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Abstract
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expanding transformations in one and higher dimensions using recent
developments on martingale techniques.
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1. Introduction

The objective of this note is to prove the almost sure invariance principle (ASIP) for a large
class of random dynamical systems. The random dynamics is driven by an invertible, measure
preserving transformation o of (2, F,PP) called the base transformation. Trajectories in the
phase space X are formed by concatenations f := f .1, © - - - 0 f5,, 0 f,, of maps from a fam-
ily of maps f,, : X — X, w € 2. For a systematic treatment of these systems we refer to [2].
For sufficiently regular bounded observables v, : X — R, w € 2, an almost sure invariance
principle guarantees that the random variables 1), o f/) can be matched with trajectories
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of a Brownian motion, with the error negligible compared to the length of the trajectory. In
the present paper, we consider observables defined on some measure space (X,m) which is
endowed with a notion of variation. In particular, we consider examples where the observables
are functions of bounded variation or quasi-Holder functions on a compact subset X of R”".
Our setting is quite similar to that of [3], where the maps f,, are called random Lasota—Yorke
maps.

In a more general setting and under suitable assumptions, kifer proved in [13] central limit
theorems (CLT) and laws of iterated logarithm; we will briefly compare Kifer’s ssumptions
with ours in remark 3 below. In [13, remark 2.7], Kifer claimed without proof (see [13, remark
4.1]) a random functional CLT, i.e. the weak invariance principle (WIP), and also a strong
version of the WIP with almost sure convergence, namely the almost sure invariance principle
(ASIP), referring to techniques of Philip and Stout [20].

Other early works on the ASIP for deterministic dynamical systems go back to Field,
Melbourne and Torok [8], Melbourne and Nicol [18, 19], and very recently to Korepanov
[14, 15]. Another important contribution to this field, using a different approach with respect
to the aforementioned papers, is Gouézel’s article [8]. All these papers also deal with the error
term in the convergence of the process. The Gouézel method was used in [1] to get the ASIP
for the stationary random dynamical systems of annealed type, in contrast to the quenched
systems which are the object of this paper.

In fact we present here a proof of the ASIP for our class of random transformations, fol-
lowing a method recently proposed by Cuny and Merlevede [7]. This method is particularly
powerful when applied to non-stationary dynamical systems; it was successfully used in [11]
for a large class of sequential systems with some expanding features and for which only the
CLT was previously known [6]. We stress that the w-fibered random dynamical systems dis-
cussed above are also non-stationary since we use w-dependent sample measures (see below)
on the underlying probability space.

Although our method for establishing ASIP follows closely the strategy outlined in [11],
the results in [11] deal with a different type of systems to the ones studied in the present paper.
In [11] the authors consider sequential dynamical systems induced from a sequence of trans-
formations (7% )xen which are then composed as:

To:=Tyo...0T;, neN. (1

In the present work the concatenations f{; are driven by the ergodic, measure-preserving trans-
formation o on the base space (2, F,P): we point out that no mixing hypotheses are imposed
on o. Our arguments exploit the fact that under the assumptions of our paper, the associated
skew product transformation 7 (see (3)) has a unique absolutely continuous invariant measure
1 (see (6)), while in the context of sequential systems there is no natural notion of invariant
distribution even after enlarging the space. In particular, the probability underlying our ran-
dom processes will be given by the conditional measure (4, which exhibits the equivariance
property, see section 2.1: this will allow us to prove the linear growth of the variance and
finally to approach the n'"* rate for the ASIP error. These are considerable improvements over
corresponding results for sequential systems, where one needs very strong assumptions to
ensure the growth of the variance; see lemma 7.1 in [11].

The rate which we obtain by approximating our process with a sum of i.i.d. Gaussian
variables (the content of the ASIP) is of order n'* times a logarithmic correction, which is
very close to the n'/ rate for various classes of dynamical systems, not necessarily uniformly
expanding or uniformly hyperbolic. For instance the ASIP with rate n'/4+¢ was proved in the
scalar and vector cases respectively in [8] and [9]. A scalar ASIP with rate n'* times logarith-
mic corrections is the result in [7], which inspired the present work. It would be interesting
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to see if it is possible to obtain sharper estimates in the random setting, either following the
approach of [9], and therefore generalizing our results to vector ASIP, or the techniques of the
recent work by Korepanov [15] which, in the context of nonuniformly expanding and nonu-
niformly hyperbolic transformations with exponential tails, improves the rates to n®, for any
€ > 0. Recent results which claim "essentially optimal rates for slowly (polynomially) mixing
deterministic dynamical systems, such as Pomeau—Manneville intermittent maps, with Holder
continuous observables" are given in [5], which contains also other references on previous
results on the ASIP for different circumstances and techniques.

2. Preliminaries and statement of the main results

2.1. Preliminaries

We introduce in this section the fiber maps and the associated function spaces which we will
use to form the random concatenations. We will call them random expanding transforma-
tions, or random Lasota—Yorke maps. We will refer to and use the general assumptions for
these maps as proposed by Buzzi [3] in order to use his results on quenched decay of correla-
tions. However, we will strengthen a few of those assumptions with the aim of obtaining limit
theorems. Our additional conditions are similar to those called Dec and Min in the paper [6],
where they were used to establish and recover a property akin to quasi-compactness for the
composition of transfer operators.

Let (2, 7, P) be a probability space and let o : 2 — 2 be an invertible P-preserving trans-
formation. We will assume that P is ergodic. Moreover, let (X, B) be a measurable space
endowed with a probability measure m and a notion of a variation var: L'(X,m) — [0, o0]
which satisfies the following conditions:

(V1) var(th) = |t| var(h);

(V2) var(g + h) < var(g) + var(h);

(V3) |1l o < Cuar(||h]]; + var(h)) for some constant 1 < Cyy < 00;

(V4) for any C > 0, the set {h: X — R : ||h||, + var(h) < C} is L'(X,m)-compact;

(V5) var(1x) < oo, where 1y denotes the function equal to 1 on X;

(V6) {h: X = R4 : ||h||, = 1 and var(h) < oo} is L'(X,m)-dense in
{h: X =Ry ||n]|, =1}

(V7) there exists Ky, < oo such that

var(gh) + [|ghlly < Kvar(var(h) + [[2[1)(var(g) + [g][1), forevery g,h € BV, o

where
BV = BV(X,m) = {h € L'(X,m) : var(h) < co};
(V8) for any g € L'(X,m) such that essinf g > 0, we have var(1/g) < 7(65‘;?[1(5;)2.
We recall that BV is a Banach space with respect to the norm
Ill gy = var(h) + 1Al
On several occasions we will also consider the following norm
1Allyy = var(h) + [l »

on BV which (although different) is equivalent to ||-|| 5, .

var
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Let f,: X — X, w € Q be a collection of mappings on X. The associated skew product
transformation 7: 2 x X — Q x X is defined by

