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Microwave response of fractional quantum Hall droplets with quasiparticle tunneling
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We theoretically study microwave absorption spectroscopy of fractional quantum Hall droplets in the presence
of quasiparticle tunneling across a quantum point contact. This contact-free probe provides access to collec-
tive edge dynamics beyond conventional transport measurements. We develop a nonperturbative path-integral
Monte Carlo approach that enables computation of the frequency-dependent response at finite temperature and
for arbitrary droplet geometries and benchmark the method against analytical results in the weak-tunneling
regime. We find that tunneling produces measurable shifts and broadening of resonance peaks, with systematic
dependence on tunneling strength and device geometry. Such shifts and broadenings are not obtained in
perturbative treatments acting directly on the response function but emerge when interaction-kernel effects are
properly incorporated. Our results indicate experimentally accessible signatures of edge-mode interference and
tunneling-induced renormalization of collective excitations and support the use of microwave spectroscopy as a
quantitative probe of quasiparticle dynamics in mesoscopic quantum Hall structures.
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I. INTRODUCTION

Since its discovery, the fractional quantum Hall effect
(FQHE) has had a profound impact on condensed matter
physics [1]. Its essence lies in the formation of an incom-
pressible quantum liquid driven by strong electron-electron
interactions, and the remarkable agreement between theory
and experiment, most notably exemplified by the Laughlin
wave function [2], has greatly advanced our understanding
of strongly correlated electronic phases. Moreover, the FQHE
represents a clear example of topological order that cannot be
characterized by any local order parameter, and it has played a
decisive role in establishing fundamental concepts in modern
topological materials science.

In recent years, renewed attention has been directed to-
ward quasiparticle excitations in fractional quantum Hall
(FQH) systems. For the Laughlin state realized at filling
ν = 1/(2m + 1) (m ∈ Z), characterized by a single chiral
edge mode encircling the bulk [3], the elementary excita-
tions carry fractional charge. A prominent example is the
ν = 1/3 state, in which the quasiparticle contributing to
edge transport has been experimentally observed to possess
charge e/3, as revealed by shot-noise measurements [4,5].
These quasiparticles are known to be Abelian anyons ex-
hibiting exotic fractional statistics, whereby the many-body
wave function acquires a phase factor upon exchanging two
particles [6–10]. Thanks to significant advances in nanofab-
rication and measurement technology, this fractional statistic
has recently been directly verified through Fabry-Pérot inter-
ferometry and nonequilibrium noise measurements [11–13].

*Contact author: fumihiro@issp.u-tokyo.ac.jp
†Contact author: kato@issp.u-tokyo.ac.jp

Motivated by these achievements, both theoretical and exper-
imental studies on anyonic statistics in FQH systems have
intensified rapidly, relying either on interferometry [14–19]
or time-domain braiding [20–34].

However, authors of most previous studies have focused
on transport properties such as current and nonequilibrium
noise in devices where a quantum point contact (QPC) or
an interferometer is fabricated in the edge channel [35,36].
Such setups necessarily require attaching source and drain
electrodes, making it impossible to avoid the influence of
the measurement apparatus itself, including contact resistance
and potential fluctuations near the electrodes, on the intrinsic
edge structure. Against this background, probing edge ex-
citations via microwave absorption in an isolated quantum
Hall droplet [37–39] provides an experimental window funda-
mentally distinct from conventional transport measurements
[40–46]. Related developments in quantum Hall plasmonic
and microwave architectures have further highlighted the po-
tential of edge excitations as a resource for spectroscopy
and device functionalities [47–49]. Related spectroscopic and
contactless approaches have also been discussed for prob-
ing quasiparticle dynamics and ac response in quantum Hall
systems [50,51]. The setup proposed in Ref. [52] capac-
itively couples a mesoscopic quantum Hall droplet to a
microwave waveguide, allowing direct access to the excitation
spectrum of edge modes without any Ohmic contacts. This
noninvasive feature effectively eliminates contact-induced
disturbances, offering a decisive advantage over transport-
based approaches. Furthermore, this method offers several
additional benefits that are difficult to realize in transport
experiments. First, the resonance frequencies of absorption
peaks directly encode the propagation velocity of edge modes,
while the number of peaks reflects the number of modes,
allowing their physical properties to be determined in a highly
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FIG. 1. Schematic view of the setup: a FQH droplet with a chiral
edge state (blue line) containing a QPC (yellow), allowing tunneling
of fractional quasiparticles. The droplet is driven by a time-varying
microwave electric field (large red arrow), assumed spatially uniform
over the droplet scale.

direct manner. Second, the set of resonance peaks shows a
distinctive dependence on the shape of the droplet, offering a
way to explore the geometry of the quantum Hall effect [53].
Finally, when multiple edges are present, by simply varying
the droplet size, one can effectively cross the equilibration
length of the edge, thereby accessing both the equilibrated
regime (single peak) and the nonequilibrated regime (multiple
peaks) within the same device [52]. This stands in sharp con-
trast with transport measurements, where accessing different
regimes typically requires altering the positions of electrical
contacts [54,55].

In addition, when a QPC is introduced, the absorption
peak amplitude exhibits a characteristic interference effect
that is linear in the tunneling amplitude, in contrast with
the quadratic dependence observed in standard Fabry-Pérot
interferometers. This feature greatly enhances sensitivity to
quasiparticle charge and statistics. Moreover, contributions
from the bulk have frequency and magnetic field depen-
dences distinct from those of the edge [56,57], enabling
high-precision extraction of pure edge physics from the ab-
sorption spectrum.

In this work, we investigate how quasiparticle tunneling
through a QPC modifies the microwave absorption spectrum
of a FQH droplet, as shown in Fig. 1. We compute the finite-
temperature response nonperturbatively using path-integral
Monte Carlo (PIMC), which treats interactions, thermal fluc-
tuations, and tunneling processes on equal footing and allows
access to arbitrary droplet geometries. To gain analytical
insight, we complement the numerics with perturbative cal-
culations in the tunneling amplitude for an idealized circular
geometry and compare the results. Benchmarking against the
exact solution for an integer quantum Hall (IQH) droplet
at ν = 1 demonstrates the consistency of both the analyti-
cal framework and numerical implementation. This combined
analysis shows that tunneling strength and temperature induce
systematic resonance-peak shifts and linewidth broadening.
The peak shifts arise beyond perturbative treatments act-
ing directly on the response function [52], underscoring the

importance of considering the interaction kernel in discussing
the microwave response. Throughout this paper, we set h̄ = 1.

II. MODEL AND FORMULATION

A. Bosonization

We consider a circular FQH state at a finite temperature
T (see Fig. 1), hereafter referred to as a FQH droplet. Such
a droplet can be realized by applying a negative voltage to
appropriately shaped gate electrodes in a two-dimensional
electron system. Owing to the bulk energy gap, all low-energy
excitations are confined to the boundary and appear as a single
unidirectional chiral edge mode, as indicated by the blue line
in Fig. 1. Although this edge mode is described by the chiral
Luttinger liquid theory [58,59], careful treatment is required
for finite-size systems [60,61].

