + C)Q(HBT)
R↑ + (B + C)Q(HBT)

L↑

+AQ(HOM)
R↓,R↑ + BQ(HOM)

R↓,L↑ + CQ(HOM)
R↑,L↑

]
, (19)

where A = |λff |2λ2
pf , B = |λff |2|λpb|2, C = λ2

pf |λpb|2 (these
can be tuned by modifying the QPC parameters [45, 48]).
The Fermi sea [49, 50], the HBT [12], and the HOM [13, 14]
noise contributions read, respectively:

Q(FS) = e2

π

∫
dt̄dξfξ

(
1 − fξ

)
, (20)

Q(HBT)
a

= e2

2π

∫
dt̄dξΔW (e)

a
(t̄, ξ)

(
1 − 2fξ

)
, (21)

Q(HOM)
a,b

= −e2

π

∫
dt̄dξΔW (e)

a
(t̄, ξ)ΔWb(t̄ + δ, ξ) (22)

with a and b the channels of injection and

ΔW (e)
a

(t̄, ξ) =
∫

dτeiξτΔG(e)
a

(
t̄ + τ

2
, t̄ − τ

2

)
(23)

the Wigner function [51] obtained as a partial Fourier trans-
form of the excess first order coherence [25]

ΔG(e)
a

(t, t′) = 〈Ψ †
a
(t′)Ψa(t)〉ρ − 〈F |Ψ †

a
(t′)Ψa(t)|F 〉. (24)

In the absence of spin-flip (A = B = 0), C becomes the
product of the transmission and reflection probability of the
QPC and one recovers what is observed in the IQH case. On
a more general level, when one of the scattering amplitudes
is zero only one of the A, B, C parameters survives and we
recover an equivalent result to that of the IQH situation.

In experiments, one subtracts the Fermi-sea contributions
to define the excess noise:

ΔQ = Q − (A + B + C)Q(FS). (25)

When considering the emission of a pair of identical WPs in
the form of Eq. (9) from a PES, the HBT contributions re-
duce to Q(HBT)

a
≈ e2, while the HOM contributions [13] read

Q
(HOM)
a,b (δt) ≈ −2e2 exp (−Γ |δt|). Notice that, for the sake of

simplicity, we have neglected the overlap of the injected elec-
tron WP with the Fermi distribution of the other channels
(emission high above the Fermi sea and at very low temper-
ature [12]).

3.2.1 Two-electron collision We consider the injec-
tion of electrons into the (R, ↑) and the (L, ↑) incoming
channels. Here, only PES1 and PES3 (respectively, green and
orange circles in Fig. 3) are “on”. This process is therefore
the QSH equivalent of the IQH case (equal spin injection).
The more relevant physical quantity to look at is the ratio
between the HOM noise (two sources emitting together with
finite delay δt) and the sum of the HBT noises associated
with the same sources:

q(2)
R↑,L↑(δt) ≈ 1 − Ie−Γ |δt|, (26)

where I = 2C/(A + B + 2C) is the visibility (see Fig. 4).
Equation (26) predicts a dip in the noise for electrons reach-
ing the QPC with a delay such as Γ |δt| < 1. Moreover, the
exponential form of the dip is reminiscent of the WP pro-
file. As in the IQH case discussed above, this Pauli dip is
due to the fermionic statistics of the electrons [14], while
the reduced visibility (compared to Ref. [13]) is due to the
presence of additional channels coupled at the QPC [52]. In-
deed, more outgoing channels lead to more partitioning at the
QPC and a consequent enhancement of the HBT noise con-
tribution. This effect can be very small or conversely quite
important depending on the visibility I (and consequently of
the intensity of γsp and γsf ), as shown in Fig. 5. Notice that
for γsf = 0 (absence of spin-flipping) one has I = 1 and we
recover the result of the IQH. It is worth mentioning that the
suppression of the visibility discussed here has a different
physical origin with respect to the one observed in the IQH
effect at filling factor ν = 2 [14, 15]. Indeed, even if in this
case several scattering channels are present, the QPC can be
easily experimentally tuned in a region where this effect is
absent (partial transmission of the outer channel and total re-
flection of the others). Moreover, additional checks allow us
to unequivocally identify the inter-channel interaction as the
dominant cause for the loss of contrast in the IQH case [53].

