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AssTrACT. We give a brief account of application of extreme value theory in dy-
namical systems by using perturbation techniques associated to the transfer oper-
ator. We apply it to the baker’s map and we get a precise formula for the extremal
index. We also show that the statistics of the number of visits in small sets is com-
pound Poisson distributed.
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1. Introduction. Extreme value theory (EVT) has been widely studied in recent
years in application to dynamical systems both deterministic and random. A re-
view of the recent results with an exhaustive bibliography is given in our collective
work [26]. As we will see, there is a close connection between EVT and the statis-
tics of recurrence, and both could be worked out simultaneously by using per-
turbations theories of the transfer operator. This powerful approach is limited to
systems with quasi-compact transfer operators and exponential decay of correla-
tions; nevertheless it can be applied to situations where more standard techniques
meet obstructions and difficulties, in particular to:

- non-stationary and random dynamical systems,

- observable with non-trivial extremal sets,

- higher-dimensional systems.

Another big advantage of this technique is the possibility of defining in a precise
and universal way the extremal index (EI). We defer to our recent paper [7] for
a critical discussion of this issue with several explicit computations of the EI in
new situations. The germ of the perturbative technique of the transfer operator
applied to EVT is in the fundamental paper [24] by G. Keller and C. Liverani;
the explicit connection with recurrence and extreme value theory was done by G.
Keller in [23], which also contains a list of suggestions for further investigations.
We successively applied this method to i.i.d. random transformations in [5, 7], to
randomly quenched dynamical systems in [2], to coupled maps on finite lattices
in [13], and to open systems with targets and holes in [18].

The object of this note is to illustrate this technique by presenting a new ap-
plication to a bi-dimensional invertible system. We will see that the perturbative
technique could be applied in this case as well provided one could find good func-
tional spaces where the transfer operator exhibits quasi-compactness.

We will find a few limitations to a complete application of the theory and to its
generalization to a wider class of maps in higher dimensions, see Remarks 5.3 and
5.4.

When the first version of this paper circulated, the spectral technique discussed
above did not allow us to get another property related to limiting return and hit-
ting times distribution in small sets (sometimes also called target or holes), namely
the statistics of the number of visits, which usually takes the form of a compound
Poisson distribution. This has been recently achieved in [3], and it could be eas-
ily applied to the system under investigation in this paper. We will briefly quote
this technique in Section 7. As for the EVT, such a technique suffers the limitation
imposed by the shape of the target sets, and for the choice of the parameters, see
remark 5.4. The former will be particularly important for us when we decide to use
the rectangular target set, see Section 6.1. These cases could be worked out with
another technique developed by two of us, see [21], which allows for the recovery
of compound Poisson distributions for invertible maps in a higher dimension and
for arbitrarily small sets. By using this approach, we will also be able to construct
an example for the fat baker map with a compound Poisson distribution which is
neither the standard Poisson nor the Polya-Aeppli, which are the most common
compound distributions.

We will finally discuss the extension to the compound Poisson point process on
the real line.
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Figure 1. Action of the baker’s map on the unit square. The lower
part of the square is mapped to the left part and the upper part is
mapped to the right part.

2. A simple example: The generalized baker’s map.

2.1. The map. We now treat an example for which there are not apparently es-
tablished results for the extreme value distributions. This example, the general-
ized baker’s map, from now on simply abbreviated as baker’s map, is a proto-
type for uniformly hyperbolic transformations in more than one dimension, two
in our case, and in order to study it with the transfer operator, we will introduce
suitable anisotropic Banach spaces. Our original goal was to directly investigate
larger classes of uniformly hyperbolic maps, including Anosov ones, but, as we
said above, the generalizations do not seem straightforward; we will explain the
reason later on. With the usual probabilistic approaches, extreme value distribu-
tions have been obtained for the linear automorphisms of the torus in [8].

We will refer to the baker’s transformation studied in Section 2.1 in [10], but we
will write it in a particular case in order to make the exposition more accessible.
The baker’s transformation T(x,,y,) is defined on the unit square X = [0,1]?> C R?
into itself by

VaXn ﬁ%<a
A =wp)+wpx, ify,>a

1 .
-y, ify,<a
%(ynfa) if y, > a, @

(1)

X+l =

Y1 =

withv =1-a, y,+ v, < 1; see Fig. 1. To simplify some of the following formulae,
we will take @ = v = 0.5 and y, = y;, < 0.5. This last value must be strictly less
than 1/2 since Lemma 5.2 requires the stable dimension d; strictly less than one,
which corresponds to a fractal invariant set (thin baker’s map). This condition will
be relaxed in example 7.5 (fat baker’s map), but using an approach different of the
spectral one leading to Lemma 5.2.

