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Abstract

It is known from the theorem of Shannon-McMillan-Breiman that the measure of cylinder
sets decays in the limit exponentially with a rate which is given by the metric entropy. Here
we prove that the measure of cylinders satisfies a Central Limit Theorem for a wide class of
mixing measures which do not have necessarily the Gibbs property. We moreover provide
the rate of convergence (which is algebraic). As a consequence we can then also prove that
the distribution of the first return time in cylinder sets is log-normally distributed and give
the speed of convergence. We also show that the weak invariance principle and the law of the
iterated logarithm hold for the convergence to the entropy in the Shannon-McMillan-Breiman
and for the distribution of the first return time.

1 Introduction

In [13] we studied a large class of invariant measures for dynamical systems that do not have
necessarily the Gibbs property and which we called (¢, f)-mixing maps (see Section 2 for defi-
nition). There we investigated in particular the statistics of multiple return times. Let’s recall
one of those results which motivated the present work. If (2, u,T') is a measurable dynamical
system, let €  be any point and A, (z) € A" the cylinder around x belonging to the join
partition A" = \/;7”;01 T—JA, where A is any measurable generating partition of (Q, u,T). We

call 74, (z)(y) = min {k‘ >0:Try € Ay(x),y € An($)} We next introduce the distribution

KA, (z) ({y FTAn@)(Y) > M(A,i(x))})

where j14,, () is the conditional measure on A, (x). Inthe limit of n — oo and for p-almost every
x this distribution can be shown to converge to e~! for the class of (¢, f)-mixing maps (for
reasonable ¢ and f). We next consider the first return of the ‘center’ x of the cylinder A, (x)
(which we call the repeat function in Sect. 7); for an ergodic measure of finite entropy h(u)
Ornstein and Weiss [20] have shown that

lim *log 74, (2)(x) = hu) (1)

n—oo n
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almost everywhere. It is a remarkable fact that in order to prove fluctuations in the convergence
of the limit (1) one needs the e ’-statistics for return times. This leads us to look at the

distribution
1 " —nh
. ({x 08 TA, (o) (¥) —nh(p) t}) @)

ovn

as n — oo, where (the variance) 02 > 0 will be specified later on. It can be shown [27] and also
Sections 4 and 5, that the e~!-statistics of the first return times combined with a Central Limit
Theorem for the fluctuation to the entropy in the Shannon-McMillan-Breiman theorem (SMB),
will allow to get the convergence in law of (2) to the normal distribution. This kind of result
has been proved for Gibbsian sources [8], for some maps of the interval with topological covering
properties [21] and some non-uniformly hyperbolic maps on the interval [9, 4]. Kontoyiannis [18§]
has some results in the setting of finite-valued stationary strongly mixing processes with some
sort of finite-order Markov chain approximation (the assumption on the coefficient ‘v’ introduced
by Ibragimov [17]). (If o = 0 then there are some examples when the limiting distribution is not
normal [8].) All these contributions (except that of Kontoyiannis), used explicitly a Gibbs type
characterization of the measure p which allows to rephrase the CLT for the convergence to the
entropy in Shannon-McMillan-Breiman theorem in terms of a standard CLT for the involved
potential. For recent results on the CLT in various settings for potentials (and in particular for
Gibbs states) see [12, 19, 5]. Note that none of these results provide error terms.

Instead, the contribution of Kontoyiannis quoted above used a CLT directly for the pro-
cesses log pu(Ay(x)) (without requiring the Gibbs property) which was proven by Ibragimov in
the early sixties. In [17] Ibragimov worked on ‘strongly mixing systems’! (see also Rosenblatt
[25]). He works in a classical probabilitstic setting of stationary random variables X; (with
a finite number of states) where it is assumed that the function of conditional expectations
fo = logp(zo|z—_12_2...) is known. He assumes that this function is sufficiently well approx-
imable, that is the variation ¢(n) = E|fo — logp(zo|x—1 ...x_y)| decays sufficiently fast. In the
present paper we consider a typical dynamical systems setting: We assume mixing properties of
the measure with are stronger that the ‘strong mixing property’ of Rosenblatt and Ibragimov,
but in return do not make any assumption on the function fy and its regularity. (Although we
suspect we have not been able to prove that the rate of decay of 1 as assumed by Ibragimov
and others implies the mixing property of Definition 1.) We moreover obtain error estimates
for the CLT. In fact our approach is more accessible to numerical exploitation that the purely
probabilistic framework.

The main result of this paper is to prove a CLT for the convergence to the entropy in the
SMB theorem for (¢, f)-mixing maps (Theorem 16). The proof uses characteristic functions
and a classical short/long splitting to estimate the distance to the characteristic function of the
normal distribution. A Berry-Esseen type argument then implies the main result. The central
part of the paper however is to provide an expression for the variance in terms of the dynamical
information function I,,(z) = —log u( Ay, (x)): It will be shown that the variance of the measure
is given by the linear growth rate of the difference of the second moment and the square of the
first moment (Proposition 14). The speed of convergence to the variance determines the error
terms in the CLT. These results were announced in [14].

'Meaning that
(U N T™"V) = w(@)(V)] < am)

for all n-cylinders U and, where V is as in Definition 1 where the decay function a(m) goes to zero.



Our setting is rather general in that it does not require the invariant measure to be Gibbsian.
For Gibbs measures, A Broise [3] has proved error terms for the CLT for a large class of expanding
maps on the interval for which the Perron-Frobenius operator has a ‘spectral gap’ (previous
results had been obtained by Rousseau-Egele [26]). Moreover, for Gibbsian sources of dispersing
billiards Péne [22] has obtained similar estimates.

JFrom section 4 to 7 we improve the CLT by showing some of its classical, although not
trivial, consequences either for the processes log ji(A, (7)) and for log T4, (2) (7).

In the fourth section we prove the law of iterated logarithm and in the fifth the weak invari-
ance principle for the function log p1(A,(x)). The latter follows easily from the CLT in the case
of transitive Gibbs states and can also be proved for a large class of non-uniformly hyperbolic
maps of the interval [9] and for the stationary strongly mixing processes studied in [18].

In the section 6 we prove the exponential law for the first return time and provide error
estimates which in section 7 are finally then used to derive a CLT with error terms and a Weak
Invariance Principle for the repeat time function.

2 Properties of (¢, f)-mixing measures

Let T be a map on a space €2 and p an invariant probability measure on 2. Moreover let A be
a finite measurable partition of € and denote by A" = \/;L:_O1 T—J A its n-th join which also is a
measurable partition of € for every n > 1. The atoms of A™ are called n-cylinders. Let us put
A* = J,, A" for the collection of all cylinders in Q and put |A| for the length of an n-cylinder
Ae A% e |Al=nif Ae A™.

We shall assume that A is generating, i.e. that the atoms of A are single points in 2.

Definition 1 Assume
(i) f : A* — Ny so that f(A) > f(B) if |A| > |B|, A,B € A*. If C is a union of n-cylinders
C; (some n) then f(C) = max; f(Cj).
(ii) ¢ : Nog — R is non-increasing.
We say that the dynamical system (T, u) is (¢, f)-mixing if

W@ NT™"V) = w(U)p(V)| < ¢p(m)uU)p(V)

for all m > f(U), measurable V (in the o-algebra generated by A*) and U which are unions
cylinders of the same length n.?

Oftentimes the function f depends only on the length of the cylinders, that is f(A) = f(]A]).
The function ¢ determines the rate at which the mixing occurs and the separation function f
specifies a lower bound for the size of the gap m that is necessary to get a good mixing property.
In the special case when f is constant 0 (or some other constant) then (7, u) is traditionally
called ¢-mixing. There is a tradeoff between the decay function ¢ and the separation function
f. Typically one can achieve to have ¢ decay faster at the expense of f which as a consequence
will be increasing faster.

Examples

2Probabilists like to refer to this mixing property as 1-mixing. In this paper however we adher to the notation
favoured by dynamicists and therefore use the letter ¢.



1. Classical ¢-mixing systems (see, e.g. [8]): f = 0.
2. Dispersing billiards [22]: f is linear.
3. Gibbs measures for rational maps with critical points: f is linear, ¢ is exponential.