T(w,x) = (0w, £ (%)), 3

where from now on we write o¥w instead of o*(w) for each w € Q and k € Z. Each transfor-
mation £, induces the corresponding transfer operator £, acting on L'(X,m) and defined by
the following duality relation

/(,Cqu)w dm = / oY of,)dm, ¢ e L' (X,m), ¢ € L®(X,m). 4)
X X

For eachn € N and w € €, set

f£ :fa"*lwo"'ofw and ,C((j) :;Co.n—lwon'oﬁw_
We say that the family of maps f,, w € §2 (or the associated family of transfer operators L,
w € Q) is uniformly good if:

(H1) the map (w,x)+— (LoH(w,"))(x) is P x m-measurable, i.e. measurable on
the space (2 x X, F x G) for every P x m-measurable function H such that
H(w,-) € L'(X,m) forae.w €

(H2) there exists C > 0 such that

|Lud|lsv < C||d||sv
for € BV and Pa.e. w € (.
(H3) ForPa.e.w € €,

sup ||¢0f0”w

n20,[| ¢l 5y <1

(H4) There exists N € N such that for each @ > 0 and any sufficiently large n € N, there
exists ¢ > 0 such that

gy < 00.

essinf L'h > c/2||h||,, foreveryh e C,andae. w € Q,

where C, := {¢ € BV : ¢ > 0 and var(¢) < a [ ¢dm}.
(H5) There exist K, A > 0 such that

1286 llav < Ke | 6]lav,
forn > 0,Pae. we Qand ¢ € BV such that [ ¢dm = 0.
Remark 1. In sections 2.2 and 2.3 we provide explicit examples of random dynamical sys-

tems that satisfy (H1)—(HS). Using (H1), (H2) and (HS5) we can prove the existence of a
unique random absolutely continuous invariant measure for 7.

Proposition 1. Ler f,,, w € Q be a uniformly good family of maps on X. Then there ex-
ist a unique measurable and nonnegative function h: 2 x X — R with the property that
hy = h(w,-) € BV, [hy,dm =1, L, (h,) = ho () for a.e. w € Q and

ess sup,, o || ||Bv < o0o. (5)
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Proof. Let

Y= {v: 1 x X — R : v measurable, v,, := v(w, ) € BV and esssup,,cq, [|vu /5y < oo}.

Then, Y is a Banach space with respect to the norm
[oll" := ess sup,cq 10w gy -

Moreover, let Y, be the set of all v € Y such that f vodm=1land v, > 0 forae w e Q. It
is easy to verify that Y is a closed subset of Y and thus a complete metric space. We define a
map L: Y] — Y, by

(L(0)y = Lo-14,05-1,, forw e Nand veY.

The operator £, was defined in (4); note that it follows from (H2) that

I£@)|I" = esssup,,cq [ (L£(0)wllpy < Cesssup,eq [05-10]l5v = C o]

Furthermore,

/w@%m:/aﬂwrwm:/%w@mL

for a.e. w € €. Finally, since v,, > 0 for a.e. w € 2 we have (using the positivity of operators
L) that L,-1,0,-1,, = 0 for a.e. w € Q. Hence, we conclude that £ is well-defined. Simi-
larly,

I£(0) — LW < Cllo—w|, forv,we Y

which shows that £ is continuous. Choose ng € N such that Ke= ™ < 1. Take arbitrary
v, w € Y7 and note that by (HS),

127 (@) = L) | = e55 supseq || £, 000 = Woro0)|

—An _ —Any /
< Ke™™ess sup,co [[Vg—n0, — Wo—noy, |lgy = Ke™ " |lo — wl|".
Hence, £™ is a contraction on Y and thus has a unique fixed point & € Y;. Set

1.1 _ U oy -
hy = —hy+ —Lo1,(hg-1,) + ...+ —L" D (hy—w-n,,) forweQ,
no no no

o~ o=

and consider the map /: 2 x X — R given by h(w, -) = h,, forw € Q. Then, & is measurable,
nonnegative, [ h,, dm = 1 and a simple computation yields L, (h.,) = hg,. Finally, by (H2)
we have that

C”O —
I/l()(C— 1)

€SS SUp,, th < 0.

€SSSuUp,cq ”hw”BV < ”BV

Thus, we have established existence of /. The uniqueness is obvious since each #/ satisfying
the assertion of the theorem is a fixed point of £ and thus also of £ which implies that it must
be unique. O
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At this stage, we point out that we will need (HS5) for our later results; we use (HS) in
the proof of proposition 1 only to give a simpler existence result for the random ACIM.
With weaker control on the properties of f,, [3, 4] proved the above existence result; in par-
ticular, these results do not require (H5) and (H2) is allowed to hold with C = C(w) such that
log C € L'(P).

We define a probability measure ;o on 2 x X by

,u(A><B):/ hd(P xm), forAe€ FandB e B. (6)
AXB

Then, it follows from proposition 1 that y is invariant with respect to 7. Furthermore, p is
obviously absolutely continuous with respect to P x m. Finally, it follows from the unique-
ness in proposition 1 that x is the only measure with these properties.

Let us now consider for any w € € the measures (i, on the measurable space (X, BB),
defined by du,, = h,dm. We recall here two important properties of these measures, which
are together equivalent to (6) and its invariance, see [2]. First, the so-called equivariant prop-
erty: f i, = How. Second, the disintegration of 1 on the marginal P; if A is any measurable
setin F x B, and A, = {x; (w,x) € A}, the section at w, then u(A) = [ u,(A.,)dP(w). The
conditional (or sample) measure i, will constitute the probability underlying our random
processes.

We now describe a large class of examples of good families of maps f,,, w € 2. We first
show that they satisfy properties (H1)—(H3); this will crucially depend on the choice of the
function space. We then give additional requirements in order for those maps to satisfy a con-
dition related to (H4), named Min when applied to sequential systems in [6], and condition
(H5), called Dec in [6].

