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Abstract

We show that for a large class of piecewise monotonic transformations on a totally ordered, com-
pact set one can construct conformal measures and obtain exponential mixing rate for the associated
equilibrium state. The method is based on the study of the Perron-Frobenius operator. The confor-
mal measure, the density of the invariant measure and the rate of mixing are deduced by using an
appropriate Hilbert metric, without any compactness arguments, even in the case of a countable to
one transformation.

1 INTRODUCTION

Invariant measures, absolutely continuous with respect to conformal measures, for 1-D maps should
enjoy the same properties as Gibbs measures for Axiom-A systems [4, 23, 20]. One therefore expects
that they verify strong statistical properties (exponential decay of correlations, central limit theorem,
variational principles) and that their local behavior permits a complete fractal and multifractal de-
scription. Yet, the construction of conformal measures appears to be problematic. We refer to the
introduction of [8] for a rather complete history of the various attempts to construct conformal mea-
sures. For dynamical systems considered in this paper two methods are available. Both of them look
at the conformal measure as the fixed point of the adjoint of the Perron-Frobenius operator associated
to the dynamics. The first method proposed in [27, 11, 12] consists in defining the transfer operator
on some larger space where it acts on continuous functions and fixed points theorems are successively
applied. The other approach has been developed in [8] for continuous, finite to one transformations,
inspired by some previous work by Patterson [21] : the conformal measure turns out to be a weak
accumulation point (computed at a transition parameter) of a sequence of measures constructed by
weighting suitably the powers of the transfer operator. We also mention the work of V. Baladi [1],
where a spectral gap of the Transfer operator implies both the existence of a conformal measure and
the exponential decay of correlations.

Our contribution is the following. By iterating the Perron-Frobenius operator we obtain, at the
same time, the conformal measure (see (3) below), the density of the invariant measure and a construc-
tive estimate on the rate of decay of correlations. Such an unified approach works also in the case of
countable to one maps. In addition, we obtain a variational characterization of the invariant measure.

Let X be an uncountable, totally ordered, order-complete set. We endow X with the topology
given by the intervals, which makes X into a compact space [3]. Equipped with the o-algebra B(X) of
Borel sets, X becomes a measurable space. Let us call B(X) the set of real bounded Borel measurable
functions. ~

We call T' a piecewise monotonic transformation on X, if there is a finite or countable partition®

Z of X in intervals Z such that T is strictly monotone and continuous on each Z € Z. Mz (X) will
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denote the set of invariant Borel measures of T'. Next, we consider a potential ¢ : X - RU{—oc0} such
that the weight g = exp(y) is of bounded variation over X and Y zczSupz g < co. We can define
the Perron-Frobenius (or transfer) operator given the map T and the weight g acting on bounded
measurable functions h € B (f ) as :

Ph(z)= Y gh(y). (1)

yeT—{z}

We assume the weighted system ()? ,T,¢) to be covering (some kind of topological mixing property,
see definition 3.5).

The aim of this paper is to find a conformal measure v and a positive eigenvector h. of the transfer
operator such that the measure p = h.v € Mp(X) is an equilibrium state, and mixes exponentially
fast for all the observable of bounded variation.

We briefly recall that a measure v is said e ~%-conformal when

v(TA) = / e Pdv YAC Zc Z. (2)
A

In the sequel, we will refer to v as a conformal measure, as it will be clear from the context what the
potential is.

Traditionally, the above program is carried out in two steps :

First, the conformal measure is obtained via compactness arguments.

Second, one looks at the spectral properties of the transfer operator acting on a suitable Banach
space (typically, Holder continuous, Zygmund or bounded variation functions); using again compact-
ness, or an Ergodic theorem by Ionescu-Tulcea and Marinescu, the density of the invariant measure
is obtained (see [13] for an exhaustive review of these methods).

As already mentioned, our approach is different, and does not rely on compactness arguments:
we construct a pseudo-metric (Hilbert metric) on a subset of functions of bounded variations, for
which the transfer operator becomes a contraction. In addition, we can estimate explicitly the rate
of contraction, which provides a bound on the decay of correlations.

We get the eigenvector of P and the conformal measure at once by the following limits :

P"h
v(h) m ®)
Pl
* - l
g noo v(P"1)

Notice that, in the traditional constructions, first one obtains v and then proves that it verifies the
limit (3). On the contrary, we directly prove that the limit exists and defines a conformal measure,
without studying explicitly the adjoint operator. An additional merit of our approach is the simple
way in which we can deal with the discontinuities of the map (we simply ignore them) compared with
other approaches in the literature (doubling these points or introducing equivalence classes), which
become problematic in the case of countably many discontinuities. In conclusion, our method reveals
itself particularly powerful in constructing conformal measures for countable to one maps, where only
few, non exhaustive results, exists [2, 6, 5]. In particular, in [5] the shift on a infinite alphabet is
considered; in [6] piecewise monotonic maps are studied with respect to Lebesgue measure only. In
[2] spectral results are given (without looking at conformal measures), while in [24] spectral results
are obtained assuming the existence of the conformal measure. Note that once the result on decay
of correlations is obtained, it follows immediately the central limit theorem for bounded variation
observable (see e.g., [18]). Moreover, we are able to establish a variational principle which is a new
result in the infinite case.

The paper is organized as follows :

Section 2 : we briefly present the Hilbert metric and its properties.

Section 3 : we introduce covering weighted systems and state the main results of this paper.