Due to spin-flip processes occurring at the QPC, opposite
spin electron interferometry is also possible for this kind of
device. For electrons of the same chirality we have:

q(2)
R↓,R↑(δt) ≈ 1 − J e−Γ |δt| (27)

www.pss-b.com © 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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6 D. Ferraro et al.: Electronic quantum optics beyond integer quantum Hall effect

Figure 4 Density plot of I (left), J (middle) and K (right) as a function of γsp and γsf . Figure taken from Ref. [18].

when PES1 and PES2 are “on” (green and magenta circles
in Fig. 3). Notice that we have defined a new visibility factor
J = 2A/(2A + B + C) (see Fig. 4). It is clear that the in-
terference process between (R, ↑) and (L, ↑) electrons can
be mapped into the one involving (R, ↑) and (R, ↓) electrons
by exchanging the spin-preserving and spin-flipping contri-
butions. Notice that at γsp = 0 (B = C = 0) we achieve the
maximum visibility (J = 1).

The present setup also offers the novel possibility to re-
alize the interference of electrons with opposite spin and op-
posite chirality:

q(2)
R↓,L↑(δt) ≈ 1 − Ke−Γ |δt| (28)

with PES2 and PES3 turned “on” (magenta and orange cir-
cles in Fig. 3) and K = 2B/(A + 2B + C). Maximum vis-
ibility is reached when A = C = 0, namely in a circle of
radius 1 in the (γsp, γsf ) plane (see Fig. 4).

In the three different two-electron collision configura-
tions (Eqs. 26, 27, and 28), the maximal visibility occurs
when one of the scattering amplitudes (respectively, λff , λpb,
or λpf ) is zero. Indeed, in this case, only two outgoing chan-
nels are available for the two electrons and we recover a zero
noise as in the IQH case.

However, the noise suppression observed for collision of
electrons with opposite spin is by far not trivial and is due

Figure 5 Behavior of q
(2)
R↑,L↑(δt) as a function of δt (in units of Γ −1)

for different values of spin-flipping and spin-preserving amplitudes:
γsp = 2, γsf = 0 (full black curve), γsp = 2, γsf = 1.5 (dashed green
curve), and γsp = 1, γsf = 0.3 (dotted blue curve). Figure taken
from Ref. [18].

to the constraints imposed by TRS and charge conservation
in the QSH system (see Ref. [54] for a similar discussion in
the case of a continuous current). This phenomenon, known
as Z2 dip, has also been discussed in Ref. [40] for a specific
range of parameters (γsp = 0, γsf �= 0), a particular case of
the more general analysis reported here.

3.2.2 Three-electron collision Unique to the QSH
effect is the possibility to translate three-photon HOM ex-
periments [55] to EQO. Here, the three PES of the setup
in Fig. 3 are operating. The delays in the electron emission
are, respectively, δt1 between (R, ↓) and (R, ↑); δt2 between
(R, ↓) and (L, ↑). Consequently, (δt2 − δt1) represents the
delay between (R, ↑) and (L, ↑). As previously, we obtain a
normalized noise:

q(3)(δt1, δt2) ≈ 1 − A
A + B + C e−Γ |δt1|

− B
A + B + C e−Γ |δt2 | − C

A + B + C e−Γ |δt2−δt1|. (29)

Remarkably enough, a perfect synchronization between the
PES leads to q(3)(δt1 = 0, δt2 = 0) = 0 for an arbitrary QPC.
This total noise suppression is a consequence of the interplay
between the fermionic statistics and the TRS in the QSH sys-
tems. This can be understood by considering the input state
a
†
R↑a

