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∂2ψ

∂x2
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∂ψ

∂t
= 0.
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ψ̃(k) =
1√
2π

∫ +∞

−∞
ψ(x, t0) e

−ikxdx.
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K(x, t; x0, t0) = e−iπ/4
√

m

2π~(t− t0)
exp

[
im(x− x0)

2

2~(t− t0)

]
(t > t0)
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ψt(x) =

(√
π(a + it

a
)
)−1/2

exp

(
− (x− k0t)

2

2(a2 + it)
+ i(k0x− k2

0t

2
)
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|ψt(x)|2 =
(
π(a2 + t2

a2
)
)−1/2

exp

(
− (x− k0t)

2

a2 + t2

a2

)
= 1

A
√
π
e−(x−k0t)2/A2 �
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A2 = a2 + t2

a2
,

〈x〉 = 〈ψt|qψt〉 =

∫

R

x|ψt(x)|2dx = k0t||ψt||2 +

∫

R

(x− k0t)|ψt(x)|2dx
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= k0t ,

〈x2〉 = 〈ψt|q2ψt〉 =

∫

R

x2|ψt(x)|2dx = 1√
π

∫

R

(Au+ k0t)
2e−u

2

du = 1
2
A2 + (k0t)

2 ,

∆x :=

√
〈x2〉 − 〈x〉2 = A/

√
2 = a√

2

(
1 + t2

a4

)1/2

.
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ψt(k) =
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|ψt(k)|2 = a√
π
e−a

2(k−k0)2 ¢/�������
¨]�
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〈p〉 = 〈ψt|pψt〉 =

∫

R

k|ψt(k)|2dk = k0||ψt||2 +

∫

R

(k − k0)|ψt(k)|2dk
︸ ︷︷ ︸
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= k0 ,
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〈p2〉 = 〈ψt|p2ψt〉 =

∫

R

k2|ψt(k)|2dk = 1√
π

∫

R

(u
a

+ k0)
2e−u

2

du =
1

2a2
+ k2

0 ,

∆p :=

√
〈p2〉 − 〈p〉2 = 1

a
√

2
.
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(
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a4

)1/2
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ϕt(x) = A exp

(
− (x− α(t))2

2
+ iβ(t) x

) �������A�
A =

√
1/
√
π
¼
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π
e−(x−α)2 [

〈x〉 = 〈ϕt|qϕt〉 = 1√
π

∫

R

x|ϕt(x)|2dx = 1√
π

∫

R

(u+ α)e−u
2

du = α||ϕt||2 = α ,

〈x2〉 = 〈ϕt|q2ϕt〉 = 1√
π

∫

R

x2|ϕt(x)|2dx = 1√
π

∫

R

(u+ α)2e−u
2

du =
1

2
+ α2 ,

〈p〉 = 〈ϕt|pϕt〉 =

∫

R

ϕt(x)(−i)
dϕt
dx

(x)dx = 1√
π

∫

R

(iu+ β)e−u
2

du = β ,

〈p2〉 = 〈ϕt|p2ϕt〉 =

∫

R

ϕt(x)(−1)
d2ϕt
dx2

(x)dx = 1√
π

∫

R

(1 + β2 + 2iβu− u2)e−u
2

du =
1

2
+ β2,

(∆x)2 =
1

2
, (∆p)2 =

1

2
,
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ψ0(x) = 1√
a
√
π
e−

x2

2a2 +ik0x, ϕ0(x) = 1
π1/4 e

− (x−α0)2

2
+iβ0x,
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(
e−iapϕ

)
(x) � Å����=

∑

n≥0

1
n!

((−iap)nϕ) (x)
p=−id

dx=
∑

n≥0

(−a)n
n!

ϕ(n)(x)
Taylor en x

= ϕ(x− a).
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H0Ψ0 = 0
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Q†Ψ0 = 0
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H0Ψ = EΨ
[�������	�

Q†H0Ψ = H1Q
†Ψ = EQ†Ψ
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H1Φ = EΦ
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QH1Φ = H0QΦ = EQΦ
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Q† =
1√
2

(
d

dx
+W (x)

)
,

�·�
[Q,Q†] = H0 −H1 = −[d/dx,W (x)] = −W ′(x)
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H0 = QQ† =

p2

2
+ V0(q) = −1

2
(d/dx)2 + 1

2

(
W (x)2 −W ′(x)

)
,

H1 = Q†Q =
p2

2
+ V1(q) = −1

2
(d/dx)2 + 1

2

(
W (x)2 +W ′(x)

)
.
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V0(x) = 1

2
− cosh−2 x
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V1(x) = 1
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Φk(x) = Ceikx
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k2 = 2(E − 1
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E(k) = E(−k) = 1
2
(1 + k2) ≥ 1
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c(k) ei(kx−ωt)dk
�-���
LE��L
���N�o���������O�����¨]�
	���N���

ω = 1
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c(k)

¦8����L���N���5L��M���SL
�N���3�Z¼q����L
	���N������L��(	��¨��N�A���������
L2(R, dk)

¢/L�¦�L
��QA	���r
P7�����Q�¨]�
	 H¸¨���	K���������N	��
������3�������AL

Ψk = QΦk
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Ψt(x) =
(QΦt)(x)

¨�Q�����$Q�� ||Ψt||2 = ||QΦt||2 = 〈Φt, Q
†QΦt〉 = 〈Φt, H1Φt〉 = 1
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(||c||2 + ||p c||2) < ∞ [����
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= − tanhx
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d ln y = − sinh x
cosh x

dx = −d ln cosh x
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Ψ0(x) = C/cosh x
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t = tanhx
�

||Ψ0||2 = |C|2
∫

R

cosh−2x dx = |C|2
∫ +1

−1

dt = 2|C|2,

��� ||Ψ0|| = 1
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C = 1/
√
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Q†Ψ0 = (iP +W )Ψ0 = 0
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〈P 2〉 =
1

2

∫

R

tanh2x cosh−2x dx =
1

2

∫ +1

−1

t2 dt = 1/3.
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3 · π/(2
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π/6 ∼= 0,5236 > 1
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