We introduce a coordinate s along the edge of the FQH
droplet and define the edge-state region as 0 � s < L, where
L denotes the circumference. In the bosonization method,
the normal-ordered electron density ρ(s) is described with a
bosonic field as

ρ(s) = 1

2π
∂sϕ(s), (1)

where ϕ(s) is a bosonic field obeying the commutation rela-
tion

[ϕ(s), ϕ(s′)] = iπν sgn(s − s′), (0 < s, s′ < L). (2)

For a finite system, this bosonic field can be decomposed into
two contributions [60,62]

ϕ(s) = ϕ0(s) + ϕp(s), (3)

ϕ0(s) = −νϑ + 2πNs

L
, (4)

ϕp(s) =
∑
k>0

√
2πν

kL
(bkeiks + b†

ke−iks)e−kα/2, (5)

where ϕ0(s) and ϕp(s), respectively, denote the zero mode
and the periodic part, N = ∫ L

0 ds ρ(s) is the charge operator,
ϑ is its conjugate phase operator, and b†

k (bk) are bosonic
creation (annihilation) operators. The summation runs over
discrete wave numbers k = 2πn/L, with n a positive integer.
The canonical commutation relation [ϑ, N] = i holds by con-
struction.

The quasiparticle annihilation operator is described with
the bosonic field as [61]

ψq(s) = 1√
2πα

e−iνϑe2π iNs/Leiϕp(s)

= 1√
2πα

eiϕ0(s)+iπνs/Leiϕp(s), (6)

where α is a short-distance cutoff. In the second equality, the
operators have been rearranged using the Baker-Campbell-
Hausdorff (BCH) formula [63]. The resulting c-number phase
factor eiπνs/L originates from the noncommutativity of ϑ

and N .
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The Hamiltonian of the chiral edge mode is given by [61]

H = πv

νL
[N2 + (φAB/π + ν)N] +

∑
k>0

vkb†
kbk, (7)

where v is the velocity of the chiral mode. Here, we have
introduced the Aharonov-Bohm (AB) phase φAB = 2π�/�0,
where � is the magnetic flux through the droplet, and �0 =
h/e∗ is the flux quantum corresponding to the quasiparticle
charge e∗ = νe. In the presence of the AB phase, the quasi-
particle operator is replaced as

ψq(s) = 1√
2πα

eiϕ0(s)+iφABs/L+iπνs/Leiϕp(s). (8)

In this work, we only consider the N = 0 sector. This is
justified when the effect of thermal fluctuations on the charge
number N can be neglected. To this end, we consider the
low-temperature regime (kBT � 2πv/L) and choose a phase
φAB close to −πν where the thermal fluctuations of N are
minimized. Furthermore, the phase operator ϑ can be dropped
as we consider quasiparticle tunneling within a single edge
mode, which does not modify the total number of quasipar-
ticles on the edge. Therefore, the quasiparticle annihilation
operator is simplified as

ψq(s) = 1√
2πα

eiϕp(s). (9)

In what follows, we denote ϕp(s) as ϕ(s) to keep the notation
as simple as possible.

B. Effective action

In the following, we derive the effective action by ap-
plying the path-integral formalism to the nonzero mode.
The imaginary-time action of the edge modes is given as
follows [64]:

Sedge[ϕ] = 1

4πν

∫ L

0
ds

∫ β

0
dτ ∂sϕ(i∂τϕ + v∂sϕ), (10)

where L is the circumference of the circular FQH droplet, and
β = 1/kBT is the inverse temperature.

Next, we consider the effect of quasiparticle tunneling at
a QPC. In this study, we focus on quasiparticle tunneling
between positions s1 and s2 along the edge of the droplet. For a
tunneling amplitude λr , the action describing the quasiparticle
tunneling is given by

Stun[ϕ] = −λr

∫ β

0
dτ [ψ†

q (s2, τ )ψq(s1, τ ) + H.c.]

= −V
∫ β

0
dτ cos [ϕ(s1, τ ) − ϕ(s2, τ )], (11)

where in the last step, we set V = λr/πα. From this, the action
of the system is Sedge[ϕ] + Stun[ϕ], and the partition function
is expressed using path integrals as

Z ∝
∫

Dϕ e−Sedge[ϕ]−Stun[ϕ]. (12)

For the calculation of the response function, we employ the
generating functional with an auxiliary real field λ(τ ), which

allows us to carry out the Gaussian integration everywhere
except at the positions s1 and s2

Z ∝
∫

Dϕ DλDφ e−Sedge[ϕ]−Stun[ϕ]−Sλ[ϕ,λ,φ], (13)

where we introduced the action involving the newly defined
fields

Sλ[ϕ, λ, φ] = i
∫ β

0
dτ λ(τ )[ϕ(s1, τ ) − ϕ(s2, τ ) − φ(τ )].

(14)

Here, Sλ[ϕ, λ, φ] enforces the constraint between the fields at
s1 and s2.

After performing a Fourier transform, completing the
square, and carrying out Gaussian integrations over the fields
λ and ϕ, the generating functional reduces to an action de-
pending only on the local field φ(τ ), which corresponds to the
effective action Seff [φ] of the system

Z ∝
∫

Dφ e−Seff [φ], (15)

Seff [φ] = S0[φ] + Stun[φ]. (16)

Here, S0[φ] and Stun[φ] represent the contributions from the
edge states and quasiparticle tunneling, respectively, and are
given by

S0[φ] =
∑
ωn

|φn|2
4β�n

, (17)

Stun[φ] = −V
∫ β

0
dτ cos [φ(τ )]. (18)

Here, φn is a Fourier transformation of φ(τ )

φ(τ ) = 1

β

∑
ωn

φne−iωnτ , (19)

and ωn ≡ 2πn/β denotes the bosonic Matsubara frequencies.
Also, �n is a function dependent on s1 and s2, which is given
by

�n = 2πν

ωn

sinh
(

ωn|s1−s2|
2v

)
sinh

(
ωn(L−|s1−s2|)

2v

)
sinh

(
ωnL
2v

) . (20)

For a detailed derivation, see Appendix A. One readily sees
from Eq. (17) that �n is directly related to the propagator of
the effective bosonic field φ.

C. Response function

To formulate the microwave response function of the
droplet, we first define the polarization of the edge states as
follows:

P̂ =
∫ L

0
ds y(s)ρ(s), (21)

where y(s) denotes the y coordinate of the edge of the droplet,
along which the direction of the oscillating electric field is
aligned. We assume that the microwave has a sufficiently long
wavelength so that the electric field remains constant over the
scale of the droplet.

In this work, we focus on an idealized setup in which
the droplet remains circular, and particle (or quasiparticle)
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FIG. 2. Schematic of a quantum Hall droplet with circular geom-
etry at filling ν. The coordinate y is defined parallel to the oscillating
microwave electric field, while the coordinate s parametrizes the cir-
cumference of the droplet. The points s1 and s2 denote the positions
of the QPCs. Although a realistic droplet would exhibit constrictions
at these locations, we consider an idealized setup in which the droplet
remains circular and particle (or quasiparticle) tunneling occurs at s1

and s2.

tunneling occurs at s1 and s2, as shown in Fig. 2, serving as
a representative example. For a circular droplet with circum-
ference L, y(s) is given by

y(s) = L

2π
sin

(
2πs

L

)
. (22)

In the rest of this section, we formulate the microwave re-
sponse for this setup, whereas the extension to different
geometries can be carried out analogously and will be dis-
cussed in Sec. V.