†
R↓a

†
L↑|F 〉 (creation of three electrons simultaneously, in

each input channel). In terms of the scattering matrix, one

Figure 6 Behavior of q
(2)
R↓,R↑(δt) (full black) and q

(2)
R↓,L↑(δt) (dashed

green) as a function of the δt (in units of Γ −1). Parameters are
γsp = γsf = 2. Figure taken from Ref. [18].
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can rewrite this as:

a†
R↑a

†
R↓a

†
L↑|F 〉 = (

λ∗
pbb

†
L↑ + λpfb

†
R↑ + λ∗

ffb
†
R↓

)
× (

λ∗
pbb

†
L↓ + λ∗

ffb
†
R↑ + λpfb

†
R↓

)
× (

λpfb
†
L↑ + λffb

†
L↓ + λ∗

pbb
†
R↑

) |F 〉.
(30)

TRS guarantees that each incoming operator a†
ασ

can be ex-
pressed as a linear combination of only 3 out of the 4 outgo-
ing operators b†

ασ
. Therefore, exploiting the unitarity of the

scattering matrix and the Pauli principle one obtains

a†
R↑a

†
R↓a

†
L↑|F 〉 = (

λpbb
†
L↑b

†
L↓ + λpfb

†
R↓b

†
L↑

+ λffb
†
R↓b

†
L↓

)
b†

R↑|F 〉. (31)

As is easy to note, this leads to the superposition of three
outgoing states, each involving the creation of an electron
in the (R, ↑) outgoing channel. Consequently, this channel
is always populated (no current fluctuations) independently
of the final outcome of the scattering process. The parti-
tion noise in this channel vanishes, which constitutes a di-
rect consequence of the interplay between TRS and Fermi
statistics.

In the absence of synchronized injections, the phe-
nomenology is even richer and crucially depends on the QPC
parameters (γsp and γsf ). Situations may occur where the noise
suppression is dominated by the (R, ↓ |L, ↑) interference
channel (see top panel of Fig. 7), or oppositely equal spin
injection (R, ↑ |L, ↑) can be favored (see bottom panel of
Fig. 7). According to this, the present setup allows us to in-
vestigate different interference configurations, by changing
the function of the QPC. Alternatively, HOM interferometry
can be seen as a way to quantify the characteristics of the
QPC, and in particular to assess the relative weight between
the spin-preserving and the spin-flipping tunneling ampli-
tudes.

To summarize, 2D topological insulators exhibiting the
QSH effect, are characterized by a very rich physics related to
the peculiar connection between spin and momentum of the
electrons propagating along the edges. Equal spin, as well as
opposite spin interference are allowed here as a consequence
of TRS. Moreover, three-electron injection/interference phe-
nomena similar to the ones observed for photons in the con-
ventional quantum optics can be investigated in this setup, in
contrast to what happens in the IQH case [18].

4 Nonlocal interference and Hong–Ou–Mandel
collisions of individual Bogoliubov quasiparticles
EQO scenarios are now revisited using a SES in the IQH
regime put in proximity with a superconductor (SC) (see
Fig. 8). The electrons that are injected can perform several
Andreev reflections [56] and can thus be converted partially
or totally into holes. Collisions between two Bogoliubov
quasiparticles at the location of a QPC can be obtained in

Figure 7 Density plot of q(3)(δt1, δt2) as a function of δt1 and δt2
(in units of Γ −1) for γsp = 1, γsf = 0.8 (top) and γsp = 2, γsf = 1.5
(bottom). Picture taken from Ref. [18].

