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Abstract Previously it has been shown that some classes of mixing dynamical
systems have limiting return times distributions that are almost everywhere Poissonian.
Here we study the behaviour of return times at periodic points and show that the limiting
distribution is a compound Poissonian distribution. We also derive error terms for the
convergence to the limiting distribution. We also prove a very general theorem that
can be used to establish compound Poisson distributions in many other settings.

Mathematics Subject Classification (2000) Primary: 37A50; Secondary: 62E17
1 Introduction
In 1899 Poincaré showed that for a map 7' on some space €2 which has an invariant

probability measure p, almost every every point returns within finite time arbitrarily
close. This means that for every (measurable) A C 2 with (A) > 0 the returntime
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518 N. Haydn, S. Vaienti

function 74(x) = min{k > 1 : Tkx € A} is finite for p-almost every x € A. This
result was quantified by Kac in 1947 for ergodic measures. His theorem states that
f 4 Ta(x)dp(x) = 1, provided p is ergodic, which implies that T4 (x) is on average
equal to 1/u(A). Since 1990 there has been a growing interest in the statistics of return
times and in particular in the distribution of 4. Considering that it was shown in [19,
20] that for ergodic measures the limiting distribution of a sequence of (rescaled) return
functions ty, for n — oo can be any arbitrarily prescribed distribution for suitably
chosen sets U, itis necessary to assume that the return sets A are dynamically regular.

For the measure of maximal entropy on a subshift of finite type, Pitskel [25]
showed that the return times are in the limit Poisson distributed for cylinder sets
Ap(x) (L(A,(x)) = 0asn — oo) where the set of suitable ‘centres’ x € 2 form a
full measure set. A similar result had independently been obtained by Hirata [15,16]
by a different method. For ¢-mixing Gibbs measures Galves and Schmitt [10] showed
in 1997 that the first return time is in the limit exponentially distributed and that the
convergence is at an exponential rate. Subsequent results (e.g. [1,5,8,13,17,27]) estab-
lished limiting distribution results for first or multiple return times in various settings
and sometimes with rates of convergence.

Almost all previous results look at the distribution of return times near generic
points. The notable exception being the paper [15] by Hirata which gives the distribu-
tion of the first return time at a periodic point. In the present paper we consider periodic
points for sufficiently well mixing invariant measures and show that the limiting dis-
tribution is compound Poissonian. The compound Poisson distribution has previously
been used in various settings including the analysis of internet traffic where the wait-
ing time between packets is exponential and the size of each packet is geometrically
distributed. It has also been used to model the survival of capitalist enterprises in the
free market system [21]. The main technical result, Proposition 1, provides condi-
tions under which one obtains a compound Poissonian distribution with error terms.
This result in itself will be of interest to a much larger community than the one of
dynamicists addressed in this paper.

Let u be a probability measure on a space 2 which carries a transformation 7',
preserving 1, and whose o-algebra is generated by the joins AF = \/1;;(1) T/ A,
k=1,2,...,of a given finite measurable partition .A. The elements of A¥ are called
k-cylinders. We assume A is generating, i.e. the elements of A are single points.
Denote by x4 the characteristic function of a (measurable) set A and define the random
variable:

ta@) =D xaoT/(2),
j=1

z € K. The value of ¢4 measures the number of times a given point returns to A
within the time 7. Typically the obsevation time t is chosen to be [#/1(A)] where ¢
is a parameter value. (The rescaling factor 1/u(A) agrees with Kac’s theorem.) For
instance, if p is the measure of maximal entropy on a subshift of finite type, then
Pitskel [25] showed that {4, (x) is for pu-almost every x € € in the limitn — oo Pois-
son distributed (where 1, = [t/ (A,(x))] and A, (x) denotes the unique n-cylinder

@ Springer



The compound Poisson distribution and return times in dynamical systems 519

that contains x). In [13] we have proven a similar result for a much wider class of
systems and provided error estimates.

We develop a mechanism which allows to prove the compound Poisson distribution
of return times at periodic points x and also to obtain error estimates as the cylinder
sets A, (x) shrink in measure to zero.

To be more precise, if we denote by ¢! (z) the counting function Z;": | XAa(x) ©

T/ (z), with the observation time t, = [ ], we will study the following

!
(I=p)p(An(x))
distribution:

IP’({ntzr), r=0,1,2,..., @))

where ¢t > 0 is a parameter and p € [0, 1) depends on the periodic point x and will
be given in Sect. 3. We will show that the limit n — oo is the compound Poisson
distribution (see Sect. 2) if u is a (¢, f)-mixing measure. We also provide rates
of convergence. This then implies under some mild additional assumptions [14] the
uniform integrability of the process ;.

We then extend this result to return times, i.e. to the distribution of the process g“,ﬁ (2)
restricted to the cylinder A, (x). The measure u is then replaced by the conditional

measure i, = . We refer to this second case as the distribution of the

m” Ap(x)
number of visits for return times.

Our results for return times considerably improve on the work of [15], where he
computed (without error) the distribution of the first return time (order » = 0) around
periodic points and for Gibbs measures on Axiom-A systems.

The plan of the paper is the following. The purpose of Sect. 2 is to prove Propo-
sition 1 that gives general conditions under which a sum of mutually dependent 0, 1
valued random variables converges to the compound Poisson distribution and provides
error terms. A similar result that had been inspired by a theorem of [26], was proved
and used in [13] for the Poisson distribution.

The distribution of return times is tied to the mixing properties of the invariant
measure considered. For that purpose we introduce in the third section the (¢, f)-
mixing property. This property is more general that the widely used ¢-mixing property
and is reminiscent of [24] ‘retarded strong mixing property’. In this way one can obtain
distribution results on return times of some well studied dynamical systems that are
not ¢-mixing, e.g. rational maps, parabolic maps, piecewise expanding maps in higher
dimension ....

The third section is devoted to the proof of the existence of the limit distribution
and rates of convergence for entry times (Theorem 7), while the fourth section extends
those results to return times (Theorem 10). Section 5 contains a careful application to
rational maps with critical points (Theorem 11).