The Hamiltonian describing the interaction between the
microwave electric field and the edge states is then given by

Ĥ (ex)(t ) = −E (t )P̂ = −E (t )
∫ L

0
ds y(s)ρ(s). (23)

We define the expectation value of the polarization change
due to the external field E (t ) as δ〈P̂(t )〉 ≡ 〈P̂(t )〉 − 〈P̂〉. The
Fourier transforms of the electric field and the polarization
change are then given by

E (t ) =
∫ ∞

−∞

dω

2π
E (ω)e−iωt , (24)

δ〈P̂(t )〉 =
∫ ∞

−∞

dω

2π
δP(ω)e−iωt . (25)

The linear response of the polarization to the electric field
is summarized in the form δP(ω) = εR(ω)E (ω) by linear
response theory, where the susceptibility εR(ω) is given by
the Fourier transform of the retarded polarization correlation
function εR(t ) = i�(t )〈[P̂(t ), P̂(0)]〉. Here, P̂(t ) denotes the
time evolution of the polarization in the absence of the exter-
nal field (in the Heisenberg picture). The susceptibility εR(ω)
can be calculated from the imaginary-time evolution of the
polarization as follows:

εR(ω) = ε(iωn → ω + iδ), (26)

ε(iωn) =
∫ β

0
dτ ε(τ )eiωnτ , (27)

ε(τ ) = 〈Tτ P̂(τ )P̂(0)〉. (28)

Here, P̂(τ ) represents the imaginary-time evolution of the
polarization in the absence of the external field, which can
be expressed by replacing the charge density ρ(s) in Eq. (21)
with its imaginary-time evolution ρ(s, τ ). Because the mi-
crowave absorption intensity is directly related to Im εR(ω)
through the fluctuation-dissipation theorem, we restrict our
attention to this quantity in what follows.

From Eqs. (27) and (28), the response function in the
Matsubara representation is calculated as

ε(iωn) =
∫ L

0
dsds′ y(s)y(s′)Sρρ (s, s′, iωn). (29)

Here, Sρρ (s, s′, iωn) is given as the Fourier transform of the
imaginary-time density-density correlation function of the
edge state Sρρ (s, s′, τ ) ≡ 〈Tτ ρ(s, τ )ρ(s′, 0)〉. The charge den-
sity ρ(s, τ ) is rewritten with the bosonic field as ρ(s, τ ) =
(2π )−1∂sϕ(s, τ ). To evaluate Sρρ (s, s′, τ ), we introduce a
source term coupled to an external field η(s, τ ) into the gen-
erating functional defined in Sec. II A, as follows:

Z[η] ∝
∫

Dϕ DλDφ e−Sedge[ϕ]−Stun[ϕ]−Sλ[ϕ,λ,φ]−Sη[ϕ], (30)

Sη[ϕ] = 1

2π

∫ β

0
dτ

∫ L

0
ds η(s, τ ) ∂sϕ(s, τ ). (31)

The correlation function can be calculated directly from the
generating functional Z[η], introduced in Eq. (30), as

Sρρ (s, s′, τ, τ ′) ≡ 1

4π2
〈Tτ ∂sϕ(s, τ )∂s′ϕ(s′, τ ′)〉

= 1

Z[η]

δ2Z[η]

δη(s, τ )δη(s′, τ ′)

∣∣∣∣
η=0

. (32)

D. Response function in a circular droplet

By functional differentiation of the resulting generating
functional, we can obtain the explicit expression for the den-
sity correlation function

Sρρ (s, s′, iωn) = S(0)
ρρ (s, s′, iωn) + β�(iωn)A(s, s′, iωn),

(33)

where one has

S(0)
ρρ (s, s′, iωn) = ν

2πL

∑
k 
=0

k

vk − iωn
eik(s−s′ ), (34)

�(iωn) = 2

β�n

(
−1 + 〈φnφ−n〉

2β�n

)
, (35)

A(s, s′, iωn) = ν2

4L2

2∑
i, j=1

(−1)i+ j
∑

k,k′ 
=0

eik(s−si )

vk − iωn

e−ik′(s′−s j )

vk′ − iωn
.

(36)

In Eq. (35), we introduced the correlator for the local fields

〈φnφ−n〉 = 1

Z[0]

∫
Dφ φnφ−ne−S0[φ]−Stun[φ]. (37)
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For details of the calculation, see Appendix B. Using the
results of Eqs. (33)–(36), the integration in Eq. (29) yields the
following response function in the Matsubara formalism:

ε(iωn) = ε0(iωn) + δε(iωn), (38a)

ε0(iωn) = νL2

16π2

[
1

ωT + iωn
+ 1

ωT − iωn

]
, (38b)

δε(iωn) = βν2L2

16π2
�(iωn)

[
1

(ωT − iωn)2
+ 1

(ωT + iωn)2

− cos 2π (s1+s2 )
L

ωT

(
1

ωT + iωn
+ 1

ωT − iωn

)]
.

(38c)

Here, ε0(iωn) corresponds to the response function of the
free droplet without a QPC, while δε(iωn) characterizes the
modification of the response function due to the quasiparti-
cle tunneling at a QPC. In the absence of a QPC, δε(iωn)
vanishes, and we see from the expression in Eq. (38b) that
the resonance corresponds to a peak at frequency ω = ωT ≡
2πv/L, which is the characteristic frequency of the droplet.
We notice that, to obtain Eq. (38c), we made the assumption
|s1 − s2| = L/2.

To obtain the response function in the presence of tunnel-
ing at the QPC, one needs to evaluate the bosonic correlator
�(iωn) [Eq. (35)]. This cannot be done exactly in the general
case. In this work, we use two different methods to obtain
�(iωn) [and thus ε(iωn)]: On the one hand, we analytically
calculate second-order perturbation in the tunneling strength
V ; on the other hand, we use the numerical method of PIMC
for arbitrary tunneling amplitudes. The PIMC method allows
us not only to obtain results beyond the perturbative limit
but also to confirm the perturbative results in their regime of
validity.

From this point onward and unless mentioned otherwise,
we focus on a symmetric circular droplet, with a QPC con-
necting the positions s1 = 0 and s2 = L/2 (see Fig. 2).

E. Perturbation theory

When the tunneling strength V is small enough, it is
possible to perform a perturbative expansion of the bosonic
correlator �(iωn) of Eq. (35). This leads to

ε(iωn) = ε0(iωn) + V ε (1)(iωn) + V 2ε (2)(iωn) + O(V 3).
(39)

Since the zeroth-order response function ε0 exhibits narrow
resonance peaks at ±ωT , quasiparticle tunneling at the QPC
is expected to change both the resonance frequencies and
the peak widths. However, a bare perturbative expansion of
the form in Eq. (39) does not allow one to directly extract
these quantities since the peak positions and linewidths are
determined by the zeros of the inverse response function rather
than by additive corrections to ε(iωn) itself. To properly char-
acterize these effects, we therefore introduce the interaction
kernel �(iωn) as follows:

�(iωn) ≡ ε−1
0 (iωn) − ε−1(iωn). (40)

Within this formulation, the real and imaginary parts of �(ω)
directly encode the tunneling-induced peak shifts and the
corresponding changes in the linewidth. This represents a sig-
nificant methodological distinction from the earlier analysis of
Ref. [52], in which microwave absorption spectroscopy was
proposed as a probe of quasiparticle tunneling and the tunnel-
ing effect was treated through a direct first-order perturbative
expansion of the response function. Within that treatment,
the resonance-peak shifts were not discussed explicitly. By
contrast, our perturbative treatment of the interaction kernel
�(ω) makes it possible to capture the peak shift due to quasi-
particle tunneling. Another important difference is that, in the
present work, we include contributions up to second order in
perturbation theory. While the peak shift already appears at
first order within our interaction-kernel formulation, changes
in the linewidth emerge only at second order. Considering
these second-order contributions allows us to describe fea-
tures intrinsic to fractional quantum Hall edge dynamics, such
as the renormalization of the linewidth.