Section 4 : we apply the technique presented in section 2 to the construction of conformal measures,
and prove their statistical properties.



Section 5 : we show that the measures constructed enjoy a variational caracterization (equilibrium
states).

2 HILBERT METRIC

In this section, we introduce a theory developed by G. Birkhoff [3], which is highly powerful to
analyzing of the so called positive operators.

We will apply it to study the Perron-Frobenius operator for our maps. This strategy has been
applied to other classes of dynamical systems, namely in dimension one in [10, 17] and for higher
dimension in [16]; in the later case, it gives new results on the decay of correlations.

Definition 2.1 Let V be a vector space. We will call conver cone a subset C C V which enjoys the
following properties

(i)cCNn—-C=10

(i) YA >0 XC=C

(4i) C is a conver set

(w)Vf,geCVa, € R ap —«, g—anfe€C=g—af €CU{0}.

Lemma 2.1 The relation < defined on V by
f<g+=g-fecu{o}

is a partial order relation, which is compatible with the algebraic structure of V.
(i) f<0<f=f=0
(i) VA>0 0< fe0<Af
(i) f<g& 0<g—f
() Yan € R an —a, anf<g=>af<yg
(W) f>0andg>0=f+g>0.

‘We are now able to define the Hilbert metric on C :

Definition 2.2 The distance O(f, g) between two points f,g in C is given by

a(f,g) = sup{A>0|Af < g}

B(f,g) = inf{u>0|g<puf}
B(f,9)

o(f,9) € o (f.g)

where we take a = 0 or 8 = oo when the corresponding sets are empty.

The distance © is a pseudo-metric, because two elements can be at an infinite distance from each
others, and it is a projective metric because any two proportional elements have a null distance.

The next theorem, due to G. Birkhoff [3], will show that every positive linear operator is a contraction,
provided that the diameter of the image is finite.

Theorem 2.1 Let Vi and V2 be two vector spaces, C1 C Vi and C2 C Vo two convexr cone (see
definition above) and L : V1 — Vs a positive linear operator (which means L(C1) C C2). Let ©; be the
Hilbert metric associated to the cone C;. If we denote

A= sup ©O2(f,9) ,
£.9€L(C1)

then A
©2(Lf, Lg) < tanh () @1(f.9) V.9 € C
(tanh(oco) = 1).

Theorem 2.1 alone is not completely satisfactory: given a cone C and its metric ©, we don not know if
(C,©) is complete. This aspect is taken care by the following lemma, which allows to link the Hilbert
metric to a suitable norm defined on V.



Lemma 2.2 Let || - || be a norm on V such that
VigeV —f<g=<f=lgl<Ifl
and let p: C — IR be a homogeneous and order preserving function, i.e.

VfecC,Vae R" p(Af) = Ap(f)
Vf,geC F<g=p(f) <pg),

then
Vf,g€C p(f)=plg) > 0= |If =gl < (P —1)min(||£], |gll)
Proof :
Let f,g € C with p(f) = p(g) > 0. If ©(f,g) = oo then the inequality is obvious. If not,
we have
O(f,9) = log 2

where af < g < Bf. Which yields, by the properties of p :
ap(f) < plg) < Bp(f)
hence a < 1 < . This implies

(a=pB)f<la-Df<g-f<B-1f<(B-a)f

that is
lg—fll < (B=a)fll
< oy
< (D )£l

The proof is concluded by interchanging f and g. ©

Remark 2.1 In the previous lemma, one can choose p(-) = || - || which fulfill the hypothesis. An
interesting case is also when p is a linear functional positive on C. Nevertheless, we will use a
nonlinear p in section 4.5.

3 STATEMENTS OF THE MAIN RESULTS

The class of dynamical systems we intend to study will be formally defined in (3.5) below. We shortly
call them “covering” because they satisfies a sort of topological dynamical covering reminiscent of
Markov partitions. Dynamical systems with a (strong) covering property have been introduced in [7]
(where they consist of expanding maps with a finite number of branches) and also investigated in [17]
especially with respect to the decay of correlations for absolutely continuous measures. However the
same analysis can be done for all others equilibrium states [25]. In this paper the covering property
will be weakened to include countable to one maps and the hyperbolicity assumed in [7, 17] will be
more generally stated in terms of a suitable assumption on the potential (see remark 3.1).

First of all, we need some basic definitions :

Definition 3.1 A function h € B()~() is of bounded variation (or h € BV()~()) if \/h < oco. The

X
variation \/Ah is defined for all subset A C X by

k-1
\/h = sup {Z|h($i+1) —h(z:)] |zo <21 < - <z 25 € A Vi< k} ,
A i=0

where the sup is taken over all finite sets {z;} C A, and we call \/h the variation of h over A.
A



Definition 3.2 T : X — X is a piecewise monotonic transformation if there exists a finite or
countable partition Z of X into intervals such that for each Z € Z, T(Z) is an interval and T : Z —
T(Z) is continuous and strictly monotone.

Definition 3.3 Let D be the set of discontinuities of T', the union of the endpoints of Z, Z € Z. Let
W be the singular set of T', defined by

W:UT*‘“UT?’D.

k>0 §>0

Note that W is countable and forward and backward invariant (T™'W = W = T(W)). Let X =
X\W. We endow X with the topology given by the interval (we put on X the restriction of the order
of X). Note that T(X) C X.