4. Multidimensional piecewise continuous maps [21]: f depends on the individual cylinders.

2.1 General properties

For r > 1 and (large) N denote by G, (V) the r-vectors 7 = (v1,...,v,) for which 1 <wv; < vy <
-+ < v, < N. (The set G,(NN) is the intersection of a cone in Z" with a ball of radius N and
centre at the origin.) Let ¢ be a positive parameter, put N = [t/u(W)] (the normalised time)
and W C €. Then the entries v; of the vector v € G, (N) are the iterates at which all the points
in Cy = (;—; T~ W, hit the set W during the time interval [1, N}].

Lemma 2 [15] Let (T, p) be (¢, f)-mizing, let r > 1 be an integer and let W; C Q, be unions
of nj-cylinders, 3 =1,...,r.

Then for all ‘hitting vectors’ ¥ € G(N) with return times vjy1 —v; > f(W;) +n; (j =
1,...,7—=1) one has

M (ﬂ§:1 r= Wj)

Mo V)

< (1 +¢(d(@,m)))" -1,

and d(U, @) = ming (Vg1 — vk — Nk).

The following exponential estimate has previously been shown for ¢-mixing measures in [11] and
for a-mixing measures in [1].

Lemma 3 [13] There exists a 0 < vy < 1 so that for all A € A*:

A
u(A) <.

This lemma implies in particular that p has positive entropy [13]. In remainder of this section
let us assume that u is a (¢, f)-mixing probability measure on Q for the map T : Q —  where
f(A) for all A € A* depends only on the length |A| of the cylinder A. Hence we shall now write
f(n) where n € N is the length of the cylinders. For Lemmas 4 and 5 we assume that f grows
no more than linearly, that is, there exists a constant Cy so that f(n) < Cyn for all n.

We are interested in the cylinders that return within very short time to themselves. In
particular let us put

Sn={Ac A" : ANTIA#( for some 1< j< r(n/2)},
where k(m) = [ﬁ}
Lemma 4 There exists a 0 < v2 < 1 so that for all large enough n:

> u(A) <.

A€eSy



Proof. If we put A = f(x(3)), then f(j) + A < g for j =1,...,k(3) — 1. Let A € A" and
assume that ANTJA # () for some j < k(%). For B € A/ so that A C B one has by Lemma 3

u(A) < p(BATIATITAA) < (14 ¢(A)u(B)u(TIHA) < (1+ ¢(A)u(B) 72,
where T9+2 A is a cylinder of length n — j — A. Therefore

#(

NE

)—1

—i—A n—k(5)—A
> uA) < (1+¢(A)) WTE Y wB) <eay TP
AEeS, 7=1 BecAj
for a suitable constant ¢; < 1+¢( ). Put Yo = /71- a

Lemma 5 There exists a 0 < 3 <1 so that for all large enough n:
u ({:U €Ny, ()(7) < n}) < 3.

Proof. If for k < n put pp = i <{$ €N Ty, (2)(T) = k:}), then pp, < Y qeun H(ANTFA),
where in view of Lemma 4 it is enough to consider k(n) < k < n. Put £ = k(k) and we get by
the mixing property

PANTPA) < p(A(A)NT 7 A) < (1+ ok — £))p(Ae(A)(A) < ervip(A),
since k — ¢ > f(¢), where Ay(A) is the ¢-cylinder that contains A. Hence

pr < Y w(A(A)NTFA) <ernf
AcAn

and therefore, by Lemma 4

r(n)

Z Pr <Yy + Z 6171”0 <5+ ey FOL
k=k(n)

(1+C0)

Now choose 3 > max (72, " ) less than 1. O

The metric entropy h for an invariant measure p is h = lim, .o %H (A™), where, as usual,

H(A™) =3~ e an —1(A) log u(A).

Lemma 6 Assume that f(m) < Cim? for some constant Cy and 0 <~y < 1.
Then for every v € (v,1) there exists a constant Co so that for all m:

m 1
Proof. We shall first show that
H(A™H8) > H(A™) + H(A™) — ¢(A), (3)



if A > f(min(n,m)). Let us assume that m < n, f(m) < m and put A = f(m), B = A™,
C=T"""2A" and D = T"™A> we obtain (using the fact that T is (¢, f)-mixing in fourth
line)

H(AM™H8) = Z w(BNDNC)log

BeB,CeC,DeD pBNDNC)

A\

w(BNDNC)log
BeB,CeC,DeD

1
i BN o8

1
= H(A™)+ H(A") —log(1 4 ¢(A)).

1
wBNC)

v

+¢(A))

This proves the estimate (3).
Let v < 7/ < 1 and assume that u is large enough (so that u’ > f(u)). Since

‘H(A“) — H(A"™%)| < H(A"A"™2) < H(AY) < a4,
we get (with A = [u])

H(A™) > 2H(A" ) = g([]) > 2H(A") — ([u™]) — 26107,

and by iteration the following lower bound:

1—1
HAZY) 2 2HAY) = 3277 (6((20)]) +260(2)”)
=0
> 2H(AY) — cu)' 2, (4)

where the (small) terms ¢([(271)Y']) have been absorbed by the constant c;.

To get a lower bound for arbitrary integers n let m arbitrary (large enough) and let n be
some large number. We have n = km + r where 0 < r < m and consider the binary expansion
of k: k=Yt (€2, where ¢ = 0,1 (¢, = 1, £ = [logy k]). We also put k; = Zf 12t (ko = k).
Obviously kj11 < 2e*j. If we put a(u) = H(.A“) then a(u) ~ u. We separate the ‘first” block of
length kj;1m from the ‘second’ block of length eg_j2é_jm by a gap of length (kj+1m)7/ which
we cut away from the first block)

a(k)) = ale_;29m + kjy1m)
> aler—;2"77m) + alkjsim — [(kj1m) ")) — o(((kjs1m)])
> afep32m) + alhysim) — en(kyam)” — o(((kgm)” )
> ale- yQZ Tm) + a(kjram) — e 20 mY = g([(kjpam) ™)),
for j =0,1,...,¢ — 1. Tterating this formula and summing over j yields (c¢s < max(cy,c2))

l
a(km) > 3 (e 2 Ta(m) — s (m7'2 + @Im)") = ¢(((kj1m)7']))

=0
> ka(m) — cym™' 2%,



where we used (4) in the first inequality and had the the ¢-term absorbed by the constant c.
As above we estimate the contribution made by the remainder r as follows

la(n) —a(km)| < o (A"|Akm> <car<cm.
Therefore, if we use the fact that 2¢ < k, divide
a(n) > ka(m) — cym™ k — e1m
by n and let n go to infinity (k — o0), we obtain

an) | alm) o

h = lim inf >
n—oo  q m
for all m large enough. This proves the lemma since h < a(::). |

2.2 The variance of the information function

For a partition P let us define K (P) = [, log? u(P(z)) duu(x) where P(x) is the atom of P that
contains the point = (the function K will be needed to express the variance in Theorem 16).

Note that
= > Ua(u(P
Pep

where 15 (t) = tlog? t. Similarly, for two partitions B and C, one has the conditional quantity

KCB) = Y <>¢2(<B(;)C))= 5 u(BﬂC)logZ’“(ﬁ;)m.

BeB,CeC BeB,CeC

Lemma 7 For any two partitions B,C for which “(B()mc <1l/e ¥ BeB,CeC:
(1) K(C|B) < K(C)
(ii)) VK(BVC) < K(C) + VK(B)

Proof. (i) The function 15 (t) = tlog®t is convex on the interval [0,1/e], that is 3, caiba(z;) <

Po(3°; ax;) for numbers x; € [0, 1/e] and positive «; for which Y, a; = 1. Hence with o; = p(B)

and x; = % one has

K(eIB) = 3 i) (W)gzww(c»:m@.

(ii) Minkowski’s inequality on L? spaces yields

KBvC) = ( > M(Bﬂc)log2u(BﬂC)>2

BeB,CeC

< (Z p(B N C)log? W) + (Z #(BNC)log’ u(B))
B,C B,C

< JE© + /K(B)



(as K(C|B) < K(C)), where in the last estimate we used the inequality from part (i) of this
lemma. a

Let us note that for w > 1 one can define the

= > u(P)|log u(P)|”

pPeP

(K1 = H and K3 = K) for which one proves the following result in the same way as Lemma 7.