Using Eqs. (35), (38c), and (39), we obtain for �(iωn) up
to second order in V

�(2)(iωn) = −V
64π2

L2
e−�̄ − V 2 32π2e−2�̄

L2

×
[

8ν

(
1

ωT − iωn
+ 1

ωT + iωn

)
+ P+(0)

+ P−(0) − P+(iωn) + P−(iωn) − 2β

]
. (41)

Here, P±(iωn) and �̄ are defined as

P±(iωn) ≡
∫ β

0
dτ eiωnτ e± 2

β

∑
p �p cos ωpτ , (42)

�̄ ≡ 1

β

∑
ωm

�m, (43)

and one can show that e−�̄ � (πα/L)ν . Once �(2) is com-
puted, the response function εp(iωn) in the perturbative regime
is then obtained as

εp(iωn) = 1

ε−1
0 (iωn) − �(2)(iωn)

. (44)

After performing the analytic continuation to the real fre-
quency, the real part of �(2)(ω + iδ) corresponds to the shift
in the position of the resonance peaks, while the imaginary
part yields the broadening and deformation of the peaks.
From Eq. (41), one readily sees that the first-order term in
�(2)(ω + iδ) is purely real, thus leading to a simple shift of
the resonance peaks, while the second-order term yields both
a shift and a widening. Note that the order n term contains a
factor e−n�̄ = (πα/L)νn. As (πα/L) � 1, this is a small fac-
tor that guarantees the validity of the perturbation expansion.
As this factor increases when ν decreases, one can expect that
higher-order terms in the perturbative expansion will be more
important for a given V as ν decreases (see Sec. IV).

F. PIMC method

In this study, we also evaluate �(iωn) using the PIMC
method and thereby obtain a numerically exact response
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function. In this approach, the partition function is repre-
sented as an imaginary-time path integral over φ(τ ), and
representative paths are sampled with the weight determined
by the Euclidean action. From the �(iωn) obtained via PIMC,
we compute �(iωn) and perform numerical analytic continu-
ation to finite real frequencies using the Padé approximation,
thereby obtaining the response function on the real-frequency
axis from Eq. (40). Since the PIMC results include higher-
order effects in the coupling strength, this method enables us
to access the response not only in the region dominated by
second-order perturbations but also in regimes where higher-
order effects become significant.

The PIMC procedure is summarized as follows. In the nu-
merical implementation, the imaginary-time interval [0, β ) is
discretized as τl = l�τ (l = 0, 1, 2, . . . , N − 1), with �τ =
β/N , and the path is represented by φ(τl ). With this discretiza-
tion, the effective action is approximated as

Seff [φ] = S0[φ] + Stun[φ], (45)

S0[φ] =
N/2∑

n=−N/2+1

|φn|2
4β�n

, (46)

Stun[φ] = −V �τ

N−1∑
l=0

cos [φ(τl )]. (47)

The Fourier transform defined in Eq. (19) is accordingly mod-
ified to

φ(τl ) = 1

β

N/2∑
n=−N/2+1

φne−iωnτl . (48)

Here, the Fourier components satisfy the relation φ−n = φ∗
n .

The Monte Carlo update is carried out in the frequency do-
main. Starting from a configuration {φn}, we successively
choose a frequency index k in the range [0, N/2] and pro-
pose a new value of φk drawn from the Gaussian distribution
associated with the quadratic action e−S0[φ]. The original
and proposed configurations are then transformed to the
imaginary-time domain, and the change in the tunneling ac-
tion is evaluated as

�S = Stun[{φ(τl )}(new)] − Stun[{φ(τl )}]. (49)

The proposed update is accepted according to the Metropolis
criterion with probability min(1, e−�S ). A complete sweep
over all frequency components constitutes one Monte Carlo
step. Repeating this procedure generates imaginary-time paths
distributed according to the Boltzmann weight e−Seff [φ], from
which the correlation functions are evaluated by importance
sampling.

III. RESULTS FOR THE IQH DROPLET CASE

In this section, we present the analytical calculation for
the IQH droplet with a filling factor ν = 1, where the edge
state is described by a noninteracting chiral electron system.
We benchmark the consistency of the perturbative and PIMC
results against the analytic solution.

We consider a finite edge state in an IQH droplet, as illus-
trated in Fig. 3. At the QPC, which connects the points s = 0

FIG. 3. Schematic and notation used in the exact IQH effect cal-
culation. The droplet is circular, with perimeter L. The QPC connects
the points at s = 0 and s = L/2 and is characterized by reflection and
transmission amplitudes r and t .

and s = L/2, electrons can either be transmitted or reflected
to the opposite point. We define the S matrix at the QPC as

Ŝ =
(

t −ir
−ir t

)
, (50)

where r and t = √
1 − r2 are the reflection and transmission

amplitudes, respectively (see Fig. 3), which are determined
from the quasiparticle tunneling λr (see Appendix C). We note
that t = 1 corresponds to the absence of a QPC (λr = 0). As
mentioned in Sec. II A, a uniform magnetic field is applied to
the droplet, and as electrons move along the edge, they acquire
a phase factor eiφABs/L due to the AB effect. The AB phase is
given by φAB = 2π�/�0, as stated previously, where the flux
quantum is �0 = h/e.

By imposing the twisted boundary conditions that account
for the AB effect, the wave number is discretized as

kn, j = 4π

L
(n + δ j ), (n ∈ Z, j = 1, 2), (51a)

δ1 = χ

2π
− φAB

4π
, (51b)

δ2 = 1

2
− χ

2π
− φAB

4π
, (51c)

where χ = arctan(r/t ) ∈ [0, π/2] denotes the coupling
strength at the QPC (for a detailed derivation, see
Appendix C). In the absence of the QPC (r = 0), the energy-
level spacing is simply given by an integer multiple of 2π/L,
reflecting the edge-state length L. When the QPC is intro-
duced, the energy levels are divided into two groups kn,1 and
kn,2, having their wave numbers shifted in opposite directions
by a factor χ/2π . The AB phase φAB induces uniform shifts of
both wave numbers kn,1 and kn,2, which have the same effect
as changing the chemical potential.

The electrons that pass through the QPC at s = L/2 acquire
� j = (−1) jχ for the wave number kn, j (see Appendix C). Ac-
cordingly, the imaginary-time evolution of the electron field
operator ψ (s, τ ) is expressed as

ψ (s, τ ) = 1√
L

∑
n

∑
j=1,2

eikn, j s−vkn, jτ g j (s)cn, j, (52)

g j (s) =
{

1, (s < L/2),
ei� j , (s > L/2).

(53)
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FIG. 4. Imaginary part of the susceptibility Im εR(ω) for the
ν = 1 IQH droplet, shown in units of L2/ωT . The temperature is
set to T/ωT = 0.1. Solid and dashed lines show the results of
scattering theory [Eq. (55)] and second-order perturbation theory
[Eqs. (41)–(44)], respectively, while symbols with error bars repre-
sent numerical data obtained using the PIMC method. Dimensionless
coupling strengths are V/ωT = 0.25, 8.192, and 16. For visual clar-
ity, delta functions are broadened into Lorentzians with linewidth
δ = ωT /100.