Notation. Let Z1) = {ZNX,Z € Z}. For n > 1 we denote by Z(™ the partition \/;:01 T ZW,
the partition of X on which 7™ is monotone and continuous (in fact, T is continuous on X). Note
that, by construction, Z™ consists of open (in the topology of X), nonempty intervals.
Definition 3.4 We will call o : X — R U {—0o0} a contracting potential if

(i) g1 is of bounded variation over X,

(i) S1 = Z sup g1 < 00,

z
Zez
(#1) Ino € IN  sup gn, < igf pPol,
X

where, for all integer n > 1, g, = exp ((p +pol +---4+po T"fl).

Remark 3.1 We will see later (section 4) that in our case, p(p), the pressure of ¢, is given by

1
lim =log P"1(x) for all x € X. Our assumption on the potential is easier to verify than the usual
n—oo N

one, sup ¢ < p(p) (see [9, 8]).

Proof : 1
supp < p(p) = 3Tng e IN supp < — logiQanol
no
= dng € IN exp(nosupyp) < igl{f pP"o1
Sup gng
3 N ———— < 1.
= no € infx P01 <
o

Notation. We will denote by x g the characteristic function of a set B C X.

Definition 3.5 (covering system) We call the weighted system ()?,T, ®) covering if T is a piece-
wise monotonic transformation and for each nonempty open interval I there exists an integer N(I)
and a constant C(I) > 0 such that infx PN x; > C(I).

Remark 3.2 ()~(,T7 ©) covering implies in particular that for all intervals I C X there exists an N
such that TNT D X. Due to the discontinuities of T, it is natural to consider systems where an interval
covers all the space but a countable set (W) after some iterations of the map. In fact, covering implies
that for all interval I C X AN : TNI = X. If the partition is finite and ¢ is bounded from below,
then covering turns out to be equivalent to the above mentioned property : VI ¢ X3AN : TNI = X
(which has been called “covering” in [7, 17]).

If the system is covering each open interval must contain an uncountable number of points, and
the partition Z s generating. _

Notice that for countable to one maps, one cannot extend the space X by “doubling” the set W,
making the new map T continuous® (see [27, 12] for more details). Also the other approach found in
the literature (introducing equivalence classes of functions [2]) to deal with discontinuities would lead
to severe technical difficulties. Instead of doubling these points, we study the transfer operator on X
(despite the lack of compactness of X no technical problem arises).

2If & is an accumulation point of D, left or right limit of 7 in = may not exists.



The above definition of covering weighted systems has been inspired by the following interesting class
of dynamical systems [25], which are a natural extension of the expanding systems quoted in [7, 17].

Example 3.1 Let us consider a piecewise monotonic map T : X — X such that
(i) infz g1 >0 for all Z € Z.
(i) For all interval I C Z™ X may be covered by a finite number of smooth pieces of TV 1, i.e.

v VI € 2™ 3N 3 finite J C Z<N>\/{1} U ™Jj=X
JeJg

(iii) Z is generating (\/°__, zm=p)
Proposition 3.1 Ezample 3.1 is a covering weighted systems.

Proof :

Let K C X be an interval. As Z generates, it exists an n such that there is an element
I € 2™ with I ¢ K. Then by hypothesis, there is N and a finite J C Z™) such that
UsesTNJ = X. Hence

P¥xkx > PVxr > igng-

To conclude we take C(K) = inf s gn.
o

The following proposition states that under some circumstance, it is sufficient to have the covering
for one partition in the case of expanding maps of [0, 1].

Proposition 3.2 Let X = [0,1], T be a piecewise CY monotonic map with a partition Z finite>. If
there exists an integer K such that inf |[DT*| >~ > 2 then?

vVl e ZMINI) TV () =X <= 3IN VIe 2F N1 =X .

Proof :

We will denote by |I| the length of an interval I.

Let n > 0 and I € 2™, By definition, Jo = T™I is an interval.

Then we have three possibility :

(1)- Jo contains an element of Z5) hence TN*"I = X.

(2)- Jo is included in an element of ZU) | hence J; = TX.Jy is an interval of length
[J1] > 7]Jol,

(3)-Jo Intersects two pieces of ZU) | Let us denote J& the biggest intersection. T is
monotonous on J§ hence J, = T™ J{ is again an interval, of length |Ji| > Z|Jo|.

We can construct, by repeating the same arguments, a sequence Ji, which satisfies |Ji| >
(2)*|Jo| Vk until case (1) is true.
o

Definition 3.6 Form € Mr(X), the conditional information of the partition Z given T~ B is given

by I, = —10og gm, where gy, = Z xzEm|xz|T'B]. (See Parry [19]).
Zez

Definition 3.7 The pressure of a covering system for the contracting potential ¢ is given by p(p) =

1
lim — logsup P"1. Note that p(p) is well defined since the sequence logsup P"1 is sub-additive.
X

n—oo N X

We now state the main result of the paper

3When Z is countable, we still have (<) but this is not sufficient to satisfy (ii) of example 3.1. Nevertheless, if for
example {T(Z),Z € Z} is composed by a finite number of intervals, one can still show that (ii) is true if the right hand of
the following equivalence is satisfied.

4In particular, this implies that (iii) of example 3.1 is satisfied.