the framework of HOM interferometry. Reference [22] con-
sidered this setup first, with electron “beams” (DC voltage
imposed between the two opposite edges) impinging on the
QPC rather than single quasiparticle excitations. It has been
argued [21, 22] that, since Bogoliubov quasiparticle creation
operators are related by a unitary transformation to their an-
nihilation counterpart, these excitations qualify as Majorana
fermionic excitations. This constitutes an alternative pro-
posal for Majorana fermions [20] compared to their topolog-
ical superconductor counterparts [57, 58], which gives rise to
a zero-bias anomaly in tunneling experiments [59, 60]. The
DC proposal [22] failed to address the single-shot creation
and collision of two Bogoliubov quasiparticles, leading in
principle to the annihilation of single Majorana excitations at
the QPC. Moreover, this proposal requires the measurement
of high-frequency noise [61] in a normal metal/SC device.
More than a decade ago the finite frequency noise of a normal
metal/SC junction was computed [62], but it has so far eluded
experimental observation. Single particle/quasiparticle injec-
tion presents the great advantage that only zero-frequency
noise needs to be measured [4]. Here, the injection process
is first characterized in terms of current and noise, exhibit-
ing the nonconservation of the charge and the conservation
of the excitation number. Next, EQO interferometric con-
figurations with a QPC are studied, and it is shown that the
averaged current (first-order coherence [1]) is independent
of the SC phase difference, while oscillations dependent on
the SC phase difference appear in the noise (second-order
coherence [63, 64]), which constitutes a clear signature of
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SES

SC

W

Figure 8 Schematic view of a single electron source (SES) inject-
ing electron and hole WPs into a IQH edge state at filling factor
ν = 2 coupled with a SC contact of length W . Figure taken from
Ref. [19].

nonlocal phenomena [19] together with the annihilation of
Majorana excitations at the QPC.

4.1 Source of Bogoliubov quasiparticles Two
edge channels at ν = 2 (Zeeman splitting and interchannel
interaction are ignored [65]) are coupled to a SES and to a
SC contact of length W (see Fig. 8). The SES injects into
the channels an electron (a hole) with well-defined WPs. A
spin-singlet coupling between the Hall channels and the SC
contact can, for instance, be realized in graphene [66, 67].

The action of the SC on incoming electrons with energy
below the induced SC gap Δs is described in terms of an
energy-dependent 4 × 4 transfer matrix M, constrained by
unitarity and particle–hole symmetry [22, 68]:

M(ξ) = (τx ⊗ I)M∗(−ξ) (τx ⊗ I) . (32)

In the above expression, I is the identity in spin space, while
from now on we indicate with τi (i = x, y, z) the Pauli matri-
ces acting on the electron–hole space and with σi (i = x, y, z)
the ones related to the spin degree of freedom. According to
this, the transfer matrixM is applied to a 4-component spinor
state [22]:

c(ξ) =

⎛
⎜⎜⎜⎝

ce,↑(ξ)

ce,↓(ξ)

ch,↑(ξ)

ch,↓(ξ)

⎞
⎟⎟⎟⎠ , (33)

where e (h) indicates the electron (hole) state and ↑ (↓) the
up (down) spin direction and ξ is the energy of the incoming
excitation. The particle–hole symmetry in Eq. (32) leads to
the constraint c(ξ) = τx ⊗ I

[
c†(−ξ)

]T
[58].

The parameters that enter the transfer matrix are: δ =
W/vF the time required for the excitation to cross the SC
region; α ≈ W/ls (ls = �v/Δs the proximity-induced coher-
ence length) and β ≈ W/lm with lm = (�/eB)

1
2 the magnetic

length of the Hall system (B the magnetic field); φ the phase
of the SC; γ and γ ′ the relative phase shifts of electrons and
holes in the presence of the magnetic field [22, 68, 69].