We conclude this introduction with an interesting observation. Limit distributions
for entry and return times have been provided along nested sequences of cylinder sets
converging to points x which were chosen almost everywhere or as periodic points. In
Sect. 3.4 we will show how to find points x which do not have limit distributions at all,
and this will be achieved by using our results on the compound Poisson distribution
around periodic points.
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520 N. Haydn, S. Vaienti

2 Factorial moments and mixing

The main purpose of this section is to prove a very general result which we use
to prove the main results in Sects. 3 and 5 but which can also be useful to establish
compound Poisson distribution with respect to the geometric distribution in many other
settings. For more general compound Poisson distributions see [9]. More recently (e.g.
[2,7]) there have been efforts to approach compound Poisson distributions using the
Chen-Stein method. The treatment in [7] has a more general setting, but the result
is far from applicable to our situation.' Proposition 1 is of general interest and is
reminiscent of existing theorems which establish the Poisson distribution (cf. [13,26]).
from the convergence of the moments. It provides general conditions under which
the distribution of a finite set of 0, 1 valued random variables is close to compound
Poisson (and provides error terms). In Sects. 3 and 5 we then use it to obtain the speed of
convergence for the limiting distributions for ¢-mixing systems, some non-Markovian
systems and equilibrium states for rational maps with critical points.

2.1 Compound Poisson distribution

For a parameter p € [0, 1) let us define the polynomials

. ] -1
Pt.p) =2 0" f(l—p)f%(;_l),

J=1

r=1,2,...,where Py = 1 (r = 0). The distribution e~" P, (¢, p),r =0, 1,2, ...1s
sometimes called the Polya—Aeppli distribution [18]. It has the generating function

ad -1

—t Uy

gp(z):e E I P=eTr7,
r=0

its mean is 1 and its variance is ¢ tp_
-P (I=p)

terms e~ P.(t,0) = e"% and the generating function go(z) = ¢'@~1 which is
analytic in the entire plane whereas for p > 0 the generating function g,(z) has an
essential singularity at %. The expansion at zg = 1 yields g,(z) = thio (z — 1)]‘ Ok
where

Note that for p = 0 we recover the Poisson

k

_ ! it (k=1
Qka,p)—(l_p)ijp (j_l)

il
=1 J:

(Qo = 1) are the factorial moments. Note that in particular Py(0, p) = 1 and
P-(0,p) =0forallr > 1.

I We thank the referee for pointing us towards Chen and Roos’ work and also for other enlightening
remarks.
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The compound Poisson distribution and return times in dynamical systems 521

2.2 Return times patterns

Let M and m < M be given integers (typically m << M) and let t € N be some
(large) number. For r = 1, 2, 3, ... we define the following:

(D) G,(): We denote by G, (1) the r-vectors ¥ = (vy,...,v,) € Z" for which
I<vi<wmy<---<v <T.

(ID) G, j(r): We divide the set G, into disjoint subsets G, ; where G, ; consists of
all v € G, for which we can find j indices iy, i, i e{l,2, )i = 1,80
thatvg —vg_y < Mifk #i>,...,ijandsothatvy —vg_ > M forallk =ia, ..., i;.

For v € G, ;j the values of v; will be identified with returns; returns that occur
within less than time M are called immediate returns and if the return time is > M
then we call it a long return (i.e. if v;41 — v; < M then we say v;4+1 iS an immediate
return and if v; 11 —v; > M the we call v; a long return). That means that G, ; consists
of all return time patterns v which have r — j immediate returns that are clustered into
Jj blocks of immediate returns and j — 1 long returns between those blocks. The entries
vi,, k = 1,..., j, are the beginnings (heads) of the blocks (of immediate returns).
We assume from now on that all short returns are multiples of m. (This reflects the
periodic structure around periodic points, cf. condition (II) of Proposition 1.)

(1D Gy, j,w(T): Forve G, j thelengthof eachblockis v;,,,—1—vj, k=1, ..., j—1L.
Consequently let us put wy = l(vk — vk—1) for the individual overlaps, for k #
i1,i2,...,ij. Then ZZ‘*;}(H wy = (v,-H,_] — vj,) is the overlap of the kth block
and w = w(v) = Dkstirin,ni; Wk the rotal overlap of v. We now put G, j,, = {v €
G j:w@®) =w} (G.; =, Grjw is adisjoint union.)

(IV) A(v): For v in G, j we put

A(D) =min{vik —Vj—1: k= 2,...,j}

for the minimal distance between the ‘tail’ and the ‘head’ of successive blocks of
immediate returns (or the length of the shortest one of the long gaps).

2.3 Compound Poisson approximations

The purpose of this section is to prove the following result on the approximation of
the compound Poisson distribution.

Proposition 1 Let M, m, t be as above. Letn;, j =1, ..., 1, be 0, 1 valued random
variables on some Q for v € G, put n; = [[; ny;. Choose § > 0 and define the ‘rare
set’ R, = U;:l R. j, where R, j = {v € G, j : A(V) < 8)}. Let u be a probability
measure on S2 which satisfies the following conditions (Cy is a constant):

() E(nj)=pBforall j=1,..., 1 (invariance of the measure).
(II) Suppose that there are numbers 0 < p_ < p < py, ¢ > 0 so that for all
Ve Gr,j,w\Rr,j

E(n) — p" 8’| = Cop/(p}f = p™) + p" (1 +9) — 1)
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if all of the individual overlaps wy are multiples of m, and
Em) =0

if some of the individual overlaps wy are not multiples of m.
(IIl) There are some constants y > 1, y1, y2 small (e.g. y(y1 + y2) < %), so that
forallr

r J_l . s
3 J=1\ j—=s@B) (r—1\ ,—j
> E(m) < Cory” @_Jh ol WY L2

ﬁERr j:2 s=1

Letusput ¢ = 35 _ynjandt = (1 — p)tp.

Then there exists a constant C so that for every t > 0 one has

2r
|P(¢ =r)—e ' Po(t, p)| < Ci(n1 +8,3)t"ler—‘

r 5
t_62r+§t

M ift > ipr
+C1(p41’ +p+—p—+¢) [" PpRc="] f fp :
@p)e ™ ift < spr

Note that the constants y and y»> do not enter the final estimate in an explicit way. The
significant quantity here is y; which typically is << 1 where y, y» only have to be
small enough of order O(1).

The choice of § is central to the application of this proposition. In the application
however ¢ depends on § and in fact ¢ (§) — 0+ as § — oo. Obviously a larger value
for § increases the error term as one sees from the expression, but also a smaller value
increases the error term since the rare set R, becomes larger and the ‘mixing property’
in (IT) will require larger p and smaller p_, thus again increasing the error estimate.
The trick is to optimise §.