Theorem 3.1 Let ()N(,T, ) be a covering system for the contracting potential o.
Then there exists a probability measure [, equivalent to an ep(“">7*"—conformal measure v without
atoms, and the correlations decay exponentially fast® for bounded variation observable :

< CA"||fllzy [1Rll5v-

A <1,0>0 ‘/foT"de—/fdw/de

Theorem 3.2 With the same hypothesis of theorem 3.1 we have that p, is the unique equilibrium
state for ¢ :

p(p) = / (Lo (217 B) + @)y = sup / (Ln[Z(T7B] + g)dm.

meMyp(X)
Where the supremum is obtained iff m = .

Remark 3.3 Theorem 3.2 reduces to the usual variational principle if H,,(Z) is finiteS.

) = (1) + [ e 2 (0 + [ v € 223, 1 (2) < .

With equality if and only if m = .

Remark 3.4 In the proof we do not assume the existence of an atom free conformal measure v with
full topological support. It will be a consequence of the contraction of the Perron-Frobenius operator,
as we mentioned in the introduction. Also, we do not use any extension of the space X (see remark
3.2), thanks to this we can deal with a countable partition (in this case, it is unclear to us how to get
the conformal measure by classical arguments [1]).

4 CONFORMAL MEASURE (Proof of Theorem 3.1)

The proof of theorem 3.1 will be divided in several steps. Our first goal is to exhibit a cone which
is mapped inside itself by the transfer operator. Our cone is similar to the one considered in [17],
for absolutely continuous invariant measures and in [25] for the other equilibrium states. In order to
prove this, we adapt a lemma by Rychlik [24], which is a generalization of the initial work of Lasota
& Yorke [14]. After, we show that the diameter of PVC in C becomes finite for some N, hence PV is
a contraction by theorem 2.1. Thanks to lemma 2.2, we find that the projective limit of P"h exists
for h € BV(X), h > 0, and is equal to a (projective) fixed point of P.

Notation Let B(X) the set of real bounded functions from X to IR, and BV (X) C B(X) the set of
bounded variation functions over X, endowed with the norm || f|lsv =/ f + || fll -

Proposition 4.1 P is a well defined continuous operator on B(X) and BV (X).
Proof :
Using the fact that ¢ is a contracting potential, we obtain by (i) for all f in B(X)

1PFll = (Y 0Ty foTy xrz

zZez

< Sillfll-

oo}

The continuous action of P on BV (X) is an immediate consequence of sub-lemma 4.1.1.
o

5 Actually, we prove a bit more : He’"”(“’)P"h —v(h)hx

. < CA™|[Rllgv(x) for all h € BV(X), and Ph. = eP(@)h,.
8For m € MT(XV), by Hpm(Z) we mean the entropy of the partition Z, Hp,(2) = — Z m(Z)logm(Z). If Hn(Z) < oo

zZeZ

then h, (T) = H(Z|T7'B) = /Im [Z|T~1B]dm (see [19]). Tt is unclear if the conditions hy,(T), hm (T) < oo suffice.



Lemma 4.1 For all positive integers n, we have
(i) gn € BV(X)

i) Sp = sSup gn < 00
(ii) > up g

zez()
Proof :
We prove (i) by induction. Let us assume that g, € BV (X). Using gnt+1 = gign 0T we

obtain
\/gn+1 < Z \/9n+1 + 2sup gn+1
X zezW) Z z

< Y Varsupgn +supgi\/gn +2sup g1 sup gn
TZ zZ zZ TZ
zez() Z TZ
< 28+ \/9)lgnllmv-
X

We prove (ii) by induction as well. Let us assume that S, < co. For gn+1 = gng1 o T"

Sn+1 = E Sup gn Sup gi
n

Zcz(n+1) ™z

< E E sup gn Sup gi
! n

z'ez(n) zezn+l) zcz/ z ™z

< E Sup gn, E sup g1
ZI Z//

z'ez(n) Zmez@)

< S,5:.

4.1 Cone of functions
We define for all function h € B(X) the quantity v(h) by

... P"h(x)
v(h) = lim il S

P"h
Note that v(h) is well defined because the bounded sequence inf (2)
zex Pm1 (l’)

the fact that, at this point, v as nothing to do with a measure (it may be non linear), yet for all
A € RT we have v(Ah) = Av(h); v(1) = 1; for each hi,ho € B(X) v(h1 + h2) > v(h1) + v(ha); v is
order preserving and VA € R v(h+ A) = v(h) + A

Let us consider the following convex cone (a is a positive real number)

is increasing. We emphasize

Co = {h € BV(X) ‘ h>0\/h< azx(h)}.
X

Remark 4.1 This cone is far from being empty, in fact, given h € BV (X) then he = h+ ¢ € Cq,
provided ¢ > a~'\/  h — inf h.

We will need the following cone too
Cy+ ={h € BV(X)|h > 0}.

In the sequel, © and ©4 will denote respectively the Hilbert metrics induced by the cones C, and C. .

Lemma 4.2 The distance between two functions f,h € Cy is given by



Proof :

Let f,h € C+. We have to find A and p with A\f < h < puf. So )\ < };Ezg and p > % for
all x,y € X, whence the result.

o
Lemma 4.3 For all f,h € Cq we have ©4(f,h) < O(f,h).
Proof :

It is an immediate consequence of theorem 2.1, since the identity I is a linear map from
Ca to C+.

(o4

Lemma 4.4 For all o < 1 there exists an integer N, and a real number a > 0 such that P™Cq C Coq
for allm > N,.