The imaginary-time response function is given by

Sρρ (s, s′, τ ) = 〈ψ†(s, τ )ψ (s′, 0)〉〈ψ (s, τ )ψ†(s′, 0)〉. (54)

for 0 < τ < β. By substituting Eqs. (52)–(54) into Eq. (29)
and performing the integration over s and s′, the imaginary
part of the susceptibility is calculated as

Im εR(ω)

= L2 sin2 χ

16π3

∑
m,n

f (vkn,1) − f (vkm,2)

(n − m + χ/π )2(n − m + χ/π − 1)2

× {δ[ω + v(kn,1 − km,2)] − δ[ω − v(kn,1 − km,2)]}.
(55)

The response function is determined by transitions between
the different eigenstates with eigenenergies vkn,1 and vkm,2,
as indicated by the delta function δ[ω ± v(kn,1 − km,2)] (see
also Appendix C). Due to the factor f (vkn,1) − f (vkm,2), only
transition from occupied states to unoccupied states possible
at zero temperature.

This exact expression allows us to check the correctness
of our two calculation methods: the second-order perturba-
tion and the PIMC simulation. To make comparison easier,
the delta function in Eq. (55) is replaced with a Lorentzian
function with a small width δ. This corresponds to the an-
alytic continuation iωn → ω + iδ with a finite value of δ.
Figure 4 shows the response function Im εR(ω) for the case
of a circular droplet at ν = 1. It compares the results of all
three methods: the exact theoretical treatment of Eq. (55),
the results obtained from second-order perturbation theory
[Eqs. (41)–(44)], and the numerical results computed us-
ing the PIMC method. In this comparison, a clear shift of
the peak at ω = ωT = 2πv/L toward higher frequencies is
observed as the coupling strength increases, and all three
results show good overall agreement within the range of
coupling strengths considered. For larger coupling strengths,

FIG. 5. Imaginary part of the susceptibility Im εR(ω) for FQH
droplets with (a) ν = 1/3 and (b) ν = 1/5 at temperature T/ωT =
0.1. Solid lines show results from second-order perturbation the-
ory, whereas symbols with error bars represent data obtained using
PIMC. Coupling strengths are V/ωT = 0.25, 0.75, 1.024, 1.5, and
2.048. A finite broadening δ = ωT /100 is used.

particularly at V/ωT = 16, the Monte Carlo and exact the-
oretical results remain in good agreement, whereas the
second-order perturbation begins to show a slight deviation in
intensity. We found that second-order perturbation agrees well
with the exact theoretical treatment for moderate coupling
strengths, while the PIMC simulations accurately reproduce
the exact theoretical results over the entire range considered.

IV. RESULTS FOR THE FQH DROPLET CASE

Next, we discuss the behavior of Im εR(ω) for a FQH
droplet, based on perturbation theory and numerical cal-
culations using the PIMC method, as an exact analytical
calculation is not available in this case. Through this com-
parison, we further examine how the deviation between the
perturbative and PIMC results depends on the filling factor.

Figures 5(a) and 5(b) show the behavior of Im εR(ω) for
ν = 1/3 and 1/5, respectively, with varying dimensionless
coupling strength V/ωT = 0.25, 0.75, 1.024, 1.5, and 2.048
at a fixed temperature of T/ωT = 0.1. To make the peak shift
clearer, we have used a finite broadening factor δ = ωT /100
in the analytic continuation. The solid lines represent the
perturbative results, while the plotted points denote the PIMC
results. As in the case of the IQH droplet, the resonance
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FIG. 6. Dependence of resonance-peak positions on tunneling
strength for filling fractions ν = 1/5, 1/3, and 1. Solid curves de-
note results from second-order perturbation theory, while symbols
represent PIMC results.

peak shifts toward higher frequencies as the coupling strength
increases. In both figures, this peak shift is more pronounced
than in the IQH droplet. Moreover, for a given value of
the coupling strength V , the shift is found to be larger for
ν = 1/5 than for ν = 1/3. As seen from Eq. (41), the first-
and second-order terms are accompanied by factors of e−�̄

and e−2�̄, respectively. These factors get larger as ν decreases
since e−�̄ � (πα/L)ν . Therefore, it can be concluded that the
effect of the coupling strength becomes more significant for
smaller ν.

In Fig. 5, as the coupling strength increases, a noticeable
deviation between the PIMC and second-order perturbative
results begins to appear. This deviation emerges at smaller
coupling strengths for ν = 1/5 than for ν = 1/3, indicat-
ing that the ν = 1/5 state is more sensitive to the coupling
strength and exhibits higher-order effects more prominently.
Figure 6 shows the dependence of the peak position on the
coupling strength for ν = 1, 1/3, and 1/5. The solid lines
represent the peak shifts obtained from the second-order per-
turbation results, while the plotted points correspond to those
obtained from the PIMC calculations. Within the range of cou-
pling strengths shown, the peak for ν = 1 exhibits only a small
shift, and the perturbative and PIMC results agree well. As
discussed above, the peak shift becomes larger as ν decreases
from 1/3 to 1/5. As the coupling strength increases, a no-
ticeable deviation appears between the perturbative and PIMC
results, with the deviation being more significant for ν = 1/5
than for ν = 1/3. This observation suggests that higher-order
effects become increasingly important for smaller filling fac-
tors and that such effects are successfully captured by the
PIMC calculations.

Next, Figs. 7(a) and 7(b) show the temperature dependence
of Im εR(ω) for ν = 1/3 and 1/5. The coupling strength is
fixed at V/ωT = 1.5. As in Fig. 5, the solid lines represent
the perturbative results, while the plotted points denote the
PIMC results. For both ν = 1/3 and 1/5, the increase in
linewidth with rising temperature is commonly observed in
both the perturbative and PIMC results. In the present formu-
lation, phonon effects are not considered, indicating that the
linewidth broadening is caused by thermal fluctuations. In the
PIMC results, a low-energy shift with increasing temperature

FIG. 7. Imaginary part of the susceptibility Im ε(ω) at T/ωT =
0.08 (blue) and 0.4 (orange) for FQH droplets with (a) ν = 1/3 and
(b) ν = 1/5 at coupling strength V/ωT = 1.5. A broadening factor
δ = ωT /100 is used.

is observed for both ν = 1/3 and 1/5. While the perturbative
result for ν = 1/3 exhibits a similar behavior, the one for
ν = 1/5 shows no noticeable peak shift as the temperature
increases. From this result, the low-energy peak shift observed
for ν = 1/5 is considered to be caused by higher-order effects.

V. RESULTS FOR THE REALISTIC GEOMETRY CASE

We now present the dielectric response in a more realistic
geometry. So far, for simplicity, we have focused on a circular
droplet geometry. In the following, we consider a geometry
constructed from two overlapping circles of equal radius R,
whose centers are laterally offset by 2a, as illustrated in Fig. 8.
Equation (29) provides the general expression for the response
function, and by using the edge profile y(s) corresponding to
this droplet shape, the calculation can be carried out in the
same manner as in the circular case. Importantly, the geometry
dependence enters only through the edge profile y(s), while
the bosonic correlation function is geometry independent.
Therefore, responses for different geometries can be obtained
using a single set of Monte Carlo data for the bosonic correla-
tor, without repeating the numerically expensive simulations.