Proof We compare the generating function v/ (z) for the process ¢ with the generating
function g,(z) for the compound Poissonian. In part (A) we compare their Taylor
coefficients at z = 1 and in part (B) we use Cauchy estimates to compare their Taylor
coefficients at z = 0 which then gives us the final result.

(A) The coefficients at z = 1 (factorial moments) of the generating function ¥ (z) =
D0 PE =r) =22 = 1)U, are

Uy = > Enp),

veG,

while the coefficients of the generating function g, (z) = Zfio (z — D"Q,(t, p) for
the compound Poisson distribution are
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1 " l‘j r—1 i
Q’(I’p)szT(j—l)p !

=1
S50
u:r—j/:l J' r_J_l J_l ’

where t = (1 — p)Bt. We will now compare the coefficients O, to the coefficients
U,. There are three parts to the comparison: (i) Assumption (II) is used to compare
the terms for which v € G, \ R,; (ii) Assumptions (I) and (IIT) are used to estimate the
total contributions made by v € R,; (iii) We have to estimate the contribution to Q,
that correspond to overlaps # which do not occur for vectors v in G, and therefore
cannot be matched with terms in the sum that defines U,..

More precisely, we estimate as follows:

U= =pprpl =X > [Eaw - pp|

J u aeGr.j,u\Rj

+ X (Bow) + p"@p7) + V.

veER,

Before we proceed to bound the three terms on the right hand side let us estimate the
cardinality of the sets G,. j ,,. (Note thatu > r — j if G,, j , is non-empty.) Since G, j ,
consists of all v € G, ; that have a total overlap u (in j blocks of immediate returns)
we get

vV fu—(r—H+r—j—1 r—1 12 u—1 r—1
|Gr,j,u|57 ( ])- 1 / . 1 = . s
J: r—=J-— J— ji\r—j—1 j—1

(j blocks positioned ‘anywhere’ on an interval of length 7, u overlaps distributed on
r — j immediate returns and j blocks beginning on any of the r return times).

Now we estimate the three terms in the coefficient comparison as follows:

(1) The first error term (difference between the dominating terms) is bounded using
assumption (I):

Zi > B - s

j=lu=r—j ﬁeGr,j.u\Rr

<D D 1GjulB (=t —¢)

j=lu=r—j

r o 1 _q - )
SZ Z ﬁ(rﬁj_l)(;—_1):3](174-_]’_(1_(]5))

j=lu=r—j
—t/ i (r—1 e\ ( = )r_j
—__BJ _ _
=25 (1—1)((1—p+) ) 477
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N re 7

otz () ()
__RBJ p—+r—j

% () ()

= CZQ(r =10, 1, py) +90r(t, py)

(because (r — j) (;:11) =1 (;jf)), where = (1 — p)tBandg = py — p-.

(ii) For the second term let us note that R, = |J j R, j where R, ; = {T) € Gyj:
A@) < 8}. Put R? for those v € R, where v, — v; > § for exactly s — 1 indices
i1,i2,...,ig—1and putiyg = v, (obviously l <s < j—1<r—1landiz_; <r—1).

To estimate the cardinality of Rf’ = R} N G, jy let us note that the number
of possibilities of v;, < v,2 -+ < v;, (entrance times for long returns bigger than 6)
is bounded above by ,r (this is the upper bound for the number of possibilities to
obtain s — 1 intervals contamed in the interval [1, 7]), and each of the remaining j — s
return times less than § assume no more than & different values. Since the indices
is, ..., ik, can be picked in ( ]1 ) many ways out of j blocks, we obtain:

J=1\ & L (r—1 u—1
'Rwu|—(s—1) s o= \r—j—1)

To estimate the contribution made by the portion of the sum in the definition of Q,
which corresponds to the vectors ¥ € R, we obtain by summing over s:

j—1 oo
St D <D BIpIRS
UER, Jj os=lu=r—j
. (tB)* r—1) — u—1 }
1( Do (G21) 2 (5 0)
Jj=2s=
@B i (r=1Y(_P
> () e () ()

The corresponding term for the actual expected values of 13 where v is in the rare set
is bounded by assumption (II). Hence we obtain

IA

r

M_

]= s=1

DD Ep) + B p" D) < 85,

j leR,-’j
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where

. 1\ s A\ e
oo S ()

j=2s=1

for some ¢3, and Py = y1 + 8B, 7 = y» + ﬁ.

(iii) Since the sum for Q, contains many terms that cannot be paired with terms in
the sum of U, let us look at those combinations of r, j, and u that do not correspond to
vectors in G,. Let us denote by V,. ; , the number of elements for the values of r, j, u
that occur in the representation of Q, and are not in G,. Those overcounts occur for
overlaps which have lengths > M. Denote by it1, i, . .., il j the individual overlaps
of these r — j fictitious ‘immediate returns’. Then, if the first intersection is of length
it (= M), then

hence(foru>%+(r—j—1)andj<r)

u—(r—j—1) _ :
2 u—ig—1\(r—-1 o fr—1 u—
Ve 2 (s ) Bt () | Gy
iy

| 3|

)

where we used the identity Z ( b i ) (Z) . Let us put H, for the set of fictitious

vectors v that have individual overlaps u; (i # iy, ...i ;j)thatare not allowed, i.e. where
at least one overlap is longer than % Then we can estimate the contribution one gets
by counting over H, as follows:

m

vy = g pi"

veH,

r—1 oo )
= VZ Z Vr,j,uﬂ]pi

Jj=1 u——+r j

m

r—1 i1 00 y_M
u
rzﬂjj! (1—1) 2 p+(r—jﬁ1)
—
J =M j1

m

Z,BJ ‘(I‘—l) Am/ll( P+ )r—j
= j-1) 1 —py

IA
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a
where we used the identity > °2  p" ( - 1) = (%) . Hence

a—1

_ r=j
V(r)<rp Zﬁ (;_i)( p+) —rp+ Qr(tp+)-

1—py

Combining the three estimates (i), (ii) and (iii) yields

Ur = 0,0, p)| < (rp ™" +0) 00, p4) + e54r = DO—1(1, p2) + 5,

(B) The difference ¢ (z) = ¥ (z) — g, (z) between the two generating functions splits
into two parts, ¢ = @ + @2, which we analyse separately (¢; reflects the estimates of
parts (A-i) and (A-iii), and ¢, reflects the estimate of (A-ii)):

(i) The function ¢ (z) is majorised by the power series

e (P +a+9) Dl =110, po).

r

. f— .
The sum over r is equal to %e I=r+=r+v (where w = |z — 1]) which can be bounded

w _ . . .
by 4! T if lw| < % ! pf + . A Cauchy estimate with |z| = R now yields

R+1

1 (r) 4 f%
E = E‘wl (0)‘ < Fe 1=-2p4—p+R |

If ¢ is large so that 7 < ﬁ then we can take R = % and obtain for instance that

1
: 1
(assuming p < 55)
AY 2(r+1) " 2r+ t
Ei<ciel-) e2 < cge—e
r r!