2.2. Example 1: random Lasota—Yorke maps

Take X = [0, 1], a Borel o-algebra B on [0,1] and the Lebesgue measure m on [0, 1].
Furthermore, let

var(g) =  inf sup Z |A(sk) — h(sg—1)] -

h=g(mod m) 0=s0<s51<...<sp=1 =1

It is well known that var satisfies properties (V1)—(V8) with Cyy, Kyvor = 1. For a piecewise
C% f:[0,1] = [0,1], set 5(f) = essinf,c[o) | /| and let N(f) denote the number of intervals
of monoticity of f. Consider now a measurable map w — £,,, w € §2 of piecewise C> maps on
[0, 1] satisfying (H1) such that

N :=supN(f,,) < oo, 6 := inf §(f,) > 1, and D := sup |f]/|ec < 00.
weD wen wen

(7
It is proved in [3] that the family f,, w € €2 satisfies (H2) with

N D 1

where for any two real-valued functions g; and g, g1 V g2 = max{g, g}, and (V8) has been

used for the bound var(1/f") < £. We note that since N < oo, condition (H3) holds.
‘We now discuss conditions that imply (H4). Foreachw € €2, let b,, be the number of branches

of f..so that there are essentially disjoint sub-intervals J, 1, ..., Jyp, C I, with Ui;le,k =1,
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so that f,|;,, is C? for each 1 < k < b,,. The minimal such partition P, := {J1,...,Jup,}
is called the regularity partition for f,,. We recall from classical results, e.g. [16], that when-
ever 0 > 2, and ess inf,,cq min;<r<p, m(Jwr) > 0, there exist & € (0, 1) and K > 0 such that

var(L,¢) < avar(¢) + K||¢||,, forgp € BV andae.w € Q.

More generally, when § < 2, one can take an iterate N € N so that §¥ > 2. If the reg-

ularity partitions PY := {Jll\fw, oL IN b(N)} corresponding to the maps fogN) also satisfy
essinf,cqmin, _, o m(J),) >0, then there exist o € (0,1) and KV > 0 such that
var(LY¢) < ovar(¢) + KV ||#]|,, for ¢ € BV and ae. w € Q. 9)

We will from now on assume that (9) holds for some N € N. Iterating, it is easy to show
that

var(£5"¢) < (a)*var(¢) + €V 19|

., ¢EBV, weQ, ReN, (10

where CV = - f’;N The proof of the following lemmas are deferred to appendices A.1 and A.2,

respectively.

Lemma 1. Suppose the following uniform covering condition holds:

For every subinterval J C I, 3k = k(J) s.t. forae.w € QfP W) =1 (11)
Then, (H4) holds.

Lemma 2. There exist K, \ > 0 such that (H5) holds.

2.3. Example 2: random piecewise expanding maps

In higher dimensions, the properties (V1)—-(V8) can be checked for the so-called quasi-Holder
space B, which in particular is injected in L*> (condition (V3)) and has the algebra property
(V7). Originally developed by Keller [12] for one-dimensional dynamics, we refer the reader
to the Saussol paper [21] for a detailed presentation of that space in higher dimensions, as well
as for the proof of its main properties. In particular, using the same notations as in [21], we use
the following notion of variation:

vara(9) = sup = [ ose(6.B.(x) .

0<e<eo

where ¢ > 0 is sufficiently small,

osc(, Be(x)) = esssupy_(,)¢ — essinfp_()¢,

and wedefinethenorm (weusethenotationintroducedinsection2.1),||¢| gy := varg(¢) + ||¢||1,
which makes the set {¢ € L!(m)|varg(¢) < 0o}, a Banach space Bg. In [21] it is proved that
this notion of variation satisfies (V1)—(V3) and (V5)—(V7) and noted that (V4) is proven in
[12] (theorem 1.13). We prove here that (V8) holds too. Observe that
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osc(1/¢, B-(x)) = ess supBE(x)(l/QS) —essinfg_y(1/¢)
= 1/essinfg_)(¢) — 1/ess SUPBE(X)(éb)
_esssupg, () (¢) — essinfp (1) (9)
- (esssupy_ (@) (essinfp_ () (4))

OSC(QS, Ba(x)) < OSC(¢’ Bs(x))
= (essinfp_ () (¢))?> ~ (essinf ¢)?

which readily implies that varg(1/¢) < (ez%f(i))z

We now describe the family of maps which we will endow later with a uniformly good
structure; this class has been considered in [21, section 2] and [10, definition 2.9]. Let M
be a compact subset of RV which is the closure of its non-empty interior. We take a map
f:M — M andlet A = {A;}", be a finite family of disjoint open sets such that the Lebesgue
measure of M \ | J; A; is zero, and there exist open sets A; D A;and C'+7 maps f; : A; — RV,
for some real number 0 < v < 1 and some sufficiently small real number €; > 0 such that

1. fi(A;) D B, (f(A;)) for each i, where B. (V) denotes a neighborhood of size ¢ of the set
V. The maps f; are the local extensions of f'to the A;;
2. there exists a constant C so that for each i and x,y € f(A;) with dist(x, y) < €,

|det Df~ ' (x) — det Df, ' (v)| < Cy| det D" (x)|dist(x, y)7;
3. there exists s = s(f) < 1such that Vx,y € f(A;) withdist(x,y) < &, we have

dist(f;'x, £ 'y) < sdist(x, y);

4. each OA; is a codimension-one embedded compact piecewise C' submanifold and

4s PN,1

Z(f)

X
S Ty

<1 (12)

where Z(f) = supz #{smooth pieces intersecting JA; containing x} and I'y is the
volume of the unit ball in RN,

We now consider a family of maps { f,, }.,eq satisfying the above conditions fora.e. w € €,
and with uniform constants €1, Cy,7,s, and Z := esssup,,coZ(f,,). The hypotheses (H1)—
(H3) follow as in the one-dimensional case, provided the function w + f, is measurable. In
order to satisfy hypotheses (H4) and (HS5), as in the one-dimensional case we impose further
conditions on the above class of maps. A Lasota—Yorke inequality is guaranteed for each
map f, by [21, lemma 4.1] or [10, proposition 3.1], and this ensures the following uniform
Lasota—Yorke inequality holds, for some 0 < a < 1,K > 0,

varg(L,¢) < avarg(¢) + K ||

As in the one-dimensional case, we can obtain an N-fold Lasota—Yorke inequality (of the type
(9) using varg in place of var) provided that the regularity partitions of a.e. N-fold composi-
tion of maps have positive Lebesgue measure. The proof of the following lemma is deferred
until appendix B.

,» for¢p € Bs andae w e (13)

5 Condition (12) can be considerably weakened, see [21], but its right statement requires additional definitions; for
smooth boundaries assumption (12) is perfectly adapted to our purposes.
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Lemma 3. Suppose the uniform covering condition holds for the above class of maps:

for any open set J € M, there exists k = k(J) such that for a.e. w € Q,f*(J) = M.

Then conditions (H4) and (H5) are satisfied.

2.4. Further properties of the random ACIM

Let y, be, as above, the measure on X given by dyu,, = h,dm for w € 2. We have the follow-
ing important consequence of (H5), which establishes the appropriate decay of correlations
result that will be used later on.

Lemma 4. There exists K > 0 and p € (0, 1) such that

‘/,d") Ghy,) dm — /¢duw /wuw

forn >0,y € L*(X,m)and ¢ € BV(X,m).