In Fig. 8, the radius of each circle R is given by R =
L/[4(π − γ )], as obtained from the geometry shown in the
figure. Furthermore, from the relation R cos γ = a, it follows
that the angle γ is determined once the distance between the
centers of the two circles is specified. At this point, y(s) can
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FIG. 8. Schematic of a realistic droplet geometry composed of
two circular arcs joined at a junction. The QPC is formed by a
constriction at this junction, whose opening angle is denoted by γ .

be expressed as follows:

y(s) =
⎧⎨
⎩

R[cos γ − cos(R−1s + γ )], (s < L/2),

−R[cos γ − cos(R−1s + 3γ )], (s > L/2).
(56)

By performing the integration in Eq. (29), the response func-
tion in Matsubara space is obtained as follows:

εreal(iωn) = εreal
0 (iωn) + δεreal(iωn), (57a)

εreal
0 (iωn) = 8νR−2 cos2 γ

πL

×
∑
l∈Z

1

�l
(
R−2 − �2

l

)2
(v�l − iωn)

, (57b)

δεreal(iωn) = 16βν2R−2 cos2 γ

L2
�(iωn)

×
[∑

l∈Z

1

�l
(
R−2 − �2

l

)
(v�l − iωn)

]2

, (57c)

where �l ≡ 2(2l − 1)π/L. The resulting susceptibility dis-
plays a set of peaks at energies set by v�l , with l ∈ Z.
Therefore, since v�l = (2l − 1)ωT , it follows that, in the
geometry shown in Fig. 8, multiple peaks appear at odd mul-
tiples of ωT . This geometry reduces to that of the circular
droplet with QPCs located at s = 0 and s = L/2 when γ =
π/2. Indeed, Eqs. (57b) and (57c) coincide with Eqs. (38b)
and (38c) in the limit γ → π/2 for s1 + s2 = L/2.

Figure 9 shows the calculated Im εR(ω) for the ν = 1/3
FQH droplet with the geometry illustrated in Fig. 8. It is
confirmed that the secondary peak appears at three times the
frequency of ωT . As indicated from Eqs. (57b) and (57c), the
amplitude decays rapidly when increasing the mode index l .
In addition, as the coupling strength increases, a peak shift
occurs, similar to the case of the circular droplet. The direction
of the shift depends on the peak position. The peak located at
ω/ωT = 1 shifts toward higher frequencies, while the one at
ω/ωT = 3 shifts toward lower frequencies.

VI. SUMMARY

In this work, we investigated the microwave response of
FQH droplets containing a QPC using a combination of PIMC
simulations and perturbation theory up to second order in the

FIG. 9. Imaginary part of the susceptibility Im εR(ω) at T/ωT =
0.1 for a ν = 1/3 FQH droplet with the geometry shown in Fig. 8.
The solid curve shows the analytical result at zero tunneling strength
V/ωT = 0, while symbols represent PIMC data at V/ωT = 1.5. The
constriction of the droplet is controlled by the geometric angle γ ,
which is set to γ = π/15. A broadening δ = ωT /100 is used. The
inset shows a magnified view of the secondary peak.

tunneling strength. For IQH droplets, we benchmarked the
approach against results obtained from quantum scattering
theory, confirming the consistency of the response functions
in regimes where analytical solutions are available.

We demonstrated that quasiparticle tunneling induces res-
onance peak shifts as well as thermal linewidth broadening,
which were not addressed in the original proposal of Ref. [52].
We further showed that these peak shifts can be discussed
reasonably only when the interaction kernel of the response
function is considered, highlighting the limitations of bare
perturbative expansions. The resulting behavior exhibits a
clear dependence on the filling factor, reflecting the evolu-
tion of correlation strength in FQH states and explaining the
increasing deviation between PIMC and finite-order perturba-
tive results at smaller filling factors.

Because the PIMC framework naturally incorporates
higher-order contributions beyond perturbation theory while
retaining geometric and thermal flexibility, it provides a ro-
bust tool for evaluating microwave response in regimes where
perturbative approaches become inaccurate. These results es-
tablish microwave spectroscopy as a quantitative probe of
quasiparticle dynamics and collective edge excitations in
mesoscopic quantum Hall droplets and offer a practical path-
way for connecting theoretical modeling with experimental
measurements across a wide range of filling factors and device
geometries. The proposed spectroscopy protocol is com-
patible with current quantum Hall experimental platforms,
particularly in view of recent developments in gate-tunable
edge-magnetoplasmon resonators and the high degree of con-
trol achieved over QPCs [49]. Within the model considered
here, quasiparticle (anyon) braiding effects are not the domi-
nant mechanism influencing the microwave response. Extend-
ing the PIMC framework to regimes where braiding plays a
central role in microwave resonances represents a promising
direction for future investigation. Another natural extension
of the present work is the investigation of FQH states with
multiple edge channels, such as those of the Jain sequence,
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where interchannel interactions and charge fractionalization
may lead to a richer microwave absorption spectrum.
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APPENDIX A: DERIVATION OF THE EFFECTIVE ACTION

In this appendix, we present the procedure for deriving the
effective action. We first introduce the Fourier transforms of
the bosonic field ϕ(s, τ ) and the auxiliary field λ(τ ) as

ϕ(s, τ ) = 1

Lβ

∑
k 
=0

∑
ωn

ϕk,neiks−iωnτ , (A1)

λ(τ ) = 1

β

∑
ωn

λne−iωnτ . (A2)

Using these definitions, the imaginary-time actions Sedge[ϕ]
and Sλ[ϕ, λ, φ], originally defined in Eqs. (10) and (14), re-
spectively, can be rewritten as

Sedge[ϕ] = 1

Lβ

∑
k 
=0

∑
ωn

k(vk − iωn)

4πν
|ϕk,n|2, (A3)

Sλ[ϕ, λ, φ] = i

Lβ

∑
k 
=0

∑
ωn

λ−n[(eiks1 − eiks2 )ϕk,n − Lφn].

(A4)

Since the total action Sedge[ϕ] + Sλ[ϕ, λ, φ] + Stun[φ] is
quadratic in ϕk,n, the bosonic field can be integrated out in
the partition function defined in Eq. (13), yielding

Z ∝
∫

DλDφ e−S′
0[φ,λ]−Stun[φ], (A5)

S′
0[φ, λ] = πν

Lβ

∑
k 
=0

∑
ωn

|eiks1 − eiks2 |2
k(vk − iωn)

|λn|2

− i

2β

∑
ωn

(λ−nφn + λnφ−n). (A6)

Because the effective action S′
0[φ, λ] is quadratic in λn, the

auxiliary field λn can be further integrated out, leading to

Z ∝
∫

Dφ e−S0[φ]−Stun[φ], (A7)

S0[φ] =
∑
ωn

|φn|2
4β�n

. (A8)

Here, the coefficient �n is given by

�n = πν

L

∑
k 
=0

|eiks1 − eiks2 |2
k(vk − iωn)

. (A9)

Noting that the summation over the wave number is taken
for k = 2πm/L with m being a nonzero integer, �n can be
evaluated as

�n = νL

πv

∞∑
m=1

1 − cos 2πm(s1 − s2)/L

m2 + (ωnL/2πv)2
. (A10)

Finally, by using the identity
∞∑

m=1

cos nx

n2 + a2
= π

2a

cosh a(π − x)

sinh aπ
− 1

2a2
, (A11)

valid for 0 � x � 2π , we arrive at the expression given in
Eq. (20).