M
using Stirling’s formula, where € = c¢ ( py +q+ ¢). If ¢ is small so that for instance

r >
t

142
2p then we take R = —p and thus obtain Ej = = ‘(pfr)(O)‘ < Cge(zp)’e’ﬁ.

(ii) The second error function ¢, (z) is majorised by the power series (1’ = B7)

00 r il J=UI\ =1\ s
re Ty’ i
Z|Z_1|Sr_2|z—1|yZZ(S—l)E(j_l)yl "2

r r=2 j=2s=1
t'ylz =1 t'ylz—1|
= exp —~ ~ — exp —~
1= +y)ylz—1] 1 —yylz—1|
t'ylz =1

< 6yv —1 .
= oryle = Hexe =1
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if |z — 1|y (91 + y2) is small enough (e.g. < %), where we have used the identity

i j—1 r—1 X X
- - J=s r—j _ -
SIS () et e

r=2 j=2 s=1 y—z

(develop into a Taylor series with variable x and use the identity > 72 , (lz _ } )bk b=
(1 — b)~%). Hence if we put |z| = R (R > 1) then
2y Rt

R"=

By = |00 = cory

if we assume that (R + 1)y y; is small enough (e.g. < %). If R = 5, then we get
(using Stirling’s formula)

e < copree
"

(if ¢ is close enough to 7).
Since P(¢ =r) = %w(’) (0) and e™" P-(t, p) = gp )(O) we get by combining the
estimates (i) and (ii)

1
PG =r =P p)| = = [0 O] < E1+ B

(and 1 +log?2 < 2) from which follows the result of the proposition. O

In the following we will apply this proposition to situations that typically arise in
dynamical systems. There the stationarity condition (I) of the proposition is implied by
the invariance of the measure. The random variables 1; will be the indicator function
of a cylinder set pulled back under the jth iterate of the map. Condition (II) is then
implied by the mixing property (see below Definition 2). The most difficult condition
to satisfy is (IIT) because it involves ‘short range’ interaction over which one has little
control and which require more delicate estimates (see Lemma 5 below). A simpler
version of Proposition 1 is the following corollary (m = 1) which is easily deduced
by putting y» =0,y =1,y = ¢.

Corollary 2 Let M, t be as above. Let nj, j = 1,...,1, be 0, 1 valued random
variables and ny = []; ny; for v € G,. For some § > 0 let R, = U;zl R, j, where
R.j = {0 € G, : A(V) < 8}. Assume w be a probability measure on Q@ which
satisfies the following conditions (Cy is a constant, € > 0):

() EMmj) =pBforall j=1,...,t (invariance of the measure);

(II) Suppose thereis a p € (0, 1) so that for all v € Grjw\Ryj:

E(;) — p" /| < ep™;
forallr, j and w;
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528 N. Haydn, S. Vaienti

()
D> E(m) <e.
VER,

forallr =1,2,....

Then there exists a constant Cy so that for everyt > 0 one has ({ = Z;Zl n; and

t=0-p)h)

2r
e
[P(¢ =r) = e Pr(t, p) < Crle+ 8B —
r 5 .
+C (pM +8) tr—!g2r+zi+2 ift > %pr
142p :
(Zp)r€l174l) l'ft < %pr

3 Measures that are (¢, f)-mixing

Let T be a map on a space €2 and p a probability measure on 2. Moreover let A be a
measurable partition of Q and denote by A" = \/'};(1) T~/ Alits nth join which also is
a measurable partition of 2 for every n > 1. The atoms of A" are called n-cylinders.
Let us put A* = [ J;2 | A" for the collection of all cylinders in €2 and put |A| for the
length of an n-cylinder A € A*,ie. |[A| =nif A € A".

We shall assume that A is generating, i.e. that the atoms of .4 are single points
in €.

In the following definition we generalise the ‘retarded strong mixing condition’ (see,
e.g. [24]). We consider mixing dynamical systems in which the function ¢ determines
the rate of mixing while the separation function f specifies a lower bound for the size
of the gap m that is necessary to get the mixing property.

Definition 3 Assume p is a T-invariant probability measure on €2 and that there are
functions f and ¢ so that:

1) f:N— Ny (Ng=NU{0})is non-decreasing
(i) ¢ :Ng— RT is non-increasing.

We say that the dynamical system (7', u) is (¢, f)-mixing if

WU NT™""V) = pu(U)p(V)| < pm)nU)n(v)
for all m > f(n), n > 0, measurable V (in the o-algebra generated by .A*) and U
which are unions of n-cylinders.

Systems that are (¢, f)-mixing are for instance:

1. Classical ¢-mixing systems (see, e.g. [6]): f = 0. These include equilibrium
states for Holder continuous potentials on Axiom A systems (which include sub-
shifts of finite type) or on the Julia set of hyperbolic rational maps. In this case
the partition 4 is finite.
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2. Dispersing billiards [23]: f is linear.

3. Equilibrium states for Holder continuous potentials (that satisfy the supremum
gap (see Sect. 5) on the Julia set of rational maps where the Julia set contains
critical points: f is linear, ¢ is exponential.