After some algebra, the explicit form of this transfer ma-
trix that takes into account Andreev reflection reads [22]:

M(ξ) = eiξδeiΓτzU(θ̃, φ)eiΓ ′τz , (34)

where we introduced the phase shifts Γ = γ + Ω, Γ ′ =
γ ′ + Ω, with Ω = arctan

(
β tan

√
α2 + β2/

√
α2 + β2

)
and

the matrix

U(θ̃, φ) = exp
[
iθ̃σy ⊗ (τx cos φ + τy sin φ)

]
, (35)

with θ̃ an angle such that

sin θ̃ = α sin(
√

α2 + β2)/
√

α2 + β2. (36)

By comparing the expression for the upper critical mag-
netic field in a Type II SC in terms of the coherence length
Bc = Φ0/(2πl2

s
) and the definition of the magnetic length lm,

the condition ls 
 lm (and consequently α � β) must be en-
forced to preserve the superconductivity.

We consider now a SES injecting a spin-up electron with
the same WP as in Eq. (9) into the SC region. For the sake of
simplicity we will investigate the zero-temperature case. The
outgoing state from the SC is a Bogoliubov quasiparticle (a
coherent electron/hole superposition with opposite spin):

|B〉 = We|e, ↑〉 + Wh|h, ↓〉
= cos θ̃|e, ↑〉 + sin θ̃e−iΦ|h, ↓〉, (37)

with Φ = 2Γ − φ and |e, ↑〉, |h, ↓〉 a notation for elec-
tron/hole outgoing states from the SC region.

The averaged total current and particle density outgoing
from the SC region are defined as:

〈ϕ|I|ϕ〉 = −e〈ϕ| : Ψ̃ †τzΨ̃ : |ϕ〉, (38)

〈ϕ|ρ|ϕ〉 = 〈ϕ| : Ψ̃ †Ψ̃ : |ϕ〉, (39)

where −e < 0 and we have omitted the time dependence for
notational convenience. Note that, in the above expressions,
the definition Ψ̃ (t) = (4π)−1/2

∫ +∞
−∞ dξe−iξtM(ξ)c(ξ) for the

outgoing spinor is required to avoid double counting [22].
Applying Wick’s theorem and considering well-

localized WPs in the positive energy domain, the current
reduces to:

〈ϕ|I(t)|ϕ〉 = −e cos(2θ̃)ϕ(t − δ)ϕ∗(t − δ). (40)

The outgoing electronic current of Eq. (40) differs from the
incoming one [1, 51] 〈ϕ|Iin(t)|ϕ〉 ≡ −eϕ(t)ϕ∗(t), by a time
delay δ and by a factor cos(2θ̃), which takes into account
the conversion of electrons into holes via Andreev reflec-
tions. This is simply the difference between the probability
|We|2 = cos2 θ̃ for the incoming electron to emerge as an
electron and |Wh|2 = sin2

θ̃ to be converted into a hole. For
θ̃ = 0 (|We|2 = 1 and |Wh|2 = 0) the SC contact only in-
duces a delay, while for θ̃ = π/2 (|We|2 = 0 and |Wh|2 = 1)

© 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.pss-b.com



Feature

Article

Phys. Status Solidi B (2016) 9

the incoming electron is completely converted into a hole
and a Cooper pair enters into the SC. More importantly, for
θ̃ = π/4 (|We|2 = |Wh|2 = 1/2) the electron and hole contri-
butions compensate and no averaged current flows out [70].
Nevertheless, this zero averaged current still bears fluctua-
tions. The charge outgoing from the SC contact,

Q =
∫ +∞

−∞
dt〈ϕ|I(t)|ϕ〉 = −e cos(2θ̃) (41)

is not conserved as a consequence of the creation/destruction
of Cooper pairs in the SC. Conversely, due to the unitarity of
the scattering matrix, the outgoing excitation density is given
by:

〈ϕ|ρ(t)|ϕ〉 = ϕ(t − δ)ϕ∗(t − δ) = 〈ϕ|ρin(t − δ)|ϕ〉,
(42)

which implies a mere time delay δ with respect to the in-
coming one. The prefactor is given by |We|2 + |Wh|2 = 1,
which illustrates the conservation of the number of injected
excitations:

N =
∫ +∞

−∞
dt〈ϕ|ρin(t − δ)|ϕ〉 = 1 . (43)

Both the nonconservation of the charge and the conservation
of the excitation number are encoded in the Bogoliubov–de
Gennes Hamiltonian.