Lemma 8 For any two partitions B,C for which “(E(m)c) <el"w V BeB,CcC:
(1) Kuw(C|B) < Ku(C)
(i) Ky(BVC)YY < KyW(C)YY 4+ K (B)/™.

Let us note that Lemma 8(ii) implies that the sequence a,,(w) = K, (A™)Y" is subadditive
which implies that lim,, %Kw(Am)l/ “ exists and equals the liminf. In particular K,,(A™) <
cym® for all m and some constant ¢; which depends on w (we shall use this fact at the end of
the proof of Theorem 16).

For m = 1,2,... denote by A,,(x) the atom in A" which contains the point z € Q. If we put
Xm, m =1,2,..., for the function (random variable) given by X,,(z) = —log u(An(z)) then

it’s expected value is
(X)) = > —pu(B)logu(B) = H(A™).
BeA™

The variance of X, is
03 (Xm) = (X — H(A™))?) = K(A™) — H*(A™).

For a partition D let us write 0(D) = K(D) — H?(D)) and similarly for conditional variance.
The function I,,(x) = —log A, (z) is often called the nth “information function” on Q. With
this notation we have H(A") = [, I, dp and 0?(A") is the variance of I,,.

Lemma 9 Let B and C be two partitions. Then
o(BVvC) <o(C|B)+a(B).

Proof. By Minkowski’s inequality

2
c(BVC) — ( S WBNO) (log%—H(C|B)+logﬂ(1B)—H(B)>)

BeB,ceC

1
2

IA

2
( Z uw(BNC) (log%—H(c|B)>)

BeB,CeC

N

2
+( Z w(BNC) <1og'u(13)—H(B)> )

BeB,CeC
= o(C|B) + o(B).



This completes the proof. O

The remainder of this section will be devoted to prove that 2o%(.A") is bounded uniformly in n
(Lemma 12) and then to show that it converges (Proposition 14). For this purpose we will need
the following pair of arithmetic lemmas.

Lemma 10 Let v € (0,1/2) and define for integer x ([.] denotes the integer part) :
x z\"
T N e (e
(@) [2 (5) ]
S(z) = z—-2T(x).
Then there exists an xq so that T(x)Y < S(x) < 3T(x)Y for all x > xo.

Proof. Put 2/ = T'(z) and y = = — 22/ = S(z), then
y = $—2<;— (;)ﬂ/> +e€
ol
— etal) (;? - (:;)W)”

= €+ o)z

where 0 < e < 2,1 < a(2') < 3, for all x large enough and 0 < ¢ < 5. Hence 2 <y < 3z
for all z larger than some x. |

Lemma 11 Let 0 < 7/ < 1 and co > 1 be given. For any integer ng > 1 and any sequence of
,?//

integers mg, mi, ma, ..., for which 0 < m; < 3n; ,

where recursively nji 1 = 2n; +mj, one has
no2’ < nj < pne2’,

i—1
where p; = exp Z%:o 2&17377’) (Poo < 00).

Proof. The lower bound is obvious. The upper bound is shown by induction. Since p; > 1, we

get
nj+1 S 2nj+3n;-y
< 2pjme2’ + 3(pjno2’)”
; 3
= 2Hping (14—
pjno ( + (pjnozj)lf’y )
, 3
J+1,
s 2P (1+23'(1v’))
< pj+127tng.



Lemma 12 Assume that ¢ is summable and that f(m) < Csm?Y, m € N, for some C3 and

ve0,3).
Then there exists a constant C4 so that

0 < K(A") — H*(A™) < Cyn.

Proof. The lower inequality follows from Schwarz’s inequality:

o=

H(A™) = Y p(A)(~logu(4)) < < > #(A)log® M(A)> = K (A",
AcAn AcAn
which implies K(A") — H?(A") > 0 for all n.
Let v/ € (7,3). Let n be some (large) integer and n’ = 2n + m, where n' < m < 3n" (for
n large enough so that n?" > 3f(n) where the factor 3 is needed in the footnote). Put B = A",
C=T"""A". Then

1
HBVC) = w(BNC)log ————
(BVvC) Begec ( ) B0

1 1
- BEBZ,CGCM(B : C) (log M(B) T log N(C) + P (B, C))

= H(B)+ H(C)+ p1.

Here we used the mixing property u(B N C) = u(B)u(C)(1 + p2(B, C)), where |p;| < ¢p(m),i =
1,2. We thus obtain

2
2BVC) = BGBZ:CECM(B ne) <10g ;L(Blr10) _H(BV C))
= Z ,u(BﬂC)(log L + log L —H(B)—H(C)+p3>2
BeBOeC 1(B) 1(C)

where the absolute value of p3s = pa — p1 is bounded by 2¢(m). By Minkowski’s inequality :

\VE(B,C) —2¢(m) < o(BVC)<\/E(B,C)+2¢(m),

where

1 1 2
E(B,C) = BEBZCGC W(BNC) <10g 0B s — H(B) - H(C))

1 2
- Y uBnO) <log - H(B))

BeB,CeC

1 2
+ Besz,:ch W(BNC) <1og el H(C)) +2F(B,C)

= o%(B) + o?(C) + 2F(B,C).

10



We estimate the last term, 2F(B,C), as follows

F(B.C) = > wBNCO) <10g “&3) — H(B)> <log u(lC) — H(C))

BeB,CeC

1 1
= Y MBMO)L+pa(B.0) (108 iz ~ HB) ) (1og s ~ HIO))

BeB,CeC

By Schwarz’s inequality

1 1
FEOL < ol 3 w0 os o 1) Jiog i~ HC)
< olm)o(B)o(C).
Hence
o(BVC) < \[0?(C) + 0*(B) +20(m)a (C)o (B) + 20(m). (5)

and since o(B) = o(C) = o(A"), we get

o(BVC) < o(AMV24/1 + (m) + 26(m

Next we fill the gap of length m for which we use Lemmas 9 and 73:

0(A2H™) — 6(BVC)| < o(ATBVC) < \/K(A™) < eym < con™’

(c2 < 3c1). Then (if p(m) < 1)

o(A™) < V20(A")(1+ ¢(m)) + cgn™
< Va2o(AY) <1+;j, ;?Z%) (6)

(e3 <2+ 2ca), where we used that ¢(m) < % for all m and some ¢4 (as ¢ is summable).
Moreover let us note that if o(A™) > v/n/, then

o o(AY) —en 1 - / -
O'(A )Z m 2 g (\/E—an'y) 205\/77

3We are allowed to use Lemma 7 because u(A)/u(BNC) < 1/e. To see this consider the gap which is of length
m and let D € T~ /3] AI"/3] 56 that A € BN D NC. Then since m/3 > f(n) we get by Lemma 2

(B DA C) — u(B)u(D)u(C)| < const.u( B)u(C)u(D)d(m/3)
and by the (¢, f)-mixing property
lw(BNDNC)—u(BNC)u(D)| < const.u(BNC)u(D)od(m/3).

This implies then that

w(A) wBNDNC)
wBNC) = pBNCO)

m/3

< const.u(D)p(m/3) < const.y;

which is < 1/e if m is large enough.

11



for some positive ¢; and for all n larger than some N. By Lemma 11 we thus obtain

/ / n,y/
<
)

n’y
<
C5\/W o 05\/271

We apply this estimate in (6) as follows:

n’y

(A"

< CGn*(%*’Y’)_

o(AY) < V20(A") (1 +emn™ + 03c6n_(%_7'))
< V20 (A™Y) (14 cm™@), (7)

where o = min(y/, 3 — /). Let us assume that N < zg, where z is from Lemma 10. Then for
j=1,2,3,... we define ¢; = cgexp Zz;il c727 where cg > 1 is so that o(A7) < cg+/j for
J < 3xg.