Proof :
We first need the following :

Sub-lemma 4.1.1 For all positive integer m, 3B,, < oo such that
\/P"h < 0w \/h + Buv(h)
X X

Vh € BV(X),h > 0 and where 1, = 9Sup gm-
Proof :

The proof closely follows Rychlik (corollary 3 in [24]).
Using (i) and (ii) of lemma 4.1 we know that g, is in BV (X) and Sn < 00.

VP < VD gmo Ty ho Ty e
X X zez(m)
< 2 Vilome B Mho Ty "xams)
Zzez(m) X
< Z \/gmth
zez(m) X
< h + 2su h
© X Vanrzap,
Zez(m) Z
< mh + 2 sup gmh.
< \g > supg
X Zez(m)
Choose an increasing sequence of points z1 < --- < zq—1 € X such that on Z; =

{re X, <z}, Zi=|zi—1,2i) fori€[2,...,q—1] and Zg = {z € X,z > z4-1},
the interior of Z; is nonempty, \/gm < 4||gm|| o, and Z sup gm < 2||gm|| .-
Z; Zez(m) N2

This can be achieved in the following way : we know that g,, belongs to BV (X).
So there exists a sequence z; such that \/ ygm — |lgmllc < D0, lgm(zi-1) —
gm ().

For these points z;, we have \/Zigm < 2||gm||,, (otherwise one can find a finer
partition such that the sums are bigger than the variation, which is impossible).
If Z1 has empty interior, then it can be eliminated. If Zs has empty interior,
then we consider the interval Z> U Z5 instead of Zs. Such an interval contains in
its interior the points z2 and hence uncountably many points (see remark 3.2).
Then we look at Z4 and so on. Finally, we eliminate Z, if it has empty interior
and has not been joined to Z,_1. For simplicity, we call again {Z;} the partition
so obtained. Notice, that the element of the new partition consists, at most, of



the union of two elements of the old, so \/gm < 4||gm||o.- Then we refine the
Z;
partition {Z;} so that Z sup gm < 2[|gm|| (it is possible since Sp, < 00).
znz;
Zez(m) !

Then we get
q
P"h < hgm + 2 su h
VEOED S\VIRED Pres
X i=1 Z; Zez(m)
q
< Y llgmllo A+ xzdlla(\/gm+2 D sup gm)
i=1 Z; Z; Zez(m) ZnZ;
q
< D lgmlle \/h+ 8llgmllllhxz
i=1 Z;
q
< > 9lgmllo \/+ Sllgml ipt
i=1 Z;
q
PN1 PNhyg,
< 9||gm h+8|lgml||l . = ——.
< 2 Olgmllos N+ 8llgm oo o~ —py
i=1 Z;
Hence,
PNh
m .
\/P"h < 9\|gm||oo\/h+Bm1§fm
X X
< nn\/h+ Buv(h)
X
N1
where N = max N(Z;) is given by the covering and B,, = 8||gm sup sup ———,
i€[1..q] (Z)ise v 8 lg Hooie[l}:] Zip PNxz,
which is finite by the covering hypothesis.
o

We now return to the proof of the lemma 4.4. As ¢ is a contracting potential, the sequence
sup gm/ inf P™1 converges to zero when m tends to infinity. So it exists an N, such that
for all m > N, we have o > 9sup g/ inf P™1. By the previous sub-lemma we know that
for h € C,
\/P"h < (nma+ Bu)v(h) .
X
To conclude, it suffices to compare v(h) with v(P™h). Let k € IN, we have
prtmp m, _ PFT™R PETm pkpmp
prmy MPULS B Th T R
Thus v(h) inf P™1 < v(P™h). This implies

m nma"_Bm m m
< — <
\X/P h < T PP ) < oav(P™h)

whenever
Bm

2 oinf Pm1 —n,,"
We conclude that, for all m > N, exists a,, such that
P (Co) C Coaq CCq for all a > ap. Define a = max{am},m € [Ny,...,2Ns|.
Then for all m > N, write m = kN + r where r € [N,,...,2N,[. We get

P™C, = P"P*N°C, C P"Cy C Coa.

10



4.2 Diameter of the image

Lemma 4.5 Let o0 < 1. For all h € Cyq the hyperbolic distance with respect to the metric induced by
the cone C, between 1 and h is bounded by

sup h + ov(h)

O ) < log o (T = oY)}

Proof :

Let h € Cyq. To compute the distance between h and 1, we must find A and p such that
A < h < u, where the ordering is the one given by the cone C,.

h—XA>0
V(h =) < av(h— )

o A <infh
a '\/h <v(h) — A

A <infh
< ov(h) < v(h) — A
< A <min{infh, (1 —o)v(h)}.

For p we proceed in a similar way

)\Sh(:){

So we conclude that ©(1,h) < log §.
o

We will see in the next lemma ([17], adapted to v) that the functions in the cone cannot be small too
often. More precisely

Lemma 4.6 Given a finite partition P of X, if each element p € P is an interval such that b =

pM 1
sup # < — for some M then, for all h € C, there exists pn, € P such that
peEP PM] o 2a
1
h(z) > §V(h) V& € ph.
Proof :

Let P_ = {p EP|Tzp €p: h(zyp) < %V(h)} It suffices to show that P_ # P.
Let us suppose the contrary :

1
Vp € P,3zp € p, h(zp) < §V(h)'
Given n larger than M,
n n n V(h) n
P"(hxp) < P"(xp) | Bla) + \[1 | < P" ()=~ + 0P 1\ /.