Proof. We consider two cases. Assume first that [ ¢ dju, = [ ¢h,, dm = 0. Then, it follows
from (HS) that

[ eeongvan= [ oo [vane| = [ £ on)van
<l - [ £80m0)||| < Ielle - [ €8 0m) | < K™ lhollay - 1]

and thus (14) follows from (2) and (5). Now we consider the case when f ¢ du,, # 0. We have

’ / L (ph) dm — / ¢y, - / W dpigne,
= ‘/Eg“)(thw)wdm— /thw dm-/whanw dm‘
<l [ ](ﬁ&")(eﬁhm - ( [ oh dm>hm>

~ ol | f onoan] - [ 2@ =)y am

dm

<ol - \ [on. dm] L@ — )

where

dh, = </¢hw dm)q>

Note that [(® — h,,) dm = 0 and thus using (H5),
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ol | [ oaam - [0@ =, < ke ol | [ ohoan [0 =l

BV

< Ke M ] - H (¢ ~ [ on dm) he

BV
Hence, it follows from (2) and (5) that

‘ [0 @nypan— [oaun- [ v

<K'e VY] - 191y

for some K’ > 0 and thus (14) follows readily by recalling that ||-|| 5, < ||-[|ya- O

Remark 2. We would like to emphasize that (14) is a special case of a more general decay
of correlation result obtained in [3] which does not require (H5) and yields (14) but with
K = K(w).

Finally, we prove that condition (H4) implies that we have a uniform lower bound for /4.
Lemma 5. We have

essinf i, > ¢/2, forae. w € Q. (15)

Proof. We first note that it follows from proposition 1 that there exists @ > 0 such that
h,, € C,for a.e. w € ). Hence, it follows from (H4) applied to & = A, that for n large,

essinf hgn, > ¢/2 forae. w € Q,
which implies the desired conclusion. O

Remark 3. We now briefly compare our setting, results and assumptions with those in
[13]. In the latter, the space X is replaced by a foliation {Z,,},eq. On the fibered subset
E={(w,&):weNEeE,} one can consider the skew map 7(w, &) = (ow,f,,€) with the
associated fiber maps f,, : =, — Zs. In our situation the =,,’s for all w coincide with the
set X and all f,, : X — X are endomorphisms of X with some regularity property. Since this
situation covers the applications we have in mind (random composition of maps), we do not
treat the case of w-dependent fibers, but in principle, all the arguments in the present paper
also extend to this more general setting. Kifer used a martingale approximation, where the
martingale approximation error in [13] is given in terms of an infinite series (see the error g,
in equation (4.18) in [13]), which appears difficult to estimate under general assumptions. In-
stead, our martingale approximation error term is explicitly given in terms of a finite sum (see
(24)), and, as mentioned above, it can be bound without difficulty in our setting. Furthermore,
Kifer invoked a rate of mixing, but to deal with it he assumed strong conditions (¢-mixing
and a-mixing), which are difficult to check on concrete examples of dynamical systems. We
use instead quenched decay of correlations on a space of regular observables, for example,
bounded variation or quasi-Holder and L°° functions (exponential decay was shown by Buzzi
[3]), with an addition: the constant that scales the norm of the observable in the decay rate
is independent of the noise w; we can then satisfy the hypotheses of Sprindzuk’s result, see
below.
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2.5. Statement of the main result

We are now ready to state our main result. We will consider an observable ¢: 2 x X — R.
Let ¢, = t(w,-), w € § and assume that

sup [ llpy < oo (16)

We also introduce the centered observable

%zww—/%duw, weQ

and consider the associated Birkhoff sum ZZ;(I) 1/30% o fk, and the variance

n—1 2
7y = E, (Z Dot of!j) : (17)
k=0

The almost sure invariance principle is a matching of the trajectories of the dynamical system
with a Brownian motion in such a way that the error is negligible in comparison with the
Birkhoff sum. Other limit theorems such as the central limit theorem, the functional central
limit theorem and the law of the iterated logarithm will be consequences (see [20]) of our
proof of the ASIP and therefore they will hold for random Lasota—Yorke maps.

Theorem 1. Let us consider the family of uniformly good random Lasota—Yorke maps. Then
there exists ©* > 0 such that lim,,_, o %7’3 = 2. Moreover one of the following cases hold:

(i) ¥ = 0, and this is equivalent to the existence of ¢ € L*(Q x X) such that (co-boundary
condition)

v=¢—gor. (18)
(ii) ¥* > 0 and in this case for P a.e. w € Q, Ve > %, by enlarging the probability space
(X, B, u,) if necessary, it is possible to find a sequence (Z;,)y. of independent centered (i.e.

of zero mean) Gaussian random variables such that

k k

sup | (Poiwofl) = D Zi| = 0(n'/*log"(n)), mas. (19)

Isksn |55 i=1

Remark 4. We notice that the statement (ii) of the theorem 1 also holds f.-a.s. and for P
a.e. w, since the measures /i, and m are equivalent by lemma 5.

3. Reverse martingale difference construction

In this section we construct the reverse martingale difference and establish various useful
estimates that will play an important role in the rest of the paper. Indeed, the proof of our
main result (theorem 1) will be obtained as a consequence of the recent result by Cuny and
Merlevede [7] applied to our reverse martingale difference.

Forw € Qand k € N, let

TS = (f5) 7 (B).
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Furthermore, for a measurable map ¢: X — R and a o-algebra H on X, E,, (q/>|7-£) will denote
the conditional expectation of ¢ with respect to H and the measure .. We begin with the fol-
lowing technical lemma.

Lemma6. We have

£ (b,
M) of", (20)

(6o fLIT2) = (2

foreachw € Qand 0 <1< n.

Proof. We note that the right-hand side of (20) is measurable with respect to 7. Take now
an arbitrary A € 7 and write it in the form A = (f")~!(B) for some B € B. We have

/ bof dpy = / (60 /)1y dpa
A X
- / (@ofl) (Ipofh)du, = / ¢(1g 0 fi)) Ao,
X X
— [ hoottaorzyam= [ £ o) taan
X X

,C(’;il) hgi, @ E(’;il) hot®
_ / Lo hotwt)y o / Loto (hauf) ) (1,0 12) dp,
X hgnw X hU"w

E(n—l) ho, (n—1) h
:/ [(M) ofd 14 dp, _/<£U’w("’“’¢)> o f" dyu,,
X ha”w A ha’"w

which proves (20). O

We now return to the observable ), introduced in (16) and its centered companion

&wzww_fwwd//&w, w e Q.
Set

M, = 1/;0%.1 + G, — Gn—H ofa”w, n =0, 2n
where Gy = 0 and

‘CG"UJ ("Z}a“who/‘w + Gkhcr"w)

ho-k-Hw

. k>0. (22)

Gy =

We emphasize that M, and G, depend on w. However, in order to avoid complicating the nota-
tion, we will not make this dependence explicit. In preparation for the next proposition we
need the following elementary result.

Lemma7 We have

Lo((Wof,)p) =Ly¢, for¢ e L'(X,m)and ) € L™= (X, m).