Let n be an arbitrary (large enough) integer and construct a finite sequence of integers
no, 1, M2, . .., Ny, s0 that ng = n and nj4 = T(n;), j =0,1,2,...,7 — 1, where T was defined
in Lemma 10 and r is such that zg < 7, < 3z9 < Np—1. If we put n; = n,—j, m; = njp1 — 2n;
(j =0,1,...,r), then by Lemma 10 n;-yl <m; < 3n]7/.

We will now show that o(A™) < ¢,/3poctony. Suppose o(A%) < gjv/3peoo 27/? for j < k
(k < r). If o(A™+1) < 2(-+1)/2 then obviously o(A™+1) < qry1v/3peoto 2FT/2 (induction step
is trivial) and if o(A™*1) > 2(:+1/2 then we complete the induction step with (7) as follows:

o (A™1) < V2 g /Bpocaio 272 (1 + er27%) < giy1v/Bpaco 28V/2.

Since o(A™) < gov/3pooro 2"/ by choice Lemma 11, we conclude that o(A™) < g;+/3peoto 27/2
holds for all 7 < r and in particular o(A"") < ¢v/3psoo 2712 < go/Bpoozony. Since n was
arbitrary we thus have shown that o(A") < ¢gy/n for all n and some cg < ¢oo/3Poo. Put
Cy = Cg. O

Corollary 13 The limit
1
k= lim —K(A")

n—oo n

exists and is equal to h?.

Proposition 14 The limit

1
2 _ 7 2 m
0o = lim_ —o (A™)
exists and is finite. Moreover
0'2(Am) ’ (1
ol — ——2| < Cj (qﬁ(m“’)er (2 7)),

where v < v < % and C5 depends on ~'.

Proof. By Lemma 12 we only know that %02(.,47”) is bounded uniformly in m. As in the proof
of Lemma 12 let v < 7' < % and assume that u is large enough (so that u?" > f(u). We have

that
O.(Au) _ U(Auf[zﬂ ])‘ <o (Au’Au[u“f}) < K (A[qﬂl]) < Clu’yl.

12



By (6) we get

2
=
[
=
N

V2o (A7) (14 §([u]) + equ=G7)
< V20(AY) (1 +o([u]) + Cgu_(%_7/)> +3u”
< V2o(A") (14 6(u]) +egu377))

A

and by iteration we obtain the following upper bound:
(A2 < 2% H (1+6(1@u)"]) + es(27u) =G 7)<
225 (AY) (1 +cy (qﬁ(u’yl) + u*(%*vl)» ,

where we used that ¢([(27u)"]) < const.2797 ¢(u").
To get an upper bound for arbitrary integers n we proceed as in the proof of Lemma 6. We
let n =km+r (0 <r <m) and consider the binary expansion of k: k = S €2 (6= 0,1,
e =1, £ = [logy k]). Put k; = Zf;{] 62" (ko = k) and a(u) = o(AY), then a(u) < Cyy/u (by
Lemma 12) and using the inequality (5) yields
a?(kj) = a*(er—;2Im + kjyi1m)
< aP(e2m) + aP(kjm — [(kjam) ™))

+36/((kj1m)" )O3\ ey 2=Tm Ky am — [(jam)

< a®(e—279m) + a®(kji1m) + cl(kj+1m)7/

+es(kjpam) ™ \/eg,j%_jm \/k:j+1m
< a2(6€7j2€fjm) + a?(kjim) + 12D " a7 (=D (=)
< a®(e—27m) + a®(kj1m) + 270/

(0 <j < {), where 8 = max(y/,1 — ') < 1. Tterating this formula and summing over j yields
¢ ‘ A
a’(km) < Z <a2(€g_j2€_]m) + CGQ(Z—J)Bmﬁ)
=0

L
< Z o279 a?( (1 +cq (qb(m”/) + m_(%_y)» + 728 m”
< ka2(m) ( + ey (¢(m7/) + m_(%_VI)) ht) 4 cs(km)P?,

where we used (8) in the second inequality. Since (by Lemma 9) |a(n) — a(km)| < o (.A"]Akm) <
cir < cym we get

a%(n) ka®(m) (1 +ecy (qﬁ(m”’) + m_(%”,))) +cgn® +erm
limsup —— < limsup 3
n— 00 n k—o00 m
< (1+e(om?) +m ) a’(m)
< cq | p(m m -

13



for all m large enough. Hence as m — oo the right hand side can be replaced by a liminf. This
a?(m)

proves that the limit oo = lim,, o exists. We moreover have proven the upper bound

a(m)

2
o <
= m

+Cs ((Z)(mVI) + m*(%ﬂ/» .
The lower bound is obtained in the same way. O

2.3 Higher order moments of the information function

In the proof of Theorem 16 we will need and estimate on some higher order moment of the
information function. In the following lemma we shall estimate the third order. Below it will
become clear that indeed we can estimate all orders although we will not need any of the
estimates here.

In the following lemma we shall in fact estimate the quantity

w

Ny(P) = > u(P) [log — H(P)

PeP wP)

Lemma 15 Assume that ¢ is summable and that f(m) < Csm?, m € N, for some C3 and

v €0,3).
Then there exists a constant Cg so that

N3(A™) < Cen®/?logn.

Proof. Let 7' € (7, 3), n be some (large) integer and n’ = 2n + m, where n' < m < 3n"
(nV/ > f(n)). Put B= A", C=T""""A". With p;, i = 1,2,3,4 as in the proof of Lemma 12,
we obtain (as H(BV C) = H(B) + H(C) + p2) with Minkowsky’s inequality (on L? spaces)

1
NiBve) = [ Y wBro|os—L  —a@ve)l 3
BeB,CeC wBNC)
< E3(B.C)+26(m)
where
Es(B,C) = Z w(BNC) logi+logL—H(8)—H(6)3
e BeB,CeC u(B) 1(C)
1 3
< Y wBNCO)|log — H(B)
BeB,CecC 1(B)
1 3
+ Y wBNC)|log e H(C)| +3F12(B,C) +3F»(B,C)
BeB,CecC (<)

= N3(B) + N3(C) + 3F12(B,C) + 3Fx (B, C).

14



We estimate the term Fi2(B,C) as follows

1 1 2
Fio(B.C) = BEBZ:CEC H(BNC) flog — H(B)' (log i H(C)>
1 1 2
S 5 MO il o s = 119 (8 5 — 1)
2 o I
< 3 w0+ fos H(B)

< (1+¢(m)a*(C)o(B).
(in the last line we used Schwarz’s inequality). Hence, by Lemma 12
F12(B,C) < 0171%

and similarly

m\t.o

F(B,C) <c

for some c¢1. Hence

N (BVC) < {/Ns(C) + N3(B) + 6crn? + 26(m).
To fill in the gap of length m we use Lemma 9 and the estimate on Ks:
‘Ng(.AQ"JFm) — N3(BvV C)‘ < N3(A*"T™|BV C) < K3(A™) < con®?
Hence
N3(A™) < N3(BV C) + can®” < N3(C) + N3(B) + csn2 = 2N3(A") + c3n?.

Let n be an arbitrary (large enough) integer and construct as in the proof of Lemma 12
numbers nj, m; (j =0,1,...,r) satisfying nj11 = 2n; +m; and n}’ <m; < 3n;’,. By induction
one then shows that .

(.A"T) < cyrnf,
for some ¢4 chosen so that N3(A™) < C4rn0 As r ~ logn, we get that N3(A") < Cﬁn2 logn
for a suitable constant Cg and all n. O

In fact, in general we get
Ny (A™) < Cs(w)n®?1og? 2 n.

where the constant Cg(w) depends on the order w.

3 The Central Limit Theorem for Shannon-McMaillan-Breiman

We are interested in the limiting behaviour of the function

En(t) =p <{£L’ eQ: —1ogu(;4:/(%v)) —nh > t})

for real valued t and a suitable o, where h is the metric entropy of u. The Central Limit Theorem
states that this quantity converges to the normal distribution N (t) = \ﬁ [oe® *12ds asn goes

to infinity if there exists a suitable ¢ which is positive. Indeed:

15



Theorem 16 Assume that ¢ is summable, |A| < oo and that there exists a vy € |0, %) so that
f(n) < CnY (for some C1) for all n.
Then the limit which defines the variance o converges:

K(A™) — H2(A™)

)

o? = lim
m—oo m

and moreover )
Zat) = N(t)| < Cr-s

for allt and all 6 < min(%, % — ), provided o # 0.