P P

Which implies, by summing over all p € P and dividing by P"1,

P"h _ wv(h) 1
AN <(=+4+a .
Pl < D) b\/h < (2 b)v(h)

We obtain a contradiction by letting n go to infinity, since % +ab< 1.
o

11



Fix ¢ < 1 and take a given by lemma 4.4.
Lemma 4.7 There exists an N > N, such that the diameter of PNC, in Cq is finite.

sup O(PYNf,PVh) < A < .
fheCq

Proof :
Let h € Co, and N > N, be an integer (which will be fixed later). To show the finiteness

of the diameter, it suffices to find an uniform upper bound (independent of h) for the ratio

sup PYh + ov(PNh)
min {inf PNh, (1 — o)v(PNh)} *

As PV h € Cyq, we have

sup PVh < w(PVh) + \/PVh < (14 ca)u(PVh) .
X

Consequently all we need is a lower bound for inf PNk in terms of v(P™ h).

1
Let M be such that M < —, M exists because ¢ is a contracting potential. So for
u inf PM1 = 2q
P (xp) _ 1
11 FAS D L VA gy
e T
If the partition is finite, say zM) = {po,...,pr} then we can apply lemma 4.6 with h and

P =z,
If not, it is possible to extract from Z™) a finite partition P which satisfies the hypothe-
ses of lemma 4.6 in the following way : We choose intervals po...p; of Z™) such that
PM(1 = xpyue--Upy) < 1

pM1 2a°
(we can do it since pPM1 = Z PM)(p < Z HPM)(;DH00 < Sm < oo, by lemma

pez(M) pez(M)

4.1). The set X — (po U ---Up;) consists of a finite union (at most | + 1) of nonempty
open intervals, let’s call them pi41 ...pr. Then the partition P = {po,...,pr} fulfills the
assumptions of the previous lemma.
We know that in both cases (finite and infinite) there exists a p, € P such that h(y) >
1v(h) for all y € py.
By the covering hypothesis applied to P we can find an N = N(P) and a constant C(N, P)
such that PNy, > C for all p € P.

PYh > PY(hxp,)
> o)
C N
>
- 2supPN1V(P h)
Since v(PNh) < sup PN 1v(h).
So we obtain
14+0+o0a

01, PVh) < log

: C
mln{?supPNl’l U}

The proof is concluded by setting

1+o0+o0a

: C
mln{ZsupPNl’l U}

A = 2log < 00.

12



4.3 Conformal measure and density
Lemma 4.8 There exist hs € Coq and X > 0, with Ph, = Ah., such that for all f € C,,

= lim L
h* o nl—roo ]/(Pnf)
_ o YPT)
A=

Proof :

Obviously, the space B(X) endowed with the norm ||-||, and p = v : Co — IR satisfies the
hypothesis of lemma 2.2.

Let f € Co. Then Pf is a Cauchy sequence in B(X) because by lemma 2.2

v(Pf)
prf Pty (e@(P"f,P"+’°f) _ 1) P _
v(Prf)  v(PrERf) T v(Pr )|
If we write n = (¢ 4 2)N + r where ¢ = [%] —2 and 7 = n mod N then we see, using
Birkhoff theorem 2.1, that
OP"f,P™Ef) = O((PY) PP f (PN PR )
Ag@(PNPT+Nf, PNPT+N+kf)

<

< AlA

where Ao = tanh(A/4).

For P"f € Coa, if n is big enough, ||P"f||., < v(P"f) +\/P"f < (1 + ca)v(P"f).
b

If we set A = AY <1 and Ko = AA;*® we obtain

Py prteyf KoA™
o(Prf) V(Pn+kf)Hoo§ (e —1) (1+0oa).

Which goes to zero when n goes to infinity.

n

As B(X) is a Banach space, it exists a function hy € B(X) with (PTJ;) — hy. Clearly
v n
hy € BV(X), v(hy) =1 and hy € Coq. Moreover,

Pty prip e
Plhs) = I Sn gy = M0 sty u(Pr)

= Ashy.

We will show now that given f,g € Cq we have hy = hg = h.
Ihy = hollee < (75" —1) gl

(ee(Pnhf,P"th) _ 1) ”thoo

IN

which goes to zero when n goes to infinity, this implies that Ay = Ay = A.
o

Lemma 4.9 The functional v (restricted to BV (X)) is linear, positive, v(Pf) = Av(f) for all f €
BV(X) and \ = P(®),

Proof :
Let f € C,. For all integer n, k

Pn+kf _ P'n.+k:f V(Pn+kf> V(P"f)
Prf = PrrRER uEnh) Prf
! . ! ! !
prrey k 1
I - h A ho
nee PUf

13



Pn+kf

li =\*. But
0 Jim g =\ B
Pnf 3 Pn+kf “ Pn+kf Pnf Pn+k1 1
pr1 - porkr|| = PP peakp \ prwkg pal

n n+k
N

. +k n+k R n .
and since the sequences P,,,ff and Ppnll have the same limit A\*, % is a Cauchy
sequence in B(X), hence converges to a function vy. Moreover, if we take two point

z,y € X, we have

pr" pP"
@) -l = i [T @) - )
P P @ Pt )
= m Pn1(y)" Pri(z) P f(y) _1‘
< Sl msup (777D 1)

< lflle lim (ee“ﬂf’Pnl) — 1) =0.