The map T is discontinuous at the horizontal line I : {y = a}. The singularity
curves for T!,1 > 1 are given by T~'T, and they are constructed in this way: Take
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the preimages T;l(a) of y = a on the y-axis according to the map

1
- ayy<a
Ty@)—{ L WS ()

Then, T7'T = lv= T;l(a)}. Any other horizontal line will be a stable manifold
of T. The invariant non-wandering set A will be at the end an attractor foliated by
vertical lines which are all unstable manifolds. We denote by W?*(W") the set of
full horizontal (vertical) stable (unstable) manifolds of length 1 just constructed.
We point out that a stable horizontal manifold W, will originate two disjoint full
stable manifolds when iterated backward by T~!, not for the presence of singular-
ity, but because the map T~! will only be defined on the two images of T(X) as
illustrated in Fig. 1.

2.2. The functional space. In order to obtain useful spectral information from the
transfer operator £, its action is restricted to a Banach space B. We now give the
construction of the norms on B and an associated “weak” space B, in the case of
the baker’s map, following partly the exposition in [10]. In this case, the norms will
be constructed directly on the horizontal stable manifolds instead of admissible
leaves, which are smooth curves in approximately the stable direction, see [11]. As
we anticipated above, we follow [10], but we slightly change the definition of the
stable norms by adapting ourselves to that originally introduced in [11]. Let us
explain why. First of all, we will consider the collection ¥ of all the intervals W of
length less or equal to 1 that are contained in the same stable manifold W € W*.
We will take such a value equal to y, for reasons which will be clear in the next
considerations. Instead, in [11], X was the set of full horizontal line segments of
length 1 in X. The reason for our choice is that we will introduce small target sets
B, and the preimages of such sets will cut the W,. The smaller pieces generated in
this way will enter the three norms given below, and therefore it will be useful to
count such pieces in .

We now to consider the set C? of continuous complex-valued functions over X
with Holder exponent 0 < p < 1. When we set C!, we mean C? with p = 1, which
is simply Lipschitz. Given a stable leaf W and a Holder function ¢, we define the
norm along W as

lp(x) - p(v)l
[plcew) = Iplcow) + HO (@), HO(@) = sup (P(—(pp(y).
x,yeW |x -y
X+Y

Another norm will be considered later on, namely

lplw,o = IWIC-|plcew), (4)
where |W| denotes the length of W.

We now closely follow Section 2.2 in [10] and put

lplceows) = sup l@leow). (5)
Wews

We call C!(W¥) the set of functions that are Lipschitz along stable manifolds,
i.e., for which the quantity (5) is finite. For p < 1, we set C?()}/*), as the completion
of C'(W?) in the |- lcows) norm. Analogously, C°(W?) denotes the completion of
CY(W?) in the | |ce(ws) norm. One can show that |@|ce(ys) is a Banach space for
0 < p < 1; the Banach space |@|cey«) is defined similarly. By the very structure of
the map, it follows that whenever ¢ € C?(W?*), then ¢ o T € C?(W?*). This allows



EXTREME VALUE THEORY FOR A SIMPLE ATTRACTOR 5

one to define the transfer operator £ associated with T on the dual space (C®(W?))*

as!

(Lh) (@) =h(gp o T), Vo € C*(W?), he (CO(W?)".

If we denote by m; the Lebesgue measure over X and we take h € C!(W"), then
we identify h with the measure hdm so that h € (C®(W?))* and Lh is now identified
with the measure having density

h ho T !(x)
= — o T ()= ——X
Lh(x) (ldetDT| ) oI () aly,
where the last equality on the r.h.s. uses the particular choices for the parameters
defining the map T. When h e C! (W), we therefore set

h(e) = Lh(pdmb for ¢ € CL(WV?). (7)

We are now ready to construct the Banach spaces.
For h € C!'(W*), we define the weak norm of h by

j h(pdm‘
w

where dm is the unnormalized Lebesgue measure along W.
We now take” (x, ) € (0,1) with 0 < 8 < min(x, 1 — ).
The strong stable norm is defined as

il =sup sup || hpdn} (8)
WeX peCH(W) I JW
|(P|W,K§1

(6)

|hly =sup  sup
WeX pecl(w)