APPENDIX B: DERIVATION OF THE DENSITY
CORRELATION FUNCTION

In this appendix, we present the derivation of the density-
density correlation function. As discussed in Sec. II C, the
charge density ρ(s, τ ) can be expressed in terms of the
bosonic field ϕ(s, τ ) as

ρ(s, τ ) = 1

2π
∂sϕ(s, τ )

= 1

Lβ

∑
ωn

∑
k 
=0

ik

2π
ϕk,neiks−iωnτ . (B1)

Accordingly, the density-density correlation function is writ-
ten as

Sρρ (s, s′, τ ) =
(

i

2πLβ

)2 ∑
ωn

∑
k,k′ 
=0

kk′〈ϕk,nϕk′,−n〉

× eiks+ik′s′−iωnτ . (B2)

The source term associated with the external field η(s, τ ) in
the action in Eq. (31) can be rewritten, after Fourier transfor-
mation, as

Sη[ϕ] = 1

Lβ

∑
ωn

∑
k 
=0

ik

2π
η−k,−nϕk,n, (B3)

where η−k,−n = η∗
k,n. From Eqs. (30) and (B3), we therefore

obtain

1

Z[0]

δ2Z[η]

δη−k,−nδη−k′,n

∣∣∣∣
η=0

=
(

i

2πLβ

)2

kk′〈ϕk,nϕk′,−n〉. (B4)

In complete analogy with the derivation of the effective action
in Eq. (13), the fields ϕ(s, τ ) and λ(τ ) in the generating
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functional in Eq. (30) can be integrated out by Gaussian in-
tegration, leaving only the local field degree of freedom φ(τ ).
At this stage, the generating functional takes the form

Z[η] ∝
∫

Dφ e−Seff [φ]−Sη,1[φ,η]−Sη,2[η], (B5)

where

Sη,1[φ, η] = −
∑
ωn

∑
k 
=0

ν(e−iks2 − e−iks1 )

2iβL�n(vk − iωn)
η−k,−nφn, (B6)

Sη,2[η] = − ν

4πβL

∑
ωn

( ∑
k 
=0

k

vk − iωn
|ηk,n|2

−
∑

k,k′ 
=0

ν(e−iks1 − e−iks2 )(eik′s1 − eik′s2 )

�n(vk − iωn)(vk′ − iωn)
η∗

k,nηk′,n

)
.

(B7)

Using Eqs. (B5)–(B7), we obtain

1

Z[0]

δ2Z[η]

δη−k,−nδη−k′,n

∣∣∣∣
η=0

=
〈

δ2e−Sη,1[φ,η]

δη−k,−nδη−k′,n

〉
η=0

+
〈

δ2e−Sη,2[η]

δη−k,−nδη−k′,n

〉
η=0

, (B8)

where 〈· · · 〉 = Z[0]−1
∫
Dφ (· · · )e−Seff [φ]. Evaluating each

term on the right-hand side of Eq. (B8), we find〈
δ2e−Sη,1[φ,η]

δη−k,−nδη−k′,n

〉
η=0

= 〈φnφ−n〉
β2�2

n

Ã(iωn), (B9)

〈
δ2e−Sη,2[η]

δη−k,−nδη−k′,n

〉
η=0

= −2Ã(iωn)

β�n
+ νk

2πLβ(vk − iωn)
δk,−k′ .

(B10)

Here, we have introduced

Ã(iωn) ≡
2∑

i, j=1

ν2(−1)i+ j+1e−iksi−ik′s j

4β2L2�2
n(vk − iωn)(vk′ + iωn)

. (B11)

Combining these results with Eqs. (B2) and (B4), the density-
density correlation function is obtained as

Sρρ (s, s′, τ ) =
∑
ωn

2e−iωnτ

β�n

[
−1 + 〈φnφ−n〉

2β�n

]
A(s, s′, iωn)

+ ν

2πβL

∑
ωn

∑
k 
=0

k

vk − iωn
eik(s−s′ )−iωnτ .

(B12)

The function A(s, s′, iωn) is identical to that defined in
Eq. (36). Finally, by performing a Fourier transform with
respect to imaginary time, we recover the expressions given
in Eqs. (33)–(35).

APPENDIX C: DETAILED CALCULATIONS
FOR IQH DROPLETS

In this appendix, we present the derivation of the results for
IQH droplets given in Sec. III. Throughout this appendix, we
work in first quantization. In the absence of the QPC, the edge

FIG. 10. Schematic for a wave function on two transmission
channels for an electron incident from channel 1 toward the QPC.

state of the IQH droplet is described by a noninteracting chiral
electron channel, which satisfies the Schrödinger equation

−iv∂sψ (s) = Eψ (s), (0 � s < L). (C1)

To relate the strength of quasiparticle tunneling λr to the
transmission and reflection amplitudes t and r, we introduce
ψ1(s) = ψ (s) and ψ2(s) = ψ (s + L/2), both of which are
discontinuous at s = 0 (see Fig. 10). In the limit L → ∞, the
Schrödinger equation in the presence of the QPC reads

(−iv∂sÎ + λrδ(s)σ̂x )

(
ψ1(s)
ψ2(s)

)
= E

(
ψ1(s)
ψ2(s)

)
. (C2)

Here, Î is the identity matrix, and σ̂x is the x-component Pauli
matrix. Consider the scattering ansatz

ψ1(s) =
{

eiks, (s < 0),
teiks, (s > 0),

(C3)

ψ2(s) =
{

0, (s < 0),
−ireiks, (s > 0).

(C4)

Substituting Eqs. (C3) and (C4) into Eq. (C2) and integrating
across x = 0 yields

t = 1 − λ2
r

/
4v2

1 + λ2
r /4v2

, (C5)

r = λr/v

1 + λ2
r

/
4v2

. (C6)

Thus, r > 0 for λr > 0 (Ṽ > 0). In comparison with the PIMC
simulation, the short-distance cutoff is identified as α = v�τ

(see also Sec. II F).
For a finite system, the eigenwave numbers and eigenen-

ergies are denoted by kn, j and En, j = vkn, j , respectively. The
wave function of the chiral edge mode takes the form

ψ (s) =
{

eiks+iφABs/L, (0 < s < L/2),
eiks+iφABs/L+i�, (L/2 < s < L),

(C7)

where � is a phase shift at the QPC, and φAB is an AB phase
induced by the external magnetic field. The normalization is
set to unity since the energy eigenvalues do not depend on
it. The incident and outgoing wave functions at the QPCs are
given by

ψin(0) = ψ (L − 0) = eikL+iφAB+i�, (C8)

ψout (0) = ψ (0 + 0) = 1, (C9)

ψin(L/2) = ψ (L/2 − 0) = eikL/2+iφAB/2, (C10)

ψout (L/2) = ψ (L/2 + 0) = eikL/2+iφAB/2+i�. (C11)
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(a) (b) (c)

FIG. 11. Schematic of energy levels for (a) r = 0 (χ = 0),
(b) 0 < r < 1 (0 < χ < π/2), and (c) r = 1 (χ = π/2). The hori-
zontal axis represents the electron wave number, and the vertical axis
the energy. The dashed line denotes the chemical potential.