Proof. The proof proceeds in two stages. We first represent log p(A,(z)) by a sum of ‘random
variable’ that have some independence property. In its course we obtain a representation by a
shorter sum of random variables and estimate the error we make in adjusting the cutoff value t.
In the second part we reduce to the case where we have independent random variables to which
we can apply Berry-Esseen’s estimate.

By Lemma 14 |00 — 0| < C5(0(A) + m_(%_ﬂ) where 02, = %

Assume that n = rm’ — A where m’ =m+ A (A = f(m)) and j =0,1,...,r put Z;(z) =
—log p(Ajmtj—1)a(x)) — H(A™+0=DAY " In particular Z,.(z) = —log u(A,(x)) — H(A") and
Z1(x) = —log u(Am(z)) — H(A™). Let o()\) = [ %1 dy and define

Do) = | [ % du— p(r)

Then .
Dn(N) <> (V)
§=0

/(emzjﬂ _ (p()\)ei,\zj) d,u‘.
For every j (note that u is T-invariant):

/ (ez‘,\ZjH B (p()\)ei,\zj) du = / (ei,\zleiA(ZjHlejon’) B @(A)) oirZoT™ "
where

—log p(Cja (TT™ ) — H(AGHImH2)

Cir1(z) = Apn(@)NT ™™ Ajpy j-na(T™ z).

v

+
—

—~
8

~
I

Then

/

[1(C1(2)) = (A (@) (Ao -1)a (T )| < AV A () (A (1) a (T ).

Next, for a > 0 let us define

[e3

G = {A € ATHIMHIA 1(Cj4(A)) < € p(A) ]

16



and F; = AUHDMHIAN G Since the (disjoint) union over all possible sets C; covers the whole
space Q (and thus has measure 1) and there are no more than M* (M = |A|) different ways to
fill the ‘gaps’ we obtain (for large enough n)

u(Fy) < e M 3 #(Cian) < e MA,
Cj+1€AmVT_ml.Ajm+(j71)A
where Fj = Ugez, A. Similarly, if for 9 € (0,1) we define the disjoint ‘slices’ of F}:
Fik = {A € AUTImHIA - (A) < 9%e™ u(Cjy1(A)) < 19—1#(14)}
(obviously F; = Uiy Fj k), then
p(Ejx) <90t ME,
k=0,1,..., where Fj; = UAEFM A. Otherwise, if A € G; then

 m(Cia(A) _ o

<e

@ S

and thus .

0 S Zj+1 - Zj+1 § no‘.

as log pu(Cj41(A)) —log u(A) = Zj4q — Zj+1. (Similarly |Zj41 — Zj+1\ < log(z?ke"a) on Fj.)
Moreover, since

1(Cj41(A)) B
H(Am(A))N(Ajer(ijA(Tm'A)) 1 <¢(A)
we get
‘Zj—l-l_Zl—Zjon/‘ < ¢(A) + by, -

where h; = ‘H(A(j+1)m+jA) —H(A™) - H(.Ajm“'(j_lm)‘. Next notice that

/F (ei,\zj+1 . emzjﬂ) dy

J

/ A Zj+1 (1 _ ei/\(2j+1—2j+1)> du
Fj

IN

oo
)\Z/ | Zj41 — Zja| dp
=0 Fik

IA

o0
A log(9Fe ™) | u(Fj )
k=0
< cl)\e_”a MA

for some constant ¢, and therefore (where Gj = Q \ Fj)

’/ (ez‘,\sz _ei,\ZjH) d,u‘ < / (ei,\zjﬂ _eiAZj+1> dy / (eiAZj+1 _ez‘AZjH) dy
F; G;

J
/ eAZj+1 (1 _ ei/\(2~j+1—Zj+1)) du
G

J

_l’_

< e ™ MA +

= e ™MD+

/ M1 O(An®) dp
G

J

17



(as Zj11 — Zj4+1 = O(n®) on the ‘good set’), provided An® is small.
Hence 3
’/ <ei’\Zﬂ'+1 — ei/\Zj“) d,u,‘ < e N(MBe™ + n).

Since by (8) eNZi=21=2;0T™) 1 4 O(M@(A) + hj)) we thus obtain (for all j)

‘/ (EMZ"“ - sD(A)e“Z]'OTm) d#’
/(eiAZj+1 _eiAZj+1) du‘ + ’/ (ei/\ZjJrl _(p()\) Z)\Z) dﬂ‘

< c;;A(MAe_"a +n% 4+ @(A) + hj) + [1;(N)]

IN

where

PN = /6i)\(Z1+ZjOTm’)d'u_ /ei)\Z1 dﬂ/emzj A

o ’L)\n m/\n n'

-y (u((Zl+ZjoT O T S <Z”J>)
n=0 " p1+p;=n P1:Pj

= S s o) — )
= n! p1tpaen p1lp;! 1 \4y 1 J
o 1

— Sy
2" 2

< TI (ow g - HB) W0 By - uBOuB)

B1€B1,BjeBj k=1,j

© 1
= 2 "
n=2 p1+p;j=n p1!p'!

Pk

<3 (or gy~ HB) plB BB (B

Bi€B1,B;€B; k=1,j

where (by definition) Zx(B) = logﬁ — H(By), B € By, and where we have put B; = A™,
B; = T~™ A +0~DA By Lemma 2 we have u(By N Bj) — u(B1)u(B;) = p(Bi, Bj)u(B1)u(B;)
where |p| < c4d(A). A rearrangement of the sums yields

Yi;(A) = > p(Bi, Bj)u(B1)u(Bj)

By EBl,BjEBj

o0 1 ’ !/
x| S e (GAZI (B GAZ;(T™ By —iNZi(By) — iAZ;(T™ By) — 1
phpj_o pl p]

— Z p(B1, Bj)u(B1)u(By) (eile(Bl)emzj(Tm/Bj) - 1)
B1€B1,B;€B;
and thus
1 (M) < 2[pl]-

18



To get an estimate for small A\ differentiation yields
d
V) = Y p(Bi, Byu(B)u(B))
B1€B1,B;€B;

% (iZl(Bl)@iAZl(Bl) (ei)\Zj(Tm’Bj) B 1) —|—ZZ (Tm B. ) INZj (Tm Bj) ( iAZ1(B1) _ 1))
and therefore by Lemma 124

15 (V)] 2llpll (1 21]) + 1(1Z;1))

2llpll(e(121]) + o(12;1))

csllplly/dm+ (G — 1A

csllpllv/n,

(VAN VAN VANRR VAN

and consequently
[Y1;(M)] < erp(A) min(|A], 1) < erg(A)|A|
since we shall assume that |A| = |t|/s, < 1, where s,, is defined below (s, ~ 0oc/1).
This gives us (h = max; h;)

D, (N

IN

c8w2|so ) (MAe™™ 4 0% + 6(A) + hy )

< o !A!
T = le(N)
col Al (MAe™™ 4 n 4+ ¢(A) + )

(M2e™™ 40+ ¢(A) + h)

IN

Let us approximate the variable Z, by the sum U of r independent Variables AR ij/
J=0,...,7 =1, each of which has the same distribution as Z;. Denote by bz,.(\) = [ e r du
the characterlstlc function of Z, and by ¢ the characteristic function of U (i.e. gbU( ) =o(N)").
Lemma 9.4.1 of [6] applied to the sum U yields (for § = 1)

SOU ( t ) —t2/2 < 16F (| |) —t2/37

provided [t| < 3231: , where I's = Z;‘é 1(|Zy o TI™3) and s2 = > 02(Zy 0 TV = ro?(Zy) =
rm02 ~ rmo’ . By Lemma 15 I's < ¢1grm3/2log m.

By the trlangle inequality (A = t/s, and assuming ¢ > 0)

3
oz, () — ¢ 2| < Du(N) + 16T (t) 3¢=t/3
Sn

t A a t3 2
< —-n a ) —t2/3
< 097\/5 <2M e +n% 4+ d(A)+h) +c1—rs5 1/2 logm
*also note that for any partition P one has

> u(p)

PeP

logﬁ —H(P)‘ < (Z p(P) (logugp)—H(P)) ) = VK(P) = H(P) = o(P).