Proof. For an arbitrary z € L*° (X, m), we have (using (4)) that

Jwtaozan = [ wwtsoan= [coryworyoam = [ Luworozan
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which readily implies the desired conclusion. [l

Now we prove that the sequence (M, o f), is a reversed martingale (or the reversed mar-
tingale difference) with respect to the sequence of o-algebras (77),.

Proposition 2. We have

E, (M 0 f5| TSH)

Proof. It follows from lemma 6 that

By o 2| 2+ = (Estt) ) o @)

oty
Moreover, by (21) we have
Lo (horwMy) = Lonis (horw®arw + horwGn — hano(Gui1 © for)).
By lemma 7,
Loy (Ronw(Gnit © fong)) = Gt Lonwhony = Gup1hgniiy,
and thus it follows from (22) that

‘CO'"UJ (ha"an) =0.

This conclusion of the lemma now follows readily from (23). |

We now establish several auxiliary results that will be used in the following section. These
results estimate various norms of functions related to M, and G,, defined in (21) and (22),
respectively.

Lemma 8. We have that

sup |G|l gy < o0.
n=0

Proof. By iterating (22), we obtain
Zﬁ((]"]:}j) wafw afw) neN. (24)

We note that
\/qzjo'-fwho'-fw dm = /’(Z)O'fw d,UJij =0, (25)

and thus it follows from (H5) that

n—1
Z o’nfwj) wa’!w a’!w) < Kze—)\(n—j) ‘
Jj=0

wa'/wha'/w
=0 BV

‘ b
BV
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for each n € N which together with (V8), (2), (5), (15) and (16) implies the conclusion of the
lemma. |

Lemma9. We have that

Sup [[My| < oo

Proof. In view of (16), (21) and lemma 8, it is sufficient to show that

sup ||Gn+1 0 fonw |BV < oo.

n=0
However, this follows directly from (H3) and lemma 8. O

Lemma 10. We have that

sup || B, (M; o f5| T3], < oo.
n=0

Proof. It follows from lemma 6 that

ofatt,

2
B3 o T = ((Frsieett)

ho-n+lw
and thus, recalling (15),

2
sup || B, (My 0 £ T3 )| o < < (| £ome(homaMi) | -
n=>0 C

Taking into account (2), (H2), (5), lemma 9 and the fact that [|-|| ., < Cyar ||| gy (see (V3)) we
obtain the conclusion of the lemma. O

4. Sprindzuk’s theorem and consequences

The main tool in establishing the almost sure invariance principle is the recent result by Cuny
and Merlevede (quoted in our theorem 3 in section 5). However, in order to verify the assump-
tions of that theorem we will first need to apply the following classical result due to Sprindzuk
[22].

Theorem 2. Let (2, B, i) be a probability space and let ( fi )i be a sequence of nonnegative
and measurable functions on (2. Moreover, let (g;)r and (hy)x be bounded sequences of real
numbers such that 0 < g < hy. Assume that there exists C > 0 such that

/( > (ﬁc(x)—gk)>2du(x) <C D> Iy (26)

m<k<n m<k<n

for m,n € N such that m < n. Then, for every € > 0

S R =Y g+ 002 (n)log > O(n)),

1<k<n 1<k<n
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Sor pa.e. x € Q, where ©(n)

Lemma 11. Foreache > 0,

n—1
Y Eu(Mi o f] TEH)
k=0

= Zlgkgn hi

n—1

= 3 EL(MF o f8) + 0(8'/2(n) log™*** ©(n)),

k=0
for pa.e. w € ), where
n—1
O(n) =Y (E.(M{off) + ||MZ],.)- (27)
k=0
Proof. Fix w € Q. We want to apply theorem 2 to
fe=Eo(MEof5|TE) and  gi = Eu, (M} off).
We have that
2
J| S mooin - ¥ o) o
m<k<n m<k<n
2 2
- [ mon of£|7lf“)> o~ (3 B ort))
m<k<n m<k<n
- / (M2 o 4| T2
m<k<n
+2 ) [ Bu(MFofi|TEN) - Bu(M] o fI|T) du
m<i<j<n
— > BuMiofS) =2 > Eu(M]ofl) E.(M; of))
m<k<n m<i<j<n
< Y | Boof| T dpse
m<k<n
+2 ) [ Bu(M; ofL|TSHY) - Eu(MF o f| TS du
m<i<jsn
—2 Y Eu(M]ofl) - Ey(M;of)). (28)
m<i<j<n

On the other hand, it follows from lemma 6 that for i < j we have
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[ B 0 £TEH) B0 0 22T
i i M? . Loiw ]’lg‘fwM-2 .
:/ |:<£a 71(}::le )> Of;+1:| ' |:< ]’l( j+1 : )> Ofu])+l] d‘uw

L i, (hgyi,M?) Ca.fw(hgfwsz) i
_/( hgiviy, . Ngitiy, ottt | s
‘Cij hU/wM'Z i—i
= /Lcr[w(ha[wMiz) : |:<(J)> o a-jiJrllw:| dm

haj+lw
_ 2
- / 00 a2y - (Lol )Y g,
olw oW haH‘w

Moreover

B (M} ofl) = [(F o) dns = [ M2 i,
and

B} of) = [0} of2) s = [ M} g = [ Mo am

‘Cafw M'zhafw
:/‘Ca'fw(M'zha/w)dm:/(j)d/’LUH']w'
J hcﬂ'*'w

Hence,

[ B0 oI TE) B} o 21T i~ B8 o £2) - B o)

—i £ij h”jwM'z ['(770.) M‘Zha-fw
= /ﬁg{;erl)(hginiz). <(1)) dm_/Mizd”aiw'/#dﬂa/+'w~

Ny ity hgitiy,

Therefore, it follows from lemma 4 that

/ Eo(M? o f1[ T3 - B (M2 o f1|T) dpty — E(M? o 1) - Eu (M2 o )

) 2
Loi(MPhy )

< Kpjfl+1
hO'H']UJ

a7

var *

oo
Furthermore,

oo

[ B o T < B0 o 4T

Thus, the last two inequalities combined with (28) imply that
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2
J| Z mogonim - X ogor)] o

m<k<n m<k<n
S R SR
m<k<n
+2 Y [ Eu(M7of|TE) - Eu (M} o 1| T d
m<i<j<n
—2 ) Eu(M;ofl) By (M} ofl).
m<i<j<n
< D B M o TEM)| L - Eu(MF o f)
m<k<n
M?h,,
RS I a] e ) T
m<i<j<n oitlw 00

which combined with (H2), (5), (15) and lemmas 9 and 10 implies that (26) holds with
he = B (M o f) + |[M{]|

var *

The conclusion of the lemma now follows directly from theorem 2. [

5. Proof of the main theorem
The goal of this section is to establish the almost sure invariance principle by proving theorem
1. It is based on the following theorem due to Cuny and Merlevede.