4. Multidimensional piecewise continuous maps [22]: f depends on the individual
cylinders (| A| < 00).

Forr > 1and (large) T € Nletas above G, (t) be the r-vectors ¥ = (v1, ..., v,) € Z"
forwhichl < v < vy <--- < v, < t.Lett beapositive parameter, W C 2 and put
7 = [t/(W)] be the normalised time. Then the entries v; of the vector v e G (1)
are the times at which all the points in Cz = ()’;_; T~% W hit the set W during the

j=1
time interval [1, 7].
Lemmad4 Let (T, ) be (¢, f)-mixing.
Then for all r > 1, W; C Q unions of nj-cylinders, i = 1,...,r (n; > 1), and all
‘hitting vectors’ v € G,(t) withreturntimesviy1—v; > f(ni)+n; (i =1,...,r—1)

one has

w(Nizey TV W)
[Tz (W)

-1 =1 +¢@@ )" -1,

and d(V, n) = min; (v — v; — n;).

A consequence of this is that there exists a0 < 7 < 1 so that for all #(A) < p'4l
for all A € A*.

3.1 Estimate of the rare set

In this section we provide an estimate for the rare set for general (¢, f)-mixing
maps. We will then use this result in its full strength later to show that the return
times distribution at periodic points is compound Poissonian for rational maps that
have critical points. For a ‘hitting vector’ v € G,(t) (7 a large integer) we put
Cs; = gy T7%W.Let§ > f(|W]) (W a union of cylinders of the same lengths)
then

R.j(0)={V€Gj(r): min(vi,1 — v, — [WI) < 8},

where the values v;,, ..., v; ; are the beginnings of the j blocks of immediate returns
(notation as in Sect. 2.2 (I)).

Lemma 5 Assume (T, 1) is (¢, f)-mixing and assume that there is an m € N so that

for every n for which f(n) < 8 there exists an M < n so that A, N TCA, # 0 for
{ < M implies that € is a multiple of m.
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Then there exists a constant C so that for all n-cylinders Ay,:

roj=b o,
DwC <Cy Y] (j B i) Gu(An) ™

UeR, j=2 s=1

AN (r— o
XM(;_D(W(AW)) /,

s!

where:

@) n',m' (m' <n')satisfy f(n'y <M —n'and f(m") <m —m/,
(i) y > 14 ¢(min; (it —v;) —n'),
@iy Ay e A", A, C Ay,
(iv) Ay €A™, Ay C Apy.

Proof As in section (A-ii) of the proof of Proposition 1, put R} j for those ¥ € R, ; for

which v;y1 —v; > § fors — 1 indices iy, ..., is—1 (i = v, s’f Jj — 1). We consider
two separate cases: (I) s > 2 and (II) s = 1.
(I) Assume s > 2 and iy, i2, ..., is— be the indices for which v;, 41 —v;, > 6 >

f(n)fork =1,...,5s — 1. All the other differences are > M and smaller than 4. Let
A,y be an n’-cylinder so that A,, C A,y where n’ is so that f(n') < M — n’. Let j be
the number of blocks (i.e. ¥ € Gy, j)and leti i R ; be the beginnings of the ‘blocks
of immediate returns’ (clearly s < j — 1). There are r — j immediate short returns of
lengths € [m, n). Let us put

Wi, =A, for k=1,...,s,

Wii =A, for k=1,...,]J,

W, =Aw NT ™Ay NT Ay N -NT W= Dmy
forall i & {ix : k}U {i; : k}

where u; is the overlap for the ith return (which is an immediate periodic return). By
our choice of n” we have achieved that vj, 41 —v;, > & > f(n) and v;41 —v; > f(n)
fori iy, k=1,...,s —landi #il/w k=1,...,j. By Lemma 4 we obtain

1 (Cy) Su(ﬂ T Wl-)sa{—l [Trwo <o n(Aw) = 1u(An)* (aap(Am )",

i=1 i=1

(@1 = 1 +min(¢p(S —n), p(n —n')), ar = 1+ ¢(m — m’)) where the components

ofn = (ny,...,n,) are given by n;, = nfork =1,...,s and n; = n’ fori # i,
k=1,...,s), where u = >, u; is the total overlap.
The cardinality of Rﬁ’ ju= R} N G, j,, has been estimated in part (A-ii) of Propo-

sition 1 to be

o= (e (o (7).
nput =\ s —1 s! j—1 r—j—1
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Therefore

o oy
> M(wa‘x?_l(i—;) (W—( D sracany=

DIS
—1 —1
x (; - 1) (,fj_ 1) (ot (A )"

rju
(ID If s = 1 then all returns between blocks are less than § for all k. In the same way
as above we obtain

D w(Cy) < o] Tu(A) Gp(Ay)) ! (; _ i) (r ! J_-i 1) (@t (Ap))".
veRr!,

rju

Summing over s and using the estimates from (I) and (II) yields

ZM(C)—ZZ Z D wCy)

VER, j YlurjveRj/u
r Jj—1
r—1 j— 1Y (Tu(An)’ j—s
<D o (s _ 1) = Guan)
j=2 s=1
r—1 - u—1
- - u
x(j_l) Z'(r_j_l)(azu(Am'))
u=r—j
r -1,
_ — 1Y) (tu(Ayn)
=D (j_l)—”«s (A~
Jj=2 s=1
x(r—l)( a2t (Ay) )’ !
Jj=1 1 —oau(Am)
o L(A,,)

The lemma now follows since Tantiy < a'iw(A,,) with a o’ which is slightly
larger than a. Now we write a3 instead of o’ O

In the case of classical ¢-mixing maps (see Sect. 3.2 below), when f is zero, we get
the following simpler result. (We simply put n” = n and m’ = m which then results
inA, =A,and A, = A,.)

Corollary 6 Assume (T, u) is ¢p-mixing and assume that there is an m € N so that
for every n there exists an M < n so that A, N T~CA, # @ for £ < M implies that £
is a multiple of m.
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Then there exists a constant C3 so that for all n-cylinders Ay:

roj=b .
D m(C) =G YD (ﬁ _ }) Gp(An) ™
VER, j=2s=1
AN (r— o
x%(?_i)(aumm» J

where a = 1 4+ ¢(0) and A,, € A™ contains A,,.

3.2 ¢-Mixing measures
We say that the dynamical system (7, ) is ¢-mixing if f is identically zero, i.e.

(U O TT"1Y) = w@)p (V)| < $amuU)u(V)

for all m, measurable V (in the o -algebra generated by .4*) and U which are unions of
cylinders of the same length n, for all . The function ¢ is assumed to be monotonically
decreasing to zero.