We also consider the current noise at the output of the
SC contact:

Ssource =
∫ +∞

−∞
dt dt′〈ϕ|I(t)I(t′)|ϕ〉c = e2 sin2(2θ̃). (44)

The above quantity is proportional to Pe · Ph: it vanishes
in the absence of a SC contact (θ̃ = 0), as expected [4, 14],
and when the incoming electron is completely converted into
a hole (θ̃ = π/2). Its maximum is reached for θ̃ = π/4, when
the outgoing averaged current is zero.

4.2 Cross-correlated noise in a QPC geometry
We now investigate the outgoing cross-correlated noise in
a QPC geometry where one or two SES (SES1 and SES2)
inject electronic WPs with spin up in the vicinity of one or
two SC regions (see Fig. 9).

The annihilation spinors outgoing from the QPC are re-
lated to the ones emitted by the two SES through the scat-
tering matrix, which is parametrized by transmission (reflec-
tion) coefficientsT (R). The zero-frequency cross-correlated
noise outgoing from the QPC is again given by Eq. (1).

4.2.1 Hanbury–Brown–Twiss contribution When
only one of the two SES (labeled j) is “on,” we obtain the
HBT contribution to the noise. At zero temperature, the in-
jected excitations crossing the SC contact are converted into

Σ

SES1

SES2

SC1

SC2

c1 M1c1

c2M2c2

a1

a2

I out
1 (t)

I out
2 (t)

Figure 9 QPC geometry for Bogoliubov quasiparticles. The indi-
vidual electron sources SES1 and SES2 inject electrons (described
by the operators cj (j = 1, 2)), into the two SC contacts SC1 and
SC2. The outgoing excitation (Mjcj) reach the QPC and are parti-
tioned according to the scattering matrix Σ. We consider the cross-
correlated noise between the outgoing currents I out

j (t) (written in
terms of the operators aj). Figure taken from Ref. [19].

Bogoliubov quasiparticles that reach the QPC and get parti-
tioned [12]. This contribution to the noise is as follows:

S (j)
HBT = −e2RT cos2(2θ̃j). (45)

This represents the shot noise associated with a WP car-
rying charge Q (see Eq. 41) and is therefore proportional
to Q2. In the absence of SC (θ̃ = 0), SHBT = −e2RT , as
expected (see Eq. (7) in the zero-temperature limit). For
θ̃j = π/4, the state that reaches the QPC (a balanced superpo-
sition of electrons and holes) generates no noise at all. This is
because this individual zero-charged-quasiparticle excitation
presents a nontrivial internal structure which cannot be sim-
ply described in terms of an incoherent mixture of electrons
and holes [71, 72]. For θ̃j = π/2, the electron is completely
converted into a hole, and the noise is the same as for θ̃j = 0.

4.2.2 Hong–Ou–Mandel contribution If both the
SES are “on,” we obtain the HOM noise signal [13, 14]

SHOM = ΔSHOM + S (1)
HBT + S (2)

HBT (46)

with

ΔSHOM/S0 = A(δ1 − δ2 − η)
[
1 + cos(2θ̃1) cos(2θ̃2)

− cos(Φ12) sin(2θ̃1) sin(2θ̃2)
]
, (47)

S0 = e2RT , η the time delay in the emission between the two
SES, Φjk = 2Γj − 2Γk − φj + φk, and the squared overlap
A(τ) = | ∫ +∞

−∞ dtϕ∗(t − τ)ϕ(t)|2 between identical WPs with
a delay τ. This constitutes a general, central analytical result,
as it addresses the HOM collision of two unsynchronized
Bogoliubov quasiparticles.