Theorem 3 ([7]). Ler (X,), be a sequence of square integrable random variables adapted
to a non-increasing filtration (G, ). Assume that E(X,|Gn41) = 0 a.s.,

n
vy =Y E(X{) + 00 whenn— oo (29)
k=1

and that sup, E(X?) < co. Moreover, let (a,), be a non-decreasing sequence of positive num-
bers such that the sequence (a,/v?), is non-increasing, (a,/v,) is non-decreasing and such
that:

1.

> (EXF|Gir1) —E(X) = o(an)  as.; (30)

Za;vE(|X,,|2v) < oo forsomel < v <2

n=1

3D

Then, enlarging our probability space if necessary, it is possible to find a sequence (Zy )y
of independent centered (i.e. of zero mean) Gaussian variables with E(X?) = E(Z?) such that
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sup | = o((an(|10g(03/a,)| + logloga,))' ). as.

1<k<n

i=1 i=1

Notations. In what follows, we write a, ~ b, if there exists ¢ € R\ {0} such that
lim, o0 a, /b, = c.

Proof of theorem 1. Part (i) will be proved in proposition 3 below; we now show part
(ii). Let us first suppose that by using theorem 3, we could obtain the almost sure invariance
principle for the sequence (X;); = (My o f¥ ). Combining this with lemma 8, the almost sure
invariance principle for the sequence (’Z)Z}ka of* )i, stated in theorem 1, follows since (21)
implies that

n—1 n—1
Zxk = Z%ﬂw ofu]j -Gy, 0f£
k=0 k=0

We are now left with the proof of the ASIP for for
X, =M,of) and G,=7T],

and we will apply theorem 3 directly to these quantities. We note that it follows from lemma
11 that

n

Y (EXE|Gir1) — E(X})) = O(ba),

k=1
with

by, = @1/2(71) 10g3/2+s @(n), (32)

for any positive € and where ©(n) is given by (27). On the other hand, it follows from lemma 9
that ©(n) < Dn for some D > 0 and every n € N. The last part of this section will be devoted
to prove that in our case

n—1

02 =Y B, (M} oft) ~n32,
k=0

where ¥.2, whose existence is ensured by lemma 12, is assumed strictly positive in part (ii) of
this theorem. We now put

/ 3
a, =v,log® (v?), &' > = +e.

In this way and noticing that v, is increasing, the monotonicity assumption on a, /v, is im-

sl 2
mediately satisfied. To deal with the other condition ZT = mgv&’ we observe that the func-

el 2 "
tion x — w,x > 0 has negative derivative for x large enough depending on the value of

¢’. This implies in our situation that the monotonicity of 24 is ensured for n large enough. To
deal with the (finitely many) lower values of n we use remark 2.4 in [7], which asserts that
the condition on % can be replaced with the following one: there exists a constant C such that
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forany n > 1, sup;, (v2 ) < 6‘% : the easy details are left to the reader. We have now to show

that (31) holds with v =
Since sup,, [|M,|| ., < oo, we have that sup, ||X,|,, < oo and thus

> 4 By (X[ <CY e ~CY ——— <o,

n>1 n>2 n>2 nlog
since 2¢’ > 1. We finally notice that with our choice of @, and by renaming ¢ as 1+€ , we get
the error term claimed in (19). O

As we said above, in the last part of this section we will prove the linear growth of the
variance.

Lemma 12. There exists X% > 0 such that

lim IE <Z¢ak of) =2, forae.w €. (33)

n—oo n

Proof. Note that

n—1 2 n—1

]Ew(zqzo"w Of£> = Ew(qgikw Ofllj) +2 Z ]Ew((i)a"w Ofi,)(?;gjw Ofujz))
k=0 k=0 0<i<j<n—1
n—1 n—1 n—1
= B2, of) +2) Y Eow (Yoo (@ors o f2))-
k=0 i=0 j=i+1

Set g(w) = E,(¢¥2), w € Q. By applying the Birkhoff’s ergodic theorem for g over the er-
godic measure-preserving system (€2, F,P, o), we find that

nlirglonZE 2, o) —ngr&nZgow /Qg(w)d]P’(w)

= [ ) ) = [ )

for a.e. w € €. Furthermore, set

S BB ) i) = S [ L () o d
> =3

By (14) and (16), we have

[ 20 mwm‘kz =L,

for some K > 0 and a.e. w € Q. In particular, ¥ € L'(Q) and thus it follows again from Birk-
hoff’s ergodic theorem that
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n—1 00

1 : ~ -
lim =Y (o) = / U(w)dP(w) = Y O (w, ) (7" (w, x)) dpu(w, x),
nmee n o Q 1 Y OxX (34)
for a.e. w € (2. In order to complete the proof of the lemma, we are going to show that
n—1 n—1 n—1
Jj—i _
nlig.lo,/l(ZZan q/)o'w wafw fgw))izw( ))07 (35)
i=0 j=i+1 i=0
for a.e. w € 2. Using (14), we have that for a.e. w € (),
n—1 n—1 - ~ o n—1
Z Z Eoiw(’@[}afw(wafw Of;i:,l)) - Z \II(OJW)
i=0 j=i+1 i=0
n—1 n—1 B ~ o n—1 oo B ~
= Z Z Eo’w(waiw(wofw Of;[:)l)) - ZEU’w(waiw(waH"w o giw))
i=0 j=i+1 i=0 k=1
n—1 oo ~ B n—1 oo
<Y (ool 05| = X 3 | [ L8, Garaho st
i=0 k=n—i i=0 k=n—i
n—1 oo p
<K pr=K——.
i=0 k:zn;i (1-p)y
which readily implies (35). It follows from (34) and (35) that
n—1 n—1
lim — Ej}:Eowmmw%mqﬂ; }j 3 (w, x)(7" (w, %)) dps(w, x)
n—oo n 0 QxX
i=0 j=i+1
for a.e. w € ) and therefore (33) holds with
» = (w, x)? dp(w, x) + ZZ D(w, X)) (7" (w, x)) dpa(w, x).
QxX QxX
(36)

Finally, we note that it follows readily from (33) that 2 > 0 and the proof of the lemma is
completed. O

We now present necessary and sufficient conditions under which 2 = 0. We note that a
similar result is stated in [13, 2.10] with ¢ o 7 instead of ¥ in (18).