Let W be a set in Q. Then the entries v; of the vector v € G,(t) are the times
at which all the points in C; = ();_; T~% W hit the set W during the time interval

[1, 7]. Following Lemma 4 we get that for n;-cylinders W; C Q,i =1,...,r:

M (m?:l T Wl)

-1 1 d@)) -1, 2
T, (W) =+ ¢d®) 2)

for all ‘hitting vectors’ v € G,(t) withreturn times v; 41 —v; >n; i =1,...r — 1)
where d (V) = min; (v;y] — v; — ;).

3.3 Distribution near periodic points for ¢-mixing measures

Lemma 7 Let x be a periodic point with minimal period m. If i is ¢p-mixing then the
limit

!
p = lim ‘—IOgu(Azm(x))
t—o0 | £

exists.

Proof We show that the quantity inside the logarithms is nearly superadditive. Let A
be an integer so that ¢ (Am) < % Then we have

108 (4 (Akim-+ Am—tem (X)) > [10g j(Aggy N T HM=AM Ay, (T7RM=Am 1))
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and by the mixing property

(A VT M= A () = w(Agm) i (Agm (X)) (1 + O* (9 (Am)))

O*(e)
&

(where O* means that < 1foralle). If we puta; = |10g M(Ajm(x))}, then

it a+e = ax + ag — [log(l — ¢ (Am))| = ar + ae — 2¢(Am)
for all positive integers k, £. Iterating this inequality yields

Ark+(r—1)Ats o rak =20 = Dg(Am)
rk+@F—-—DA+s)ym = k+(r — DA+ s)m
1 ay 2¢(Am)
TLA | S o LA
1+ 2+ & km k+ A

v

’

for positive integers k,7 and s € [0,k + A). If we putn = kr + (r — DA + s,
0<s<k+ A—1,andlet r - oo we obtain

.. .0y 1 a 2¢(Am)
liminf — > T — .
n—oo nm 1+ z km k+ A

Now let k — oo and we finally get

.. dap . ag
lim inf — > lim sup —
n—oo nm koo km

which implies the lemma. O

As a consequence of the lemma we see that p < ™ for some 1 < 1. (This follows
from the fact that m-cylinders have measure < 1™ for some n < 1 [13].) In particular
p is always strictly less than 1.

In the following we shall assume the stronger property that p = lim,,_, o %.
This of course implies the limit in the lemma, but we are not sure whether the reverse

WApem (X))
m(Ag(x))

integers n we put ¢! for the counting function Z?:o XA, ) © T/ with the observation
time

implication is generally true. Also put g, = sup,,

pl|. Fort > 0 and

t
o= =)
(I = p)u(An(x))
(where x is periodic with minimal period m).

In order to satisfy the assumptions of Proposition 1 we put y = o, y1 = o, t(A,)
and y» = au(A,,;)) and Corollary 6.
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Theorem 8 Let (11, Q) be a ¢p-mixing measure with partition A (finite or infinite),
X a periodic point with minimal period m and p and g, as above.
Then there exists a constant Cy4 so that for every § > 0 and every t > 0 one has

62r
[P =)= e Pr| < Casp(Anr™ —

5
2r+§t lfl - %pr

2 r’% ; 1
@p)e ™= ift < 5pr

tr
ﬁe

’

+Co (PF + a0 +9®) [

Proof We use Proposition 1 and have to verify conditions (I)—(III). From the definition
of p and ¢, assumption (I) is clearly satisfied with p+ = p + g,,.

To verify condition (II) let v € G, j , and let us look at the measure of 1 (Cy). By
(2) we have (A is as defined in Sect. 2.2)

J J
1(Cy) = [ w@o)| < (1 +¢AG) —n) = 1) [] i),

k=1 k=1
where Dy, is the kth block, i.e.

ir1—1
Dy = ﬂ TV A, (x).

{=iy,
Since w(Dy) = ((Antmuy (TVi (x))) we get by definition of g,

u(Dy) o /L(An-ﬁ—muk)
w(An) — u(An)
_ M(Apm) L(Anom) M(An+muk)
A wAngm) wAngmG—-1)
(p + Ogn)"™*

and therefore

LouDy o
H = H (p+O@))™* =(p+O0@)",

where u = Z/{:l ug. Hence
j . .
[T = p*uAn’| < wAD’ ((p+an)* — p*)

k=1
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and consequently
1(C) = p (A | = 1A ((p+ )" = P+ p((1 + B(AG) —m)! = D).
Hence, if U ¢ R, ; then we get assumption (II) with y = o, p+ = p £ g, (and

y(y1 +y2) < % if m, n are not too small). Here we use M = n — m.
To verify assumption (IIT) we use Corollary 6 . We obtain

o=l
D u(Cy) < Coa’ YN (i _ ;) Bpe(An) ™
VER, j=2s=1
An s - —J
T (7 Gty

where « = 1 + ¢(0). Hence condition (III) of Proposition 1 is satisfied with y; =
S (An(x)), y2 = ap(Ap (x)) and B = (A, (x)). m|

Let us note that this result applies to finite as well as infinite partitions A. Since
here we focus on the recurrence properties around periodic points we do not require
the condition >, 4 —i(A)log u(A) < oo (which is necessary in order to get finite
entropy or the theorem of Shannon-McMillan—Breiman).

Equilibrium states for Axiom A systems: Let us now assume that y is an equilibrium
state for a Holder continuous function f(with pressure zero) on an Axiom A space
(shift space) which has the finite, generating partition 4 (see [5]). Then u = hv where
h is anormalised eigenfunction for the largest eigenvalue of the transfer operator and v
is the associated eigenfunction. In particular v is e~/ -conformal, i.e. if 7' is one-to-one
onaset Athenv(TA) = fA e~/ dv(x).If wereplace f by f = f+logh—loghoT

then p is e~/ -conformal. Thus, if x is a periodic point with period m, then

n(An(x)) = p(T" Apym(x)) = / e,fm(y) du(y) = /,L(An_i_m(x))qne*fm(x)’

Anptm(x)

where g, is a number that can be estimated by
|log §,| < var, f™ < const.(var, f 4 var, ., logh 4 var, log i) < const.0",

for some 6 € (0, 1) (Holder exponent). Hence

P(Angm (X)) —ptgqg
u(An(x) "
where p = ¢/"® and ¢, = p(§, — 1) can be estimated by |g,| < p6”"const..
In particular the limit lim,,_, % exists and equals p. It is known that u is

¢-mixing where ¢ (k) = p* for some p € (6, 1). Let us now apply Proposition 2 and
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log p(An(x))

in order to minimise the term ¢, = C; ( p% +qn + ,0‘3”) we choose §, = Togp

Then €, < const.(pn 4+ nu(A,(x))) (again M = n — m).