Therefore, vy(x) = v(f) for allx € X. Hence, v(f) = lim I;%t{ for all f € C,. Nevertheless,
if f € BV(X), the function (f +a™'\/f — inf f) € Ca, so v(f) = lim 5L for all
f € BV(X). Clearly, v is linear by the linearity of the limit.

Next, as Pf € BV (X), we know that
Pn+1f ) Pn+1f Pn+11

v(Pf) = lim —p= = lim By ey = vV = ()

We now prove that the pressure of ¢ is equal to logA. By lemma 4.8 we know that

Pl = L converges uniformly to the function h.. In addition, for PN h, = AN h.,
An v(Pn1)
with the same argument used in lemma 4.7 we deduce that inf h, > 0. Hence,
Hllogpnl flog)\H < 1 log Pl ‘
n o N D XCHN | P

goes to zero when n goes to infinity. This implies in particular p(¢) = log .
S

Lemma 4.10 The functional v can be extended to a non-atomic conformal measure, i.e.

/Pfdz/:)\/fdz/ Vf e LL(X).

In addition, the measure p = hyv is T—invariant.
Proof :

From now on C ()? ) will denote the space of continuous functions from X to IR endowed
with the uniform norm ||-||_ . We define, for h € BV()N(), v(h) = v(h|x) (remark that
hlx € BV(X)). Since v is positive, [v(f)| < || fll, for all f € BV(X). By compactness
of )~(, we can approximate uniformly each continuous function by bounded variation func-
tions. This allow us to extend v to a positive functional on C(X). By the Riesz theorem,
there exists a Borel probability measure m on X which agrees with v on C ()~( ).

We first show that m(I) = v(xr) for all interval I C X. Let I be an interval such that
I = [al, (12].

Lete > 0. Fori = 1,2, let V; be an open interval which contains a;, such that v(xv,) < /2.
This can be achieved by the following : let n be such that v(Z) < e/4 for all Z € Z™

14



(this is possible for the potential is contracting). Since EZeZ(“) v(xz) =1 (for S, < o0
), one can find a subset Q of Z(™ such that” a; € int( U Z) and ZZGQ v(Z) < e/2.
ZeQ

Let f € BV(X)NC(X) be a function® such that x; < f < 1 and f = 0 outside (V;UIUVz).
We have

m(I) <v(f) <vxi) +vxv) +vixv) <vixn) +e
Since € was arbitrary, m(I) < v(xr) for all intervals I. Moreover, we have X=AUIUJ,
where A, J, B are disjoint intervals.
Since 1 = m(A)+m(I)+m(B) < v(xa)+v(xr)+v(xs) =1, m(I) = v(x1) for all interval
IcX.
From this we deduce immediately that m has no atoms.

We show now that m and v agree on BV()?). Let f € BV()?). Let € > 0, since jumps of
f can be bigger than € at most on a finite set D., we can approximate f by a piecewise
constant function f., where ||f — f¢|., < e. This implies

Im(f) =v(Hl < Im(f = f)l + Im(fe) —v(fo)l + v(f = fo)l < 2¢

because m and v agree on piecewise constant functions.

From this we deduce that m(Pf) = v(Pf) = Av(f) = Am(f) for all bounded variation
function f. For simplicity, we consider v as the measure m itself.

This yields
/Pfdz/:)\/fdz/ Vfe LL(X).

In other words, v is a Ae”?—conformal measure®.

/fdu:/fh*dl/ vVf e,
/fonp:/foTh*dz/:%/P(foTh*)dV:%/fPh*dl/:/fdu

hence p is T—invariant.

If we set p = hav, i.e.

then

o
Remark 4.2 One can prove that, fi)r each fgnction fe Li(;(), % is a Cauchy sequence in L ()Nf)

Yet this does not imply that on B(X) N LL(X) the measure v coincide with the original functional v
due to the presence of the inf in the former definition, which is meaningless for functions in L.

4.4 Decay of correlations

As we know that the Perron-Frobenius operator converges exponentially fast to the fixed point h., it
is not difficult to deduce the exponential decay of correlations for bounded variation functions.

Lemma 4.11 It exists C > 0 such that for all h € BV (X)
‘/foT"hd,u/fdu/hd,u

"To be completely precise this is the case only if a; € X, if not then the above relation must be interpreted as Ja, 3 €
int( U Z) such that a < a; < B (where the ordering is the one in X).

ZeQ

8 Actually, following the proof of Urysohn’s Lemma (using order structure rather than topological one, see [22]) one can
show that if a < b, there exists a continuous increasing (hence BV') function from [a, b] onto [0, 1].

9Consider the function f = e ¥y 4 where A C Z € Z, and remark that Pf = x74.

< ClIF iy Ihllzv A"

Proof :
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Let h € BV (X). If we set he = h + ¢ then hch. € Cqo with

1 -1
c=——— |(1+o)|h||_+(a +0 h
el e >\X/
Because
V(e < \Jhellhelloe + \/helliell
< (1+0a)\/h+oa|hll, +oac = (c—|hll..)a

< au(h+c) = av(hchy).

Next, if we assume that p(h) =0, it suffices to show that pu(f oT"h) < C|f|lIIhllBvA™.
In fact,

u(foT"h) = v(foT"hh)

= V(AP (hh.))