PeP
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(for t < ¢1973/% /logm). Berry-Esseen’s estimate yields with some 7

‘u(a}:ZT(x)>t> —N(t)‘

Sn
9 [T
<2
T Jo

p T 2
< cu (\;ﬁ(?MAen +n%+¢(A) +h) + logm/0 Tet2/3dt> + a8

- dt e
t T

T a logm ¢
< 014%(2MA6—71 +na+¢(A)+h)+C15fﬁ+%
where ¢13 < ﬁ. Let 3 € (0,1) and 7 ~ n®. This implies that m ~ n'=? and for v/ > v we

then have A ~ n?' (=9 Moreover for a > 7/(1 — 8) we put o/ = 3(a —+/(1 — 8)) which can be

n

made arbitrarily small with a suitable choice of a. Hence M%e~"" < const.e™"" . Hence if we

1 _a
choose 7 ~ n1~ 2, then

Z. a B

‘,u (ZL‘ : Z(z) > t) - N(t)‘ < ¢16 max (nf_i,n_f log n) < ern™? 9)
Sn

where § < % (independent of the value of v where we choose 3 < 1 arbitrarily close to 1) and

c17 depends on 0. Here we also used that according to Lemma 6 |h| < CngI < const.n” (=0

(which implies |h|T/y/n < const.n%_i).

One has Z,(2) Z,(x) ,
u(m: 5 >t> —u(x: NS >t)

where by Proposition 14 0y, — 000 = O (mf(%fﬂ) (recall that ¢(k) < const.z). Since in

equation (9) the principal term becomes smaller than the error term for |t| > ¢15logn for some
c18, we get
1 /
it —t'| < clgm™ @) logn

for all |t| > ¢15log n. Moreover, since by Lemma 6 |Z, — (|log u(A,)| — nh)| < Con?” and +/ can
be chosen arbitrarily close to 7, we thus obtain (co9 < ¢17 + ¢19)

’u (x . |log u(j%((i)jl —nh

for all § < min (i, 35— fy) where v € [0, 3). O

> t) — N(t)’ < cgon 0

¢-mixing maps: Here v = 0 and thus we get the bound § < i independent of the decay of ¢
(¢ summable).

4 The Law of the Iterated Logarithm

The Central Theorem only establishes the convergence of the distribution of the quantity
log 1(Ay))/o/n. We can now use the rate of convergence to conclude the Law of the Iter-
ated Logarithm applies to the Shannon-McMillan-Breiman theorem.
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Theorem 17 Assume that ¢ is summable, A a finite partition and f(n) < CinY for some Cy
and v € [0, 3).
If 0 > 0 then

sup LB (2))| = ()

n—00 o+/2nlog logn

=1
almost everywhere.

A similar statement is true for the liminf where the limit is then equal to —1 almost ev-
erywhere. This theorem follows from Theorem 16 and [23] where it is proven that the LIL is

implied if the CLT converges at least at the rate W for some ¢ > 0.

5 The Weak Invariance Principle for Shannon-McMillan-Breiman

The central limit theorem could be improved to get what is called the weak invariance principle
(WIP). Such a principle has been obtained for a large class of observables and for a large class of
dynamical systems by Chernov in [5]. We prove here the WIP for the function —log pu(A,(x)).
Let us first recall what the WIP says.

For each x € Q2 we construct the random variable W, ,(t) for ¢ € [0, 1] by putting

—log u(Ag(z)) — kh

Who(k/n) = o~

(h = h(p) is the metric entropy of i) extending linearly on each of the subintervals [%, %}

For each x, W), , is therefore an element of the space C = C([0, 1]) of the continuous function
on [0, 1] topologised with the supremum norm. If we denote with D,, the distribution of W, ,
on C, namely

D,(H)y=p({zeQ:Wy,, € H})

where H is a Borel subset of C, then the WIP asserts that the distribution D,, converges weakly
to the Wiener measure. This means that log u(A,(z)) — nh is for large n, and after a suitable
normalization distributed approximately as the position at time ¢t = 1 of a particle in Brownian
motion [2]. Recently there has been a great interest in the WIP in relation to the mixing
properties of dynamical systems (see also [10, 9, 24]). In the following we assume that |.A| < oc.

Theorem 18 The information function —log u(A,(x)) satisfies the Weak Invariance Principle
provided the variance o2 is positive.

Proof. Let S; = —logu(A;(z)) — ih(p). We have verify two conditions ([2] Theorem 8.1),
namely

(i) The tightness condition (10): We have to show that there exists a A > 0 so that for every
€ > 0 there exists an Ny so that

~ g
p <012g§>§l |Si| > ZA\/ﬁ> <32 (10)

for all n > Np.
(ii) That the finite-dimensional distributions of S; converge to those of the Wiener measure.
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(i) Proof of tightness: Let us put S; = —log u(4;(z)) — H(A"). By Lemma 6 S; — S; = O(i7).
In the usual way (cf. e.g. [2]) we get

n—1

p (e i > 2000) < (18,1 > AA) + 3 n (B0 {181 = S0l = M),

=0

where Ej; is the set of points x so that |S;(x)| > 2Ay/n and |Sk(x)] < 2A\/n for k=0,...,i— 1.
Note that E; lies in the o-algebra generated by A’. Also the sets E; are pairwise disjoint.
To estimate p(E; N{|S; — Sn| > A\/n}) let us put Cpi(x) = Aj(z) N T2 A, A(TH21)
(i <n—A) where A = f(i) is the length of the gap, and use the mixing property

(Cni(2)) < p(Ai(@))u(An—i—a(T22)) (1 + é(ta)).

Similar to the proof of Theorem 16 we say an n-cylinder A, is ‘good’ if u(A,) < pu(Chi(An)) <
e 1(Ay), where o < % will be determined later. The set B, ; of cylinders that are not good
has total measure pu(By;) < e ™ M2, where M = | A| (cf. Thm 16). To estimate |S; — S| let
us first do the upper estimate:

1 n
S, = logu(An) — H(A")
1 n
= log p1(Ch.i) - HAY)
> log ! — H(AY) — H(A™2) = H(A)

(A p(An—i—a)(1+ ¢(A))
= S;—Sn_iia — H(A®) — ¢(A).

Hence S; — S, < S, _i_a + c1A. To get the lower bound we estimate as follows:

1
e_nalu'(cn,i)
< N+ 85— Sp_i—a — H(A®) — ¢(A).

Sn

IN

log — H(A")
Since for the gap A = (i) < 217 < ¢an” and v < % we get
|(S7, - Sn) - Sn7i7A| < C3na (11)

where v < a < % In particular we thus get u(B;) < e~"” for some 0 < ¢4 < 1 and all n
large enough.

Now, using the mixing property, we get by the Central Limit Theorem 16 (\Sn,i, Al > %\/ﬁ) <
2N (%) + csn° (c5 < 00) and therefore

p(EiN{]S;i = Sn| > A/n}) < n (Ez NT 2 {|Sni—al > AVn — 03”a}) + w(Bni)
< w(E)p (18u-i-al = V) (1+0(A) + u(Ba)

HE:) <2N (;) + c5n“5> (1+¢(A)) + e

c(E;) (G_A + n_5> + e—can®

IA

IN
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(cg > 0), for all i < n — con” and all n large enough (so that Ay/n — c3n® > 3/n).

For n—con? < i < n let us consider those cylinders A; for which u(4,) < u(4;) < e u(A,).
The total measure of those cylinders that don’t satisfy the inequality is bounded by e " M2 <
e~¢""  This implies that

S, = log — H(A) — HA") > 5, — c7A,

— H(A") > log

1 1
N(An) ,U(Ai)

and on the other hand also (by Lemma 6)

Sy <log H(AY) — H(A"") 4 Con.