Corollary 9 Let v be an equilibrium state for a Hélder continuous function on an
Axiom A system. Then there exists a constant Cs so that for all periodic points x, t > 0
andr =0, 1, ... one has (p is as above):
lle
|P(¢y =r) — e Pr| < Csiu(Ap)| log ju(An (x))]1"~ -

n 123 ift > Lpr

£Cs (ph b muan) | 76 i, TP
@p)ye ™= ift <5pr

Algebraically ¢-mixing systems. If we assume that p is ¢-mixing (with respect to

the partition A) where ¢ (k) = O(k—*) for some k > 0, then let us note that

_ p(Apim(x)) (1 + ¢ (0)u(Ap (X)) (A (x))
p+tqn = <
m(A,(x)) m(Au(x))

< cip(Ap (x))

implies the very rough estimate ¢, < w(A;(x)). With 6, = u(A, (x))_% one now
obtains (n >> m)

& = &2 (PF + (A (@) +57) < 3u(An(x)).

Corollary 10 Let p is ¢p-mixing and ¢ (k) ~ k=% for some k > 0. Then there exists

a constant Cg so that for all periodic points x, t > Qandr =0, 1, ... one has (p is
as above):
1e,2r
[Py =r) = e Pr| = Cop(Ap)|log u(An() 1" —
%62r+%t ift > %pr

+C6nM(Am(X))[ a2 L
(2p)'e =W ift < 5pr

3.4 Example

In [19,20] it has been shown that for ergodic systems every possible distribution can
be realised for entry and return times of ergodic systems if the sequence of sets is
suitably chosen. Naturally all settings in which the limiting distributions are shown to
be exponential or Poissonian (in the case of higher returns) have to assume that the
target set is a cylinder set (or a topological ball as in [11,25]). Here we show that even
if we take cylinder sets then there are points which do not have a limiting distribution
at all.

For simplicity’s sake let X be the full two shift with symbols 0, 1 on which we
put the Bernoulli measure with weights w, 1 —w > 0 (w # %). Let y = 0% and
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7z = 1% be the two fixed points under the shift transformation o. They have periods
m1 = my = 1. The entry times at y, z are compound Poissonian with the p-weights
pr=wand pp =1 —w.Pute = %lpl — p2| and we will now produce a point x
so that the return times distribution up to some order rp oscillates between the two
compound Poisson distributions. Choose n1 so that the cylinder A,, (y) = A,,(0"")
has the distribution

P =r) — e Pt py)| < ;

fort <tyandr =1, ..., rofor some ty > 0. Now we choose n, > ni so that for the
cylinder A,,, (0"'1"27"*1) one has

£
P(gy, =r)— e "Pe(t, po)| < 3

fort < tgandr = 1,...,rg. This can be done because the limiting distribution is
invariant under the shift o (i.e. the limiting distribution of the cylinder A, (0"11"27"1)
as np — oo is equal to the limiting distribution of the cylinder A,(1%°) as n —
00). Continuing in this way we find a sequence of integers ny, na, n3, ... so that the
distribution of {,ﬁj alternates within an error of % between the distribution e~ P, (¢, p1)
(for odd j) and e~' P, (¢, pp) (for even j) for t < t9 and r < ry. Hence the point
X = ﬂj Ay; (0" Ly T -1 T (% is 0 is f is odd and 1 if j is even) has
no limiting distribution.

Naturally, this construction can be carried out in all ¢-mixing systems. Instead
of two fixed points one can also take any finite number of periodic points and then
construct a point which takes turns visiting all of those so that at each visit it stays
long enough so that its return time distribution gets arbitrarily close to the return time
distribution of the periodic orbit it visits.

4 Return times

Instead of looking at the probability of a randomly chosen point in the space 2 to
enter a given set A, here we look at the statistics with which points within A return
to A again. In the case of the first entry and return times, these two distributions have
for general ergodic systems been linked in [12]. Higher order entry and return times
have been related in [4]. It turns out that these distributions are the same only if the
first return time is exponential. Similarly, the number of entry and return times have
the same distribution if it is Poissonian. However, near periodic orbits we get for the
return times a distribution which is very similar, namely it is in the limit given by the
following compound Poisson distribution.
Let p € (0, 1). If we define

A " i . tJ r
Pt,py=>_p —p)’“ﬁ (])

j=0
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forr =1,2,...and Py = 1 — p then the generating function for the probabilities
e P, is

(0.¢]
A 1 —_ p z—1
A —t r [ —r
7)=e 7z P = e 1-rz,
&p(2) z r 1—2p
r=0
The mean of this distribution is if—’; and the variance is %. Again note that

if p = 0 then we get the Poisson terms e P (t,0) = e ’r—r, and the generating

function ¢’ @~V which is analytic in the entire plane whereas for p > 0 the generating
function g,(z) has an essential singularity at %. The expansion at zg = 1 yields

8p(2) = 2020z — 1)* O where
N 1 k k—j 2 k
0 = o 25 (5)

(Qo = 1) are the factorial moments.
For a set A let us now define the random variable {4 = xa Z;"zl x4 o T/ and put

E,’l = EA,,(x) where t = (1 — p)t, (A, (x)); we also denote with p, the conditional
measure to the cylinder A, (x). In a similar way we can now prove the following result.

Theorem 11 Let (u, Q) be a ¢p-mixing measure with partition A, x a periodic point
with period m and p and q, as above.
Then there exists a constant C7 so that for every § > 0 and every t > 0 one has

2r

Pp = rlAn) — ™' | = Cnsp(an ™ =
r:

" 2r+3t . 1
qe” 2 ift > 5pr

2 rt% : 1
2p)e™% ift <5pr

9

+Con (p% +q +¢(5)) [

_ t
where T = (A ooy

If we compare these error terms to the ones for the entry times, we notice the additional
factor n which comes from satisfying the condition (I) of Proposition 1 (cf. [13]).