When the two SC regions only differ in their order pa-
rameter phase and the two SES are properly synchronized
(η = 0) one obtains the simplified expression:

S2SC
HOM = e2RT sin2(2θ̃) [1 − cos(φ1 − φ2)] , (48)

which clearly shows a non-local dependence on the differ-
ence of the SC order parameter phases, as already pointed
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out in Ref. [22] in the DC regime. The device shows no de-
pendence on the SC phase at the level of the averaged current
(first-order coherence), but presents an oscillatory modula-
tion in the noise (second-order coherence). This is a clear
demonstration of the fact that noise measurements in this
kind of device allows to access purely two-quasiparticle ef-
fect in analogy to what was discussed in the framework of
the IQH effect for the interferometers of Refs. [73, 74] or the
revisitation of the Franson interferometer [75] proposed in
Refs. [27, 64].

If in Eq. (48) φ1 − φ2 �= 0 (mod. 2π), the noise vanishes
only when two electrons or two holes reach the QPC at the
same time (θ̃ = 0 or θ̃ = π/2) as a consequence of the Pauli
principle [13]. Remarkably, the noise reaches its maximum
for θ̃ = π/4. To explain this, look at the structure of the
ΔSHOM term in Eq. (47). By considering two Bogoliubov
excitations in the form of Eq. (37) simultaneously reaching
the QPC, this contribution to the noise is proportional to:

|W1
e
W2

e

∗ − W1
h
W2

h

∗|2

= | cos θ̃1 cos θ̃2 − sin θ̃1 sin θ̃2e
−i(Φ1−Φ2)|2. (49)

It thus corresponds to the difference between the product
of electron and hole probability amplitudes. In particular
for θ̃1 = θ̃2 = π/4 the Bogoliubov quasiparticles carry zero
charge and zero shot noise, but are far from trivial excitations
with a complex structure given by the coherent superposition
of electrons and holes that can be detected only at the level
of the two-quasiparticle interferometry. The above argument
is also useful in order to understand why the HOM contri-
bution to the noise in Eq. (48) is zero for φ1 − φ2 = 0 (mod.
2π). Under this condition indeed, the ΔSHOM term exactly
compensates the two (equal) SHBT contributions in analogy
to what occurs for the IQH case in the absence of interaction.

The peculiar structure of the HOM noise contribution
for two synchronized Bogoliubov excitations directly reflects
into the divergences associated with the ratio:

R2SC = S2SC
HOM

S (1)
HBT + S (2)

HBT

= −1

2
tan2(2θ̃) [1 − cos(φ1 − φ2)] . (50)

We can also achieve collisions between single electrons and
Bogoliubov quasiparticles: it is now shown that the elec-
tron colliding with the Bogoliubov quasiparticle allows us
to probe the content of the latter. Starting from Eq. (47) the
corresponding noise becomes:

S1SC
HOM = e2RT

{[
1 + cos(2θ̃)

]
A(δ1 − η) − cos2(2θ̃) − 1

}
,

(51)

with a maximum WP overlap A = 1, the reference electron
interferes with: (i) another electron (θ̃ = 0) leading to zero
noise (Pauli principle); (ii) with a hole (θ̃ = π/2) with a con-

Figure 10 Upper panel. Density plot of S1SC
HOM in units of S0 =

e2RT . “Blue” identifies negative regions where the hole contri-
bution dominates over the electron one, while the small red area
represents the positive noise. Lower panel. Density plot of R1SC as
a function of δ1 − η and θ̃. The blue area corresponds to negative
values of the ratio that cannot be reached in conventional electronic
quantum optics experiments. Figure taken from Ref. [19].

sequent minimum of the noise [13]; (iii) a more general Bo-
goliubov quasiparticle. In the latter case the cross-correlated
noise assumes positive values when the electron component
of the Bogoliubov excitation dominates over the hole one
(|We|2 > |We|2 and consequently for 0 < θ̃ < π/4). By de-
creasing the WP overlap, the ΔSHOM contribution to the noise
is suppressed. However, even away from perfect synchro-
nization, it is possible to observe positive and negative re-
gions from which we can extract the dominant contribution
to the Bogoliubov quasiparticle. The situation in the case of
a WP exponential in time (see Eq. 9), where A(τ) = e−Γ |τ|, is
illustrated by the density plot in the upper panel of Fig. 10.