1
(A
For large i we thus obtain (for some positive cg)

|S; — Sn| < n% +ca + Con? < cgn®
except on a set of measure < e M?. Since cgn® < A\y/n for all large enough n we get

w(|S; — Spl > A/n) < e MA < emean®

for n — con? < i < n.
Finally we obtain (as p (|S,| > Av/n) < 2N(\) + csn~9)

n—can”
p (e 151> 20) < 2N+ esn0 o (nk can)e " e S w(E)
EAS =0

IN

Cg (nié + ef’\> .
This proves the tightness condition (10), since for every € > 0 one can find a A > 1 so that the

quadratic estimate holds.

(ii) Proof of the finite-dimensional distribution convergence: Let us put

Xo(13) = = (S () + (1t = ) (S (2) = S 0)))

for t € [0,1]. X,, is a random variable defined on © and with values in C.

We have to show that the distribution of (X, (¢, x), X, (¢, x)— X, (s, z)) converges to (N (0,t), N (0, t—
s)) (0 < s < t)asn — oo, where N(0,t) is the normal distribution with zero mean and variance
t2. To prove this as well as the convergence of higher finite dimensional distributions it is suf-
ficient ([2], Theorem 3.2) to show that X,,(t,2) — X,,(s,z) converges to N (0, — s). We obtain
by Lemma 6 and (11)

Sint] = Sns] = Spat] — Spns) + O ((nt)7)
= Spnt—s)-a + O ((c3 +1)(nt)")

and by the Central Limit Theorem 16

(o, S =S o
Sl
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as A < con” and where the implied constants are uniformly in n (for all n large enough). Hence
Sint — Sins) and therefore X, (t, ) — X, (s, z) converges in distribution to N'(0, v/t — s) as n — oo

g

6 Some Results on the First Return Time
Let W C Q and define the return time function
mw(z) = min{k > 1: TFz € W}.

Ty measures the first entry time for points outside W and (for the first return time for points
in W. This function is finite almost everywhere with respect to ergodic measures and satisfies
by a theorem of Kac the identity [j;, 7w () dp(x) = 1 for any ergodic probability measure y and
measurable W. Let us also define the shortest return time function

T(A) = min Ta(x)
which measures the shortest return time within the set A (see [15, 16]). By definition ANT %A =
ffork=1,2,...,7(A) — 1.

In this section we deduce better error estimates for the distribution of the first return time, in
particular, compared to the results of [13] we want to remove the factor e’ in the error estimate
for the distribution of the first return. We follow a very successful scheme developed by Galves
and Schmitt [11].

For an n-cylinder A let us define Og = {y € Q: 74(y) > S}.

Lemma 19 Let A be an n-cylinder so that T(A) > k(n/2). Then there exists a constant Cg
and v4 € (0,1) so that
Su(A) > 1 —pu(Os) > Su(A) (1 - Cyyy).

Proof. The upper bound is obvious. To prove the lower bound put By = A and define for
j=1,...,8

-1 j—r(n/2)
By =T7A\ |J(T7ANT *A) Cc T (A \ U @n T‘k+jA)> ,
k=0 k=0
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since by assumption ANT %A = () for k < x(n/2). As the complement of Og is the disjoint
union of B}, we get by invariance of the measure p(Bj) > u(A) — Zi:n(n/m w(ANT=*A). For
k > n, we get by the mixing property

pANTFA) < p(Af(A) NT*A) < crp(A)p(Ae(A)) < crp(A)i,

by Lemma 3, where { = k(k) = [ Thus, for j > 1:

o)
! ¢ are?
p(Bj) > p(A) —c1 > (A > p(A) (1 — gy T > ’
k=k(n/2)
(for some Cg), and since u(By) = p(A):
S P L
1= pu(0r) = > u(By) = > u(A) (1 — Cgy Y ) > Su(A) (1 gy T > _
j=0 j=0

(1+Co>2

Put vy =7 O

Lemma 20 Assume that ¢ is summable and f(m) < Cim? (0 <y <1).
Then there exists a constant v5 < 1 so that for allr > 0, alln large enough and all n-cylinders
A for which 7(A) > k(n/2):

‘M (O[T/H(A)}) - e_r‘ < (r+1)vs.
Proof. We use the decomposition
Or=0g_aAN T_(S_A)OA N T_SORfs,

where A > f(S) the length of the ‘gap’ (assuming that S < R and S — A are large enough).
Thus, by T-invariance of y and the mixing property:

‘M(OR) —(Os-a N T_SOR—S)‘ Iz (T_(S_A)OZ N T_QSOR—QS)

<
< (1+¢(89)u(Ox)(Op—29)
< e Au(A)(Or_s5) (12)

since p(O4) < Au(A) (O denotes the complement of O) , and similarly

105 A NT 50k ) = (Os A)i(Or-5)| < S(A)(Os-a)p(Or-s).  (13)

Moreover
[11(Os) — w(Os-a)| < c1Apu(A). (14)
Equations (12), (13) and (14) combined yield (by twice applying the triangle inequality)
11(Or) — 1(Or-5)1(Os)| < c1Ap(A) (W(Or-25) + (Or-s)) + S(A) (Os-a) (Or-s3).
Let o € (0,1), r = (A", R = [r/u(A)] ~ (A=, m = R/S ~ u(A)* @1 where
S = [R?] ~ pu(A)~* for o € (0,1) to be chosen below. Then, since ¢(A) < ¢4 A~ (summability
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of @), A < C187 ~ (A~ 1(Og) > 1 — Spu(A) ~ 1 — p(a)=2 > L say. If we assume the
2

induction hypothesis 1(Og—25)/1(Or—s) < cs for some ¢s > 1 then if yaa’ = L one has

#(Or) ’ p(4) (N(Ost) > #(Os-a)
A F1) +pa)E5=8) LA,
@@ =409 © 5 "B oy =V
where we used that % < const.. Since u( O HZ“L 11 % we get
#(OR) ‘ k+1)S) / 3
— ————— — 1| < cycsm A) <ecsu(A
n(Og)™ OkS (Os) < cacsmafpl4) < espu(A)
where 3 = 1(1 — %(a — 1)) is positive for suitable o/ and a = ﬁ) Since p(A) decays

. : o . Or_
exponentially fast in n, we obtain in particular that “L(ng) < u(és) (14 cgesp(A)P) (for some

universal constant cg) satisfying the induction hypothesis for the next iterate.
By Lemma 19

esmia)— (05|

IN

e — (05)

< crmmax (Csyf Sp(A), (Sp(4))?)
< csp(A)”
for some 3’ > 0, and therefore by Lemma 3 (Smu(A) =r)
1(O) — 7] < [1(Or) — (O™ + (O™ — 7| < ex
for some 5 < 1. O

Lemma 21 Let a > 0. Then there exist v¢ < 1 and a constant Cy so that for all A € A"
(1(A) > k(n/2)) and s > e*™:

‘“ ({z € A: Ru(x) > s}) — p(A)e HA?

(A)g (u(A)s +1).
Proof. If ¢ is summable then we have by Lemma 20 for every n-cylinder A for which 7(A) >
k(n/2):
(05 — D] < ey (sp(A4) + 1) (15)
for some positive 3. We can assume that t > k(n/2) + A, A > f(k(n/2)), which then gives us
(AN @ Ro(x) > s}) = p(A)p(O5)]

< €+ pA) [1(Osnn) = p(O)] + [H(ANT " 20, 8) = u(A)(Osn-a)|

< E (n+ A)u(A)? + (A u(A) (Os—n-n),
where (k(j) = {1—5—0 }) by Lemmas 4 and 3 (as 7(A) < k(n/2))

£ = |MANO) —w(ANT 20, a)|
n+A
<Y ulAp(A)n A)
j=r(n/2)
n+A
< w(A) D 1+ d(k()) (A (A))
j=k(n/2)
< " u(A).
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1
for some cy. We put 7/ = 71(1+C°>2 (ie. 4" = fy'f(n(n/m)) and Ay(A) for the ¢-cylinder that
contains A.

If we choose A = [min(’y;nm, €] then

(AN {z: Ru) > s}) — w(A)p(0)] < e u(A),

for any v > max(y',\/71,e”) (6 < 1 and c3 chosen suitably) as ¢(A) < 1/A for all large
enough A. With equation (15) we get the statement. O

7 The CLT and WIP for Repeat times

Forx € Qand n =1,2,..., we denote by A, (z) the (unique) atom in 4™ which contains x. The
‘repeat function’ R,, which is then given by R, (x) = 74, (z)(7)-

Theorem 22 Assume that ¢ is summable and that there exists a y € [0, 3) so that f(n) < Cin?
for all n.
Then, if o > 0:

log R,,(z) — nh ’ 1
Q:—= > — N < —
’“ ({x © ovn t}> 0] < Crozs:
o(A™)

where o = limy,— 0 N and § < min(%,1 — 7).