Let us note that for » = 0 this result has previously been obtained by Hirata [15] for
equilibrium states for Holder continuous function on Axiom A systems. Here however
we also get error estimates:

Pl =014,) — (1= pe™| = Cs (pi +np(An(x)

Note that if p > 0 then Po(0, p) = 1 — p is strictly less than one and ISr(O, p) =
p"(1 — p) forr > 1. There is a point mass at = 0 which corresponds to immediate
returns within the neighborhood of the periodic point. These are clearly geometrically
distributed.
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Remark By adapting a recent remark of [4], we proved in [14] under the condition
of the existence of the asymptotic distribution of successive return times that the
asymptotic distributions for the entry and return times are related by the formula
k=1,...)

t

De(t) = / (Bicr9) — Dyto)) ds

0

where Dy (r) is the limiting distribution P(¢! = k) as n — oo, and ﬁk(t) =
limy, 00 (5 = k).

5 Rational maps

Let T be arational map of degree at least 2 and J its Julia set. Assume that we executed
appropriate branch cuts on the Riemann sphere so that we can define univalent inverse
branches S,, of 7" on J for alln > 1. Put A" = {¢p(J) : ¢ € S} (n-cylinders). Note
that the diameters of the elements in A" go to zero as n — oo. Moreover, A" is not
the join of a partition, yet they have all the properties we require.

Let f be a Holder continuous function on J so that P(f) > sup f (P(f) is the
pressure of f), let x be its unique equilibrium state on J and ¢, = z;": [ XA, © T
the ‘counting function’ which measures the number of times a given point returns to
the n-cylinder A,, within the normalised time t, = [t/ (A,)]. Although i is not a
Gibbs measure we showed in [13] that for almost every x

tr
P, =r) — —e™,
r!

asn — oQ.

Theorem 12 Let T be a rational map of degree > 2 and | an equilibrium state for
Holder continuous f (with P(f) > sup f).

Then there exists a p € (0, 1) and Cg so that for every periodic point x € J the
return times are approximately compound Poissonian with the following error terms:

> ST if1>1
- ~n r—1€ ~n r ift > 5pr
|P(¢) =r)—e ' P| < Csp"t" ' — + Cgpm 1 " 2

t 1
y L. [
r! (2tr)rer =2 if't < 5pr

where p = e~ /" =P qnd m is the minimal period of x.

The univalent inverse branches S,, of T" (with appropriate branch cuts) split into
two categories, namely the uniformly exponentially contracting inverse branches S,
and the remaining S| = S,,\ S;, for which do not contract uniformly. In [11] we showed
the following result:
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Lemma 13 ([11]Lemma9) Let n € (0, 1). Then there exists a constant v > 0 so that
forallr > 1and v = (v, vy, ..., v,) € G, satisfying min; (vjy1 —v;) > (1 +v)n
(clearly r < (Hf—"v)n):

l’l’(m;:l T~ Wj)
H;:l w(W;)

n

-1 577,

for all sets Wy, ..., W, each of which is a union of atoms in A" and for all large
enough n.

Let us define the rare set R,: we put R, for the set all v € G,(t,) for which
min;(vj+1 —vj) < (1 +¢g)n.
Lemma 14 Let x € J be a periodic point with (minimal) period m. For all large
enough n one has that A,(x) N T~¢A,(x) # 0 for £ < n/2 only if £ is a multiple
of m.

Proof Putn = km+n',0 <n’ <n,and¢ = ¥ ... wlq&"/,wherewl, o vke s,
¢" € S,.Since x € A is periodic with period m we get that T A N A # @ and in
particular x € T A foralli = 1, ..., k. Since the sets 1/ (J N €2,,) are all disjoint for
different i, we obtain ¢/ = ! forall i. Put ¢ = ! and we get ¢ = (Y¥)¥¢* (with
Y concatenated k times).

Now assume that ANT ~¢ A % ¢ for some £ < 5 which is not a multiple of m. Since
forsomei,im < £ < (i+1)m and TimANT —tHimp # (), we can assume that £ < m.
Suppose that there are arbitrarily large n so that £ < mand V = ANT YA # ¢.
Similarly as above we put n = k'¢ + n” (0 < n” < ¢) and obtain that ¢ € S,
decomposes as ¢ = (&)k/qg”” where ¥ € Sp, 43”” € S,n.

Now since (&)k/(J N Q¢) — x as k' — oo, and x is periodic with period m, we
see that such £ < m cannot exist. Hence, for all 1 large enough TA N A # @ and
¢ < 7 implies that £ is a multiple of the period m. O

Proof of Theorem 12. We are going to verify the conditions of Proposition 1. Let
x € J be periodic with minimal period m. Then

(I) holds by invariance of the measure 8 = (A,) for all ;.
(II) Since u = hv where h is a Holder continuous density and v is e~/ -conformal
we obtain as before that

w(Ay(x) = pu(T" Apym(x)) = / 7" du(y)
Aptm (x)
= /J“(An+m(x))én€_fm(x),

where we have used that fact that p is e~/ -conformal with respect to the
function f = f+logh—loghoT.The factor g, satisfies | log g, | < var, f* <
const.0", for some 6 € (0, 1). Hence

M(Aner(x)) —ptgqg
(A (x)) "
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where p = /") (independent of n) and the error term ¢, = p(g, — 1) is
bounded as |g;, | < ¢ p6” for a constant ¢; which is independent of the periodic
point x.

(III) Here we use Lemma 5. By Lemma 14 we can choose M = [n/2]. Furthermore

we set § = (1 + v)n. According to Lemma 13 our separation function f is
given by f (k) = (1 +v)k. Hence n’ = [n/(1 +v)] and m' = [m/(1 + v)].
Then A, is the n’-cylinder that contains A,, = A, (x) and whose measure
is (L(A,) < p"+Y) Similarly A, is the m’-cylinder that contains A,, (x)
and and whose measure is 1 (A,) < p™/ (T Let us choose 5 < 1 so that

£ > max (pH%, n, 19). Then (for all large enough n)

> weo<ew 35 (1) (51 )

UER, Jj=2s5=1
where y1 = du(Ay) < p", y2 < ap(Ay) = p", B = T(A,) and by
Lemma 13 a =1+ 175 "' Moreover, since py = p + gn < ﬁm, % < po"
Pr—pP-<qu<p'andp =g —n) <y’ < /" one has
Pi+pr—p-to=capn
for some c;. The theorem now follows from Proposition 1. O
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