Proposition 3. We have that ¥* = 0 if and only if there exists ¢ € L*(2 x X) such that
b=¢—gor. (37)

Proof. We first observe that
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[.(5

M

“(w, x)) )zdu(w,x)

—1 n—1 k—

~/Q><XZ/}( Fw,x)) dp(w, x) —1—22

1
k=1 j=0 Q><X
1

N

w,2) (7! (w,%)) dpa(w, %)

k=0
n—1 k—
= / 2(w, x) dp(w, x) +ZZZ D(w, x) (¥ (w, x)) dpa(w, x)
QxX k=1 j=0 QxX
n—1
= / 2(w, x) dp(w, x) + 22 n— D(w, X)) (T*(w, x)) dp(w, x),
QxX k=1 QxX

and thus

/Qxx (:; 77/3(7—’<(w,x))>2d/t(w,x) = n( Qxxw (w, x) dp(w, x) + 22 Dlw, x)d(r (w,x))dﬂ(w,x)>

k=17 QXX

- ZZk P (w, ) (7*(w, x)) d(w, x).

h—1 QxX

Assume now that 2 = 0. Then, it follows from the above equality and (36) that

n—1 n—1
/QX<ZJ)OT"> du*—ZnZ Yot du—2) "k (o) du
X k=0

QxX k=1 QxX (38)

On the other hand, by (14) we have that fo Xq[)(zz o 7%)du — 0 exponentially fast when
k — oo and hence, it follows from (38) that the sequence (X, ), defined by

|
gl
==

we, xeX
k=0

is bounded in L2(Q x X). Thus, it has a subsequence (X, ) which converges weakly to some
¢ € L*(Q2 x X). We claim that ¢ satisfies (37). Indeed, take an arbitrary g = 15, where
A € F and B € B and observe that g € L*>(Q x X) and

/ g —d+dor)=lim [ g(h— Xy +X, 07)dp
QxX k—=oo Joxx
= lim g(or™)du =0,
k— 00 OxX

where in the last equality we used (14) again. Therefore, 1Z — ¢+ ¢ o1 = 0 which readily
implies (37).

Suppose now that there exists ¢ € L?(2 x X) satisfying (37). Then,

2272



Nonlinearity 31 (2018) 2252 D Dragicevic et al

n i~ n
and thus
1 - 2
| ﬁszTk < ﬁ”qblle(QxX) — 0,
k=0 L2(Q2xX)
when n — oo. Therefore, it follows by integrating (33) over € that
1 n—1 B
¥? = lim —ZJJOT]‘ = 0.
n—o0
=0 L2(22xX)
This concludes the proof of the proposition. O

In the rest of the paper we assume that $2 > 0. We also need the following lemmas.
Lemma 13. We have that
E,(X:X;) =0, fori <.

Proof. By lemma 2, we conclude that E,(M; o fi,|T/t') = 0. Moreover, we note that
M; o fJ is measurable with respect to 7! and thus

Eo, (M o f1)(M; o fL)| TZT) = (Mj o f)) B (M; o 1| TS = 0,

which immediately implies desired conclusion. ]
We now recall that v2 is given by (29).

Lemma 14. We have that v2 — oo as n — oo.

Proof. We already established from (21) that ZZ;& X, = Zz;é Doty 0 fF — G,y 0 f7; there-
fore

n—1 2 n—1 2 n—1
<ZXk> = <Z zzja'kw Off) - Z(Gn Of:l)) ( ZQZG"W Ofnf) + (Gi Of:l))
k=0 k=0 k=0

(39)
By lemma 12 and the assumption ¥ > 0,
n—1 B 2
2= EW<Z¢C,kw ofjj> — 0. (40)
k=0

On the other hand, it follows from (16), (39) and lemma 8 that

n—1 2
Ew<2xk) ~ T2, 41)
k=0
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By lemma 13 and (41), we have that

n—1 n—1 2
2 = Y EL(X) = E, < Zxk) ~ 2
k=0 k=0 (42)
which together with (40) implies the desired conclusion of lemma 14. O
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Appendix A. Verification of Hypotheses (H4) and (H5) for random Lasota—
Yorke maps

A.1. Verification of Hypothesis (H4)

Lemma A.1. For sufficiently large a > 0, we have that LENC, C C, /2, for any sufficiently
large R € N and a.e. w € ().
Proof. Choose ¢ € C,. Then, it follows from (10) that

var(£5"¢) < (a(@™)* +CY) 1ol <a/2|f]l;.

whenever R is such that (o¥)® < 1/2 and a > % O

Proof of lemma 1. Let us assume without loss of generality, that [ ¢dm = 1. Fol-
lowing [17] we claim that for every ¢ € C, there exists an interval J = [FTl, ﬁ] C I with
n=[2a],1 <j < n, such that ess infyc;¢ > 5 [ ¢ dm.

Note that [, ¢dm < |J|esssup (¢|;) < |J|(essinf (¢|;) + var(¢in,))). In particular, if the
claim did not hold, we would have
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- 1 1
1= dm = / dm < = + —var <1,
/I¢ ; (54 phm< g )

which is a contradiction. Hence, the claim holds.
Now assume (11) holds. Let ¢ € C, (with f ¢dm = 1)andletn,J be asin the claim above.
Let k = max; j<, k([=2, £]), as guaranteed by (11). Then, for a.e. w € (, 1 ( ) = 1. From

n’n

the definition of £ we get

1
essinf L ¢ > essinf || lessinf (¢|,) > > 5ess inf [ f0]71 =: o,

where ag is independent of w (recall that ess sup, ; |/, (x)| < 00).
To finish the proof, let N be as in (10), and R be sufficiently large so that NR > k and

the conclusion of lemma A.1 holds. Let ¢ = 2as; - essinfie; el fio (NR— k)| ! Then, for every
¢ € C,, essinf L'( > ¢/2.In addition, by lemma A.1, ﬁ(NR)¢ € C,and f,CS,NR)qsdm =1
Hence by induction, we conclude that foreveryn > R, ¢ € C, and Pa.e. w € Q,

essinf LN'¢ > c/2 (||, -

A.2. Verification of Hypothesis (H5)

We will now establish several auxiliary results that will show that (H4) and (10) imply (HS).
We begin by recalling the notion of a Hilbert metric on C,. For ¢, € BV we write ¢ < 1) if
¥ — ¢ € C, U {0}. Furthermore, for ¢, 1) € BV we define

Z(p, ) :=sup{A € RT: Ap =¥} and Y($,1) :=inf{p € RT : ¢ < po},
where we take Z(¢, 1) = 0 and T (¢, 1) = oo if the corresponding sets are empty. Finally, set

 og T(@.0)
0u(6.4) = log = ;-15.

We recall (see [3, 17]) that for ¢ € C,, for v € (0, 1) such that||¢||, = 1, we have

(1+v)(1+4 V)esssup ¢ _ var(lyx)
(=) (1= Vyessinfgp* eV ="—""" (A1)

for ¢, € C,.