Applying the S matrix in Eq. (50), we obtain(
ψout (0)

ψout (L/2)

)
=

(
t −ir

−ir t

)(
ψin(0)

ψin(L/2)

)
. (C12)

Substituting Eqs. (C8)–(C11) and eliminating ei�, one obtains

x2 − 2irx − 1 = 0, (C13)

where x = eikL/2+iφAB/2. The solutions are x = ir ± t =
eiχ , ei(π−χ ), where tan χ = r/t (0 � χ � π/2). The wave
numbers are thus discretized as kn, j = 4π (n + δ j )/L, where
δ1 = (2χ − φAB)/4π and δ2 = 1/2 − (2χ + φAB)/4π denote
the QPC-induced shifts. Figure 11 shows a schematic en-
ergy diagram for φAB = −π . In the absence of the QPC
(r = 0), the wave number reduces to k = 2π (m + 1/2)/L,
as expected. On the other hand, for the decoupled droplets
(r = 1), the wave number becomes doubly degenerate, as
k = 4π (n + 1/2)/L. The phase shifts follow from Eqs. (C8)–
(C11) and are given by

� j =
⎧⎨
⎩

−χ, ( j = 1),

χ, ( j = 2).
(C14)

Using these eigenfunctions, the electron field operators are
written as

ψ (x, τ ) = 1√
L

∑
n

∑
j=1,2

eikn, j x−vkn, jτ g j (x)cn, j, (C15)

ψ†(x, τ ) = 1√
L

∑
n

∑
j=1,2

e−ikn, j x+vkn, jτ g∗
j (x)c†

n, j, (C16)

where cn, j (c†
n, j) denotes the annihilation (creation) operator

and g j (x) is defined by

g j (x) =
⎧⎨
⎩

1, (x < L/2),

ei� j , (x > L/2).
(C17)

Using the identity

y(x) = L

2π
sin

2πx

L
=

∑
η=±1

ηL

4π i
exp

(
2π iηx

L

)
, (C18)

the imaginary-time susceptibility reads

ε(τ ) = 1

L2

∑
m,n

2∑
j, j′=1

ev(kn, j−km, j′ )τ

× f (vkn, j )(1 − f (vkm, j′ ))In, j,m, j′ I
∗
n, j,m, j′ , (C19)

where f (ε) = (eβε + 1)−1 is the Fermi-Dirac distribution
function, and In, j,m, j′ is defined as

In, j,m, j′ = L

4π i

∑
η=±1

∫ L

0
dx g∗

j (x)g j′ (x)e2π iηx/L−i(kn, j−km, j′ )x.

(C20)

Carrying out the integration yields

In,1,m,1 = In,2,m,2 = 0, (C21)

In,2,m,1 = iL2eiχ sin χ/4π2

(m − n + χ/π )(m − n − 1 + χ/π )
, (C22)

In,1,m,2 = − iL2e−iχ sin χ/4π2

(n − m + χ/π )(n − m − 1 + χ/π )
. (C23)

After Fourier transformation and analytic continuation
(iωn → ω + iδ), we obtain Eq. (55).

APPENDIX D: DETAILED CALCULATIONS
OF PERTURBATION

Our starting point is the effective action derived in
Appendix A. An auxiliary field ξ (τ ) = β−1 ∑

n ξne−iωnτ is
introduced. The generating functional then reads

Z[ξ ] =
∫

Dφ e−Seff [φ,ξ ], (D1)

Seff [φ, ξ ] = S0[φ] + Stun[φ] + 1

β

∑
n

ξ−nφn, (D2)

S0[φ] =
∑

n

|φn|2
4β�n

, (D3)

Stun[φ] = −V
∫

dτ cos φ(τ ). (D4)

The correlation function follows from functional differentia-
tion

〈φnφ−n〉 = β2 δ2 ln Z[ξ ]

δξ−nδξn

∣∣∣∣
ξ=0

. (D5)

For V = 0,

Z0[ξ ] = exp

(
1

β

∑
n

�nξnξ−n

)
, (D6)

yielding the noninteracting correlator

〈φnφ−n〉0 = 2β�n. (D7)

Expanding in Stun,

e−S0−Stun = e−S0
(
1 − Stun + 1

2 S2
tun + · · · ), (D8)

the first-order contribution to the generating functional reads

Z1[ξ ] = V
∫
Dφ

∫
dτ cos φ e−S0[φ]−β−1 ∑

n ξ−nφn . (D9)
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Performing standard Gaussian integration of the φ field yields

Z1

Z0

∣∣∣∣
ξ=0

= βVe−�̄, (D10)

1

Z0

δ2Z1

δξ−nδξn

∣∣∣∣
ξ=0

= 2Ve−�̄�n

(
1 − 2�n

β

)
, (D11)

with �̄ = β−1 ∑
p �p. The first-order correction to the correlation function thus reads

〈φnφ−n〉1 = −4βV �2
ne−�̄. (D12)

At second order, one has

Z2[ξ ] = V 2

2

∫
Dφ

∫
dτdτ ′ cos φ(τ ) cos φ(τ ′)e−S0[φ]−β−1 ∑

n ξ−nφn . (D13)

Again, performing the Gaussian integration over φ gives

Z2

Z0

∣∣∣∣
ξ=0

= +βV 2

4
e−2�̄[P+(0) + P−(0)], (D14)

1

Z0

δ2Z2

δξ−nδξn

∣∣∣∣
ξ=0

= �nV 2

2
e−2�̄

{(
1 − 4�n

β

)
[P+(0) + P−(0)] + 4�n

β
[P+(iωn) − P−(iωn)]

}
, (D15)

where P±(ωn) is defined in Eq. (42). The second-order correction to the correlation function becomes

〈φnφ−n〉2 = −2βV 2�2
ne−2�̄[P+(0) + P−(0) − P+(iωn) + P−(iωn) − 2β]. (D16)

For s1 = 0 and s2 = L/2, the interaction kernel takes the form

�(iωn) = 8π2
(
ω2

T + ω2
n

)
νL2

[
1

ωT
− ω2

T + ω2
n

(ωT + νβ�)
(
ω2

T + ω2
n

) + νβ�
(
ω2

T − ω2
n

)
]
, (D17)

where �(iωn) was defined in Eq. (35). Expanding in V , we
are left with

�(iωn) = ∂�

∂V

∣∣∣∣
V =0

V + 1

2

∂2�

∂V 2

∣∣∣∣
V =0

V 2 + O(V 3). (D18)

The coefficients of the expansion are then given by

∂�

∂V

∣∣∣∣
V =0

= ∂�

∂�

∂�

∂V

∣∣∣∣
V =0

, (D19)

∂2�

∂V 2

∣∣∣∣
V =0

=
(

∂2�

∂V 2

∂�

∂�
+

(
∂�

∂V

)2
∂2�

∂�2

)∣∣∣∣∣
V =0

, (D20)

where the required derivatives read

∂�

∂�

∣∣∣∣
V =0

= 16π2β

L2
, (D21)

∂2�

∂�2

∣∣∣∣
V =0

= − 64π2νβ2ωT

L2
(
ω2

T + ω2
n

) , (D22)

∂�

∂V

∣∣∣∣
V =0

= 1

β2�2
n

〈φnφ−n〉1

V
, (D23)

∂2�

∂V 2

∣∣∣∣
V =0

= 2

β2�2
n

〈φnφ−n〉2

V 2
. (D24)

Substituting these back into Eq. (D18) and using Eqs. (D12)
and (D16) reproduces the result of Eq. (41).
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