This represents an extremely useful tool to extract in-
formation about the structure of the Bogoliubov excitations
through interferometric experiments with a known source
(electronic WP). These observations indicate that the con-
sidered setup offers richer possibilities to implement a to-
mographic protocol by means of HOM interferometry with
respect to what was proposed in the electronic case [76].
Another relevant quantity to explore is given by the ratio:

R1SC = S1SC
HOM/(S (1)

HBT + S (2)
HBT)

= 1 − 1 + cos(2θ̃)

1 + cos2(2θ̃)
A(δ1 − η). (52)
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This also contains negative regions (blue areas in the lower
panel of Fig. 10) that are forbidden in conventional electron
quantum optics situations (θ̃ = 0) [13] due to the constraints
imposed by the charge conservation.

5 Conclusions Scattering theory thus allows us to
study a number of EQO interferometric situations. In the IQH
regime, theory has already been confronted with experiment
[14]. The prediction of the HOM dip is solid, but its visibility
does not correspond to what was expected [13]. Experiments
cannot easily be achieved at a filling factor of one and when
several channels are present, interactions between them lead
to charge fractionalization, thus decoherence effects accom-
panied by a reduced visibility [15]. Two new directions for
EQO have been proposed: the study of HOM collisions in the
QSH effect in 2D topological insulators [18] and the possi-
bility of observing nonlocal phenomena when colliding two
Bogoliubov quasiparticles at the location of a QPC [19].

In these two setups, finite-temperature effects were dis-
carded. This should not change dramatically our predictions
as long as the electrons WPs have a well-defined energy
above the Fermi sea and, for the former case, well below
the gap. However they are likely to be affected when consid-
ering electron–hole interferometry [13] where the overlap
between electron and hole WPs within an energy window set
by the temperature is crucial.

Further work should however address the issue of in-
terchannel interactions as in Ref. [15]. For the QSH setup,
one suspects that Coulomb interactions between the counter-
propagating edges could lead to a further decrease in the
visibilities of the Pauli and the Z2 dips in the two-electron
collisions, and prevent a maximal visibility for the three-
electron dip [77]. For Ref. [19], the approach of Ref. [15]
could be directly transposed in order to predict the modifica-
tion of the Bogoliubov quasiparticle impinging on the QPC,
and the modification of the HOM signal.

Finally, EQO could also be studied in intrinsically inter-
acting systems, which represent a strongly correlated state of
matter, such as the fractional quantum Hall effect, in order to
study HBT and HOM interferometry of electrons/Laughlin
quasiparticles. In this direction, the characterization of a
single-quasiparticle source was recently proposed [78], and
the HBT setup was studied in Ref. [79] for Lorentzian WPs.
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Jin, Phys. Rev. B 82(20), 201309 (2010).
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[29] M. Moskalets and M. Büttiker, Phys. Rev. B 66(20), 205320
(2002).

[30] M. Moskalets, Phys. Rev. B 88, 035433 (2013).

www.pss-b.com © 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



p
h

ys
ic

a ssp st
at

u
s

so
lid

i b

12 D. Ferraro et al.: Electronic quantum optics beyond integer quantum Hall effect

[31] M. Moskalets and G. Haack, Physica E, Low-dimen. Syst.
Nanostruct. 75, 358–369 (2016).
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B 72, 155326 (2005).

[73] P. Samuelsson, E. V. Sukhorukov, and M. Büttiker, Phys. Rev.
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