[Pletwy<1

We then need to define the strong unstable norm, which allows us to compare
expectations along different stable manifolds. If W is a subset of the stable man-
ifold W, we could parameterize it as (syy,, t) where sy, is the common ordinate of
the points in Wy and t € [ay,b1] C [0, 1]. If W, is a subset of another stable manifold,
parametrized as (sw,,t) with t € [ay, b, ], we pose

d(Wy, W) = Isw, —sw, | +1[a1,b1]A[ay, bs]l,

where A means the symmetric difference, and for test functions @; € CH(W;),i =
1,2:
di(p1,2) = sup o1 (5w, t) = @2(sw,, Bler(w;)-
te[ay, by ]N[az,bs]
The strong unstable norm of h is defined as

f h(pldm—f ho,dm|, (9)
W] W2

1

lAll, =sup  sup sup  —

e<l Wi, WoeW, gect(w;) €
d(Wy,W)<e @il )<

d;c((f)l'(PZ)Se

INotice that although the map T is discontinuous, the fact that @ € C(W?) implies p o T € CC(W?),
allows us to define the transfer operator on the space (C?(W?*))* without the need for two scales of
space as in [11].

2The bound B <min(x,1-«) is needed in the proof of Lemma 3.1 in [10]. Notice that such a lemma
only requires § < 1—«. The additional constraint < k comes from the fact that in the proof of Lemma
3.1 in [10], in particular in the estimate of the strong unstable norm, there are not unmatched pieces
since all the stable leaves have full length; see also footnote 3.
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Finally we can define the strong norm of h by
l1All = 11klls + bllAll.,,

where b is a small constant to be fixed later on.

We set B to be the completion of C!'(W*") with respect to the norm |||, and,
similarly, we define B,, to be the completion of C!(W") with respect to the norm
|‘|w-

We now list a few important results whose proof can be found in [10] and which
we will use frequently in the next sections.

e (Lemma 2.4, [10]) For any B’ € (8,1), we have the following sequence of con-
tinuous embeddings:

CHX) = CF(W") < B B, < (CL(W?))".

Moreover, the embedding B < B,, is relatively compact.
ForheBand g € Cl(WS), we have

[ ]
(@)l < [hlul@lcr s (10)
Moreover,
Il <IIls. (11)
e (Lemma 4.1, [10]). The transfer operator £ is a bounded, linear operator on
both B and B,

e (Lemma 3.1, [10]). If g € C'(X) and h € BB, then?

lIghll < (56 + 1)Iglcr(x)lIAll (12)

(Theorem 2.5, [10]). £ is quasi-compact as an operator on B. Its spectral

radius is 1 and its essential spectral radius is bounded by max{A¥,af} < 1.
Then:

(a) £ has 1 as a simple eigenvalue and all other eigenvalues have modulus

less than 1.

(b) There is a unique solution y € B of Ly = p with y(1) = 1, and such a

solution is the Sinai-Bowen-Ruelle, SRB-measure. Its conditional measures

on unstable leaves are equal to arclength.

(c) There exist a <1 and € > 0 such that for any h € B with k(1) = 1, we have

1L — pl| < &a"||h]|, V1 > 0.

3. The spectral approach for EVT.

3.1. Formulation of the problem. We now take a ball B(z,r) of center z € X and
radius r and denote with B(z,r)¢ its complement, where d(-,-) is the Euclidean met-
ric.

Let us consider for x € X the observable*

H(x)=—-logd(x,z) (13)

and the function
M,,(x) := max{Z(x),---, Z(T" 1 x)}. (14)

3In [10], the constant on the r.h.s.of (12) is simply 3. We should modify it since the presence of
unmatched pieces adds two more contributions of the factor |g|c1(x)llhlls in the computation of the
strong unstable norm. Finally, the factor b comes from the very definition of the Banach norm || -||.
4See section 8 for a discussion about the choice of the observable.
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For u € R,, we are interested in the distribution of M,, < u, where M,, is now
seen as a random variable on the probability space (X, u). Notice that the event
{M,, < u} is equivalent to the set {Z < u,...,Z o T"! < u}, which in turn coincides
with the set

E,:=B(z,e ) NT 'B(z,e *)N---N T ""DB(z,e).