= v(f(A"P"(hchy) — chy))
||f||L},||)\7nPn(hch*) —ch||

1 ||chs PP heha, P ha) )
£l lehsll o

IN

IN

The last inequality is given by lemma 2.2, since v(A~™"P"(hch+)) = ¢ = v(chs). So

u(f o T W) < || fllye(l +oa)(e™ " —1)

setting Co = w, we obtain

[n(foT" M) < [[fllz2Co

(1 +0)lhll +(a" + U)Vh] A" < Co(2+a” ) fllps k] svA™.
X

And if h is not of zero mean, we have u(h — pu(h)) = 0 hence

‘/foT”hd,u/fd,u/hd,u

which yields the result with C = 2(2 + a~')Co. (We recall that if h € BV(X) then
hlx € BV(X)).
o

< Collfll122+a™ )|kl pvA"

5 EQUILIBRIUM STATE (Proof of Theorem 3.2)

When the partition is countable, it is possible that both the entropy and the integral of the potential
are infinite. That is why we give a variational principle in terms of conditional information, which
avoids the problem of infinite entropy (the general strategy has been sketched in [15, 26, 13]).

Lemma 5.1 The pressure of ¢ is equal to p(p) = /(IM[Z|T718} + @)dp.

Proof :
We first renormalizes the potential so that P,1 =1 on X by setting

P(fh)
AP

Puf=

16



P, is the Transfer operator with the new weight

9u = exp (¢ = p(@))he/he 0T = xzEu[xz|T ' B].
zezZ

We recall that the conditional information of y is given by I,[Z|T 'B] = —logg,.
For p(¢) = —log g + ¢ +log hs —logh, o T, we get

pe) = / (L2178 + 9)dn.

[

Lemma 5.2 Variational principle: for all m € Mz (X)

p(p) > / (L[Z/TB] + ¢)dm

Proof :
Let m € Mrp(X). We have

[m[Z|T_lB]+Lp = —loggm + logg, + p(p) —loghs + logh, o T
= 1ogg—“+'1>

m

Where ® is a bounded function and m(®) = p(¢). We must prove that

(i) log . ELRN m-integrable and

gm
@/m@g
dm

Let us start by proving (i).
For all functions f € F, where F is the set of bounded functions with support in a finite
number of intervals of Z, we define

Puf@) = > gu)fly) VoeX

as
Emxz|T7'B] = Ty (xz)o T

we have P, f = Ty, f, m — a.e., for all functions f € F.
We remark that g, > 0 m — a.e., since g,, =0 on A C X implies

Z xzTm(xz)oT.xa =0

zez
therefore
0=>" / Ti(xz)o Tdm=y | / Tr(xanz) Tr(xz)dm > ) / 1T (xanz)|*dm
zez 7 ANZ zZez zez

som(ANZ)=0 forall Z € Z.
For Z is countable, we can label the intervals Z = {Z;,i =1,2,...}. If we set

Fu(z) = 11'f$€Z1U---UZnand|log%(w)|<n
"7 0 otherwise
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and x4+ = {z € X|log %(az) > 0}, for log gm > —oo m — a.e. and sup g,, < oo, we have

n—oo m

/X+log5—“dm = lim /Fn)(+log5—“dm

— lim [ Pn (an+ log g“) dm
gm

n—oo

< lim [ Pn (an(g“— )) dm
9

n— oo m

< lim {/PH(FnX+)dm—/FHX+dm} <1

since Py, (f2~)(z) = P,f(x) for all f € F.

9m
Hence x4 log j—i € L', which proves (i).
We now prove (ii).
If/ log g—“dm = —oo then (ii) is proven; otherwise log ?—“ € Ll . In this last case we can

Gm gm
repeat the above computation without the characteristic function x4, and obtain

/1og9—”dmg 1— lim /Fndm:O
am n—oo
Moreover, the equality is true iff g, = gm m — a.e., that is P f = P,f m — a.e. for all
f € BV. So for P f — p(f) uniformly and m(f) = m(Py, f) we obtain m(f) = u(f) for
all bounded variation function f. We conclude by density that m = p.
o
To conclude, we need to show that “reintroducing” the singular set W does not change the result
of lemma 5.2.
Lemma 5.3 Lemma 5.2 yields Theorem 3.2.
Proof :
We already have proven the variational principle for invariant measures which do not give
any mass to W. We can write any given m € Mr(X), as the convex combination of two
invariant probability measures mq and m., where mq, is an atomic measure and m. has no
atoms (since W is countable, this implies m.(W) = 0). We have m = c¢m. + am, where
a,c >0 and a + ¢ = 1. Since an atomic invariant measures has the following form (A is a
set of periodic points xp, of period Np),

Np
Ma :ZUPNLZ(ST%CP , op>0, Zap: 1
i=1

pEA Py pEA

we have Ip,,[Z|T"'B] = 0 mq — a.e.. Since m. and m, are singular, we can choose
In, = 0m¢ —a.e. and I,,, = 0 mq — a.e. and obtain I,, = Im, + Im, = Im.. This yields

NT‘
1 .
/Im+<pdm = c/ImC—i—godm—&—a E TN E (T zp)
=1

p
pEA =

IN

1
cp(p) + az;‘ Opﬁp log gn, (wp)
peE

1 N,
< 6p(30)+aZAUpmlog(supgn) i
pe

Since ¢ is a contracting potential, there exists a real number s, 0 < s < 1 such that
sup g, < s"inf P"1 if n is big enough. Therefore, if a > 0,
X

1
I + @dm < § 1 = loginf P"1 .
/ +@dm < cp(p) +a Aop(ogernOglgl( ><p(90)
pe
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