By a general result of B Saussol [27] the CLT for log (A, (x)) and the exponential law for the
first return time implies the Central Limit Theorem for the repeat time. Here however we are
interested in the rate of the convergence, which in particular required us to obtain in the last
section error estimates for the well-know exponential limiting statistics of the first return time.

Proof. For s, = e""V" then we get by Lemma 21 (with a = h/2)

‘u ({z € A: Ry(2) > sp}) — p(A)e #A)sn

< Cop(A)g (u(A)e™ V" +1) .
Let ¢ = n~%, where according to Theorem 16 § < min(i,% — ). If n is so that N(n) < ¢
recq: log pu(An (z))+nh >

G } (€2, is a union of n-cylinders)

(n < const.|loge| ~ logn) then Q, = {

has measure less than ¢;n° for all n large enough. Hence, if Y, is the random variable defined
as

—u(A)enht+tvn
Y, = Z e (Ae YA
AeAn

(x4 is the characteristic function of A) we obtain by Lemma 5

p({o € Qs Rul@) 2 2)) = [ Yalw) du(a)

< an T+ Cop Y plA) (p(A)e VR 1) 448

AcAm ACQs
< e 4 Cogn(enTVHtVe )
< an 2
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if t < n (assuming g > 73) for all large enough n, since u(A,(x))e™ < V7 for all x ¢ Q,
and large n. By Markov’s inequality

[¥a@an) = e (feogYa(@) 2 e VT
> - ({oca; [log j(An(2))| =k _, 2

ov/n - o
1 1
> N(t—g) —Cy— — e
g n

1
> N(t) —co—
2 N(t)—c2s

by Theorem 16. For ¢ > n note that N(t) < N(n) < const.n™% and
w ({x €Q:Ry(z) > enh+t‘/ﬁ}> < ({CU € Q: Rp(z) 2 Gnhﬂl‘/ﬁ}) :
For the upper bound we estimate as follows:

p(Yn) < G_B_Eﬁ,u ({x tlog Yy, (z) < —e_eﬁ}) +p ({az :log Y, (z) > 76—5\/5})

1
< N(t —
()+63n57

for t < 7 where we used that log Yy, () = —u(A,(z))e™ V™ and hence Y;, < 1 on Q,. Fort > 7
we do as above. This proves the theorem. O

Theorem 23 The WIP holds for the repeat time Ry (x).
Proof. We shall show that
L log(Ra(2) A (z)

n—00 nB

=0 (16)
almost everywhere for all positive 8. Let 7(n) = vn® and

Zy = {a : 1og(Ru()p(An(x))) < —r(n)}.

Lemmas 4 and 21 (with t = e="(") /u(A) and using the fact that p(A) > e~ for some a > 0)
then yield

wW(Zy) = 3 w(A)pal{z € A: Ry(a)u(Alx)) < e"™M})
AeAn
—r(n _e—r(n) _e—r(n)

< 3 ulA) (jualfr € A: Ry(@u(A@) > e} — e 4 (1 e 7™))
AeAn

< S wAr Y Cungald) (s 1) et
A€ A" 7(A)<k(n/2) Ae A" r(A)>k(n/2)

< A+ eyd + e

< 626—7“(”)

for some cy. Hence Y, 11(Zy,) is finite and by Borel-Cantelli there exists a function N(z) which
is almost everywhere finite so that log(R,(x)A.(z)) > —r(n) for all n > N(z). Therefore

g R (@) An(a))

hmnlnf pye
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for any positive v. In a similar way one shows that lim sup,, M < 0. Hence (16) has

mn

been proven. By standard measure theoretical arguments it then follows that

o (fr s LoD g o, 1

and by Theorem 18 and Theorem 4.1 of [2] the WIP for the repeat time R, follows. O

References

1]

[6]

M Abadi: Exponential Approximation for Hitting Times in Mixing Processes; Math. Phys.
Elec. J., 7, NO 2, (2001)

P Billingsley: Convergence in Probability Measures; Wiley 1968

A Broise: Transformations dilatantes de 'intervalle et théoremes limites; Asterisque 238,
1996

H Bruin and S Vaienti: Return times for unimodal maps; Fundamenta Mathematicae 176
(2003), 77-94

N. Chernov Limit theorems and Markov approximations for chaotic dynamical systems;
Prob. Th. Rel. Fields 101 (1995), 321-362

Y S Chow and H Teicher: Probability Theory, Independence, Interchangeability, Martin-
gales, Springer, 2nd edition 1988

P Collet and A Galves: Repetition times for Gibbsian sources; Nonlinearity 12 (1999)
1225-1237

P Collet, A Galves and B Schmitt: Fluctuations of repetition times for Gibbsian sources;
Nonlinearity 12 (1999) 1225-1237

P Ferrero, N Haydn and S Vaienti: Entropy fluctuations for parabolic maps; Nonlinearity,
16, (2003), 1203-1218

M Field, T Melbourne and A Toérok: Decay of Correlations, Central Limit Theorems and
Approximations by Brownian Motion for Compact Lie Group Extensions; Ergod. Theor. &
Dynam. Syst. 23 (2003), 87-110

A Galves and B Schmitt: Inequalities for hitting times in mixing dynamical systems; Ran-
dom and Computational Dynamics 5 (1997), 337-347

M Gordin: The central limit theorem for stationary processes; Soviet Math. Doklady 10
(1969), 1174-1176

N T A Haydn and S Vaienti: The limiting distibution and error terms for return times of
dynamical systems; Discrete and Continuous Dynamical Systems, 10, (2004), 584-616

N T A Haydn and S Vaienti: The distribution of the measure of cylinder sets for non-
Gibbsian measures; in Complex Dynamics and Related Topics, International Press 2003,
147-162

29



[15]

18]

[19]

[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

M Hirata: Poisson law for the dynamical systems with the “self-mixing” conditions; Dy-
namical Systems and Chaos, Vol. 1 (Worlds Sci. Publishing, River Edge, New York (1995),
87-96

M Hirata, B Saussol and S Vaienti: Statistics of return times: a general framework and
new applications. Commun. Math. Phys. 206 (1999), 33-55

I A Tbragimov: Some limit theorems for stationary processes; Theory Prob. Appl. 7 (1962),
349-382

I Kontoyiannis: Asymptotic Recurrence and Waiting Times for Stationary Processes; J.
Theor. Prob. 11 (1998), 795-811

C Liverani: Central Limit theorem for deterministic systems; Intern. Congress on Dyn.
Syst., Montevideo 1995 (Proc. Research Notes in Math. Series), Pitman (1996), 56-75

Ornstein and Weiss; Entropy and Data Compression Schemes; IEEE Transactions on In-
formation Theory 39 (1993), 78-83

F Paccaut: Propriétés Statistiques de Systemes Dynamiques Non Markovian; PhD Thesis
Dijon 2000

F Pene: Rates of Convergence in the CLT for Two-Dimensional Dispersive Billiards; Com-
mun. Math. Phys. 225 (2002), 91-119

V V Petrov: On a relation between an estimate of the remainder in the central limit theorem
and the law of the iterated logarithm; Teor. Veroyatn. Primen. 11 (3), 514-518. English
translation: Theor. Probab. Appl. 11(3), 454-458.

M Pollicott and R Sharp: Invariance Principle for interval maps with and indifferent fixed
point; Commun. Math. Phys. 229 (2002), 337-346

M Rosenblatt: A central limit theorem and a mixing condition; Proc. Nat. Acad. USA 42
(1956), 412-413

J Rousseau-Egele: Un théoreme de la limite locale pour une classe de transformations
dilatants et monotone par morcaux; Annals of Probability 3 (1983), 772-788

B Saussol: Exponential statistics of return times; Nonlinearity 14 (2001), 179-191

30