Oa(g. 1) < log

Lemma A.2. Assume that ., € Co, [ ¢ = [ = 1. Then,
llo — quBV <2(1 4+ a)B4(w, ). (A2)

Proof. Letr,s > 0 such that r < 1 < s and ro < ¢ = sp. Note that if such r or s do not
exist, we have that ©,(p, 1) = oo and there is nothing to prove. Then, we have

|W—ﬂm</w~wﬂ+/ufo¢:xrﬁy

Furthermore,

2275



Nonlinearity 31 (2018) 2252 D Dragicevic et al

var(y — ) < var(v — re) + (1 — r)var(ep) < a(l —r) + (1 — r)a = 2a(1 — r).

The above two estimates imply that

19 = @llgy < 2(1 = r)(1 +a).

Since 1 — r < —logr < logs/r, we conclude the required inequality from the definition of

Oy. O

Lemma A.3. Forany a > 2var(ly), we have that LRV is a contraction on C,, for any suf-
ficiently large R € N and a.e. w € Q.

Proof. We follow closely [3, lemma 2.5.]. Let R be given by lemma A.1. We will assume
that n = R also satisfies (H4) (with respect to some c). Take now ¢,y € C,. It is sufficient to
consider the case when ||¢||, = ||+||, = 1. Then,

esssup L8V < || L8V g||, + Coarvar(LE$) < (14 Cua/2) [|0]]; = 1+ Cyara/2.

By (H4),

essinf L'ﬁquﬁ >c/2.

Using (A.1), we obtain that

3/2(1 + var(lx)/a) (1 + Cyura/2)

OulLe6.1) < los == ) a4

Since a > 2var(ly), we have

9(1 4 Cyara/2)
c/2

Ou(LE¢,1) < log

Using triangle inequality,
9(1 + Cyyra/2)
c/2

This implies that £XV is a contraction with coefficient x € (0,1) satisfying
k < tanh(A/4). O

O, (LN ¢, L) < 21og = A < 0.

Let BV? denote the space of all functions in BV of zero mean.

Lemma A.4. Foreach ¢ € BVY, there exist K = K(¢), A\ = A(¢) > 0 such that

L8 6] gy < Ke ™ ||¢||p, forae w € Qandn e N.

Proof. Without any loss of generality, we can assume that ||¢|, =2 and thus
l¢T 1, = l¢~|l, = L. Obviously, there exists a > 2var(lx) such that ¢*,¢~ € C,. As-
sume that R is given by previous lemma and set M = RN. Write n = kM + r for k € Ny and
0 < r < M. It follows from (H2), (A.2) and lemma A.3 that
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1£59lpy = |‘£];M+r¢HBV
= H'Cr [’kaHBV

oMy~ w

<2C7(1+a)0,(LMpT, LM p—)
<2CY7 (1 +a)0, (LY o+, LY ¢7)
<

for some K > 0 which readily implies the desired conclusion. O
Finally, we obtain (5) by removing ¢-dependence of K and )\ in lemma A.3.

Proof of lemma 2. Let /! denote the space of all sequences ® = (¢,),>1 C BV such that

12l = D 1gallgy < oo

n>1

Then, (', ]-]|,) is a Banach space. For each w €  and n € N, we define a linear operator
T(w,n): BV — ['by

T(w.n)¢ = (L(9), L5,(0).- ... L1,(6).0,0,...), ¢ € BV".

We note that T'(w, n) is bounded operator. Indeed, it follows from (H2) that

IT(@.m)oll, =D 1L @) gy < D ColIdllgy < nC" [[lly -
k=1 k=1

Hence, T(w, n) is bounded. Furthermore, note that it follows from previous lemma that

. K
7m0l = 3 L5y < T Wbl = C(6) [l
k=1

where

K
€W = 1

Hence, for each ¢ € BV?, we have

sup{||T(w,n)¢||, : w € Q, n € N} < o0.

It follows from the uniform boundedness principle that there exists L > 0 independent on w
and n such that

IT(w,n)]| <L weQ,neN.
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Hence,

S L@y < LlIdlgy. weQ BV, neN
k=1

In particular,

1£5(@) sy < LlI¢lgy. weQ @BV neN. (A.3)

Using (A.3), forw € Qand1 < k < n,

L8 D)y = L5555 () 5y < LIILE @) 5y -

Summing over k,

L) sy LY NL5(8)||5 < L 18]Iy -
k=1

and thus

L2
I£5(D)lpy < — 16 llgy -
We conclude that there exists Ny € N independent on w such that

1
e @)l < S llell. we e oeBY.

Take now any n € N and write it as n = kNy + r, k € Ny and 0 < r < Ny. Using (H2) and the
inequality above,

n CNO
1 0llmy < dllpy . w e o€ BY

which readily implies (HS5). O

Appendix B. Verification of Hypothesis (H4) for multidimensional random
piecewise expanding maps

Define the cone C, := {¢ € Bg; ¢ > 0;varg(¢) < a E,,(¢)}. The following lemma is the
multidimensional version of the first part of the proof of lemma 1.

Lemma B.1. For each element ¢ € C,, there is an open set J on which ¢ is bounded from
below by E,,(¢)/2.

Proof of lemma 19. Take a function ¢ € C, with [, ¢dm = 1. Let us consider a suf-
ficiently fine, finite partition Q of M into cubes (intersected with M). We recall that ¢ is the
constant entering the seminorm varg. Consider &’ < min{g, 5-} and assume all elements in

O have diameter less than ¢’. Then, for every x € By we have that By C B/ (x). In particular,
osc(¢, By) < osc(o, B/ (x)) for every x € By. Then,
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= /Mgzﬁdm—z ¢dm < zk:/k sup ¢dm < Z/Bk 1nf¢5+osc(q5 By))dm
< Zk: /B k (1nf¢+osc (¢, Ber )dm (zk: /B k(igqus)dm) + /M osc(p, Bor (x))dm(x).

Notice that [,, osc(¢, B/ (x))dm(x) < e'varg(¢) <€’ a [, ¢pdm < 1. Hence, there exists a
cube B; where the essential infimum of fis at least 1/2. Indeed, if this were not the case, the
first term on the rhs of (B.1) would be bounded above by 1/2, and (B.1) would not be satisfied.

O

(B.1)

Proof of lemma 3. The proof follows closely the strategy from appendix A. We first deal
with hypothesis (H4). Lemma A.1 follows similarly in multidimensional setting. Lemma B.1
proves the first part of lemma 1 in our multidimensional setting, and the rest of the proof of
lemma 1 proceeds verbatim. Now we turn to Hypthesis (HS). In the multidimensional setting,
we replace lemma A.2 with lemma 3.8 [10]. The proofs of lemmas A.3—-A.4 remain valid in
the multidimensional setting using varg instead of var. The proof of lemma 2 then proceeds
verbatim. We thus obtain (HS) in our multidimensional setting. O

We note that results similar to lemmas A.3 and A.4 in the multidimensional setting are
contained in lemma 3.6 and theorem 2.17 [10], respectively.
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