We are therefore following points which will enter the ball B(z,e™") for the first
time after at least n steps (see e.g. Eq. (67) in Section 8), and u +— u(E,) is the
distribution function of the maximum of the observable 2o T/,j =0,...,n—1. It is
well known from elementary probability that the distribution of the maximum of
a sequence of i.i.d. random variables is degenerate. One way to overcome this is to
make the boundary level u depend upon the time # in such a way the sequence u,
grows to infinity and gives, hopefully, a non-degenerate limit for u(M,, < u,).

From now on we set B,, = B(z,e *") and B¢, the complement of B,;; the depen-
dence upon the “center” z will be discussed in Remark 5.3.

We easily have

H(M,, < uy) = le;(x)lB;l(Tx)---lBg,(T”lx)dy. (15)
By introducing the perturbed operator, for h € B,
Lyh:=L(1pch), (16)
and we can write (15) as
pMy < uy) = Lyp(1). (17)

Notice that
[,I:lh = E(hlelle o T lel (] Tk_l).

3.2. Target sets and the space 3. We explicitly used the above two facts, which
require justification.

3.2.1. 1p¢ is in the Banach space B. Of course, the same proof should hold for
functions of the form 1pclpc o T...1pc o T*=1. The geometric shape of the sets
BENT 1B, N---n T-*DBS plays an important role in the proof. Those sets are
equivalently given by (Bn UT'B,U---uT %R, )C and we call B¥) one of them.
Suppose we could find a sequence {/;};cny in C!(X) which is Cauchy in B and such
that for any ¢ € C'(W*) we have

J‘hlqodm_)J\lB(k)(Pdm’ I - co. (18)

Then 1y is in B since the latter is continuously embedded in the dual space
(C'(WV?))*, see Lemma 2.4 in [10] quoted in section 2. We now construct such a
sequence. Take a bump function ¢ with support in the unit ball of IR?, normalized
to 1 and put ¢4(x) := %({)(%), where 6 designs the 6-neighborhood ng) = {x €
]Rz;dist(x,B(k)) <6} of B®). Then define the convolution product

hs :=1 0 % . (19)
[

Then hs is equal to 1 on B*) and equal to zero outside the 25-neighborhood

g%

15+ Moreover it is straightforward to get (18). It remains to prove that {/}sso
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is Cauchy, for 6 — 0. Call Us = B(zl;) \B(k). To control the strong stable norm, we
observe that, if 0, < 0;

Uw(hbl - héz)(pdm‘ - < 2AW[™|W N U, | < 2IW N Uy, |'*

f (hs, ~ s, )pdm
WﬂU‘gl

There are now two cases:

(i) suppose first that |W| < 61; then (20)< 5%_".

(ii) suppose now that |W|> 6;. As we will write in footnote 5, each W could meet
at most k — 1 sets of the form T‘jBn,j =1,...,k. These sets are ellipses with the
major axis along the stable manifolds. Therefore each W could meet at most
(k — 1) 6;-neighborhoods of the preimages T/B,,j = 1,...,k. It is a simple ex-
ercise to show that the maximum intersection of W with one of the previous
01 —neighborhoods is bounded by a constant C depending only on the size of X
times (6,)!/2. Then (20)< 2(k — 1)[@5%/2]1"(. In conclusion

llhs, = hs, lls < 2(k = 1)[C5V/2]1+,

(20)

We now compute the strong unstable norm. We proceed in two different man-
ners. First of all we could simply bound the difference

1
j (hs, —haz)(ﬁldm—j (hs, — hs,)padm
Wy W,

b

by e%4(k - 1)(?5}/2, since the term hs — hs, is different from zero only on the in-
tersections of the manifolds Wy, W, with a 6;-neighborhood. We now pass to a
finer estimate of (21) and we will use the same trick to control the strong unstable
norm in the Lasota-Yorke inequality, see section 4.3. We will see that giving two
stable manifolds W;, W, at a distance at most €, there will be two matched subsets
of those manifolds whose points have the same y-ordinate, and the x-components
belong to the same interval. The complement of the matched piece on each man-
ifold has length less or equal to € (unmatched pieces). The contribution given by
those two unmatched pieces is 2(k — 1)e!#. We now parametrize the two matched
pieces, where all the points of W, (resp. W), have the same ordinate s; (resp. s;)
and the abscissa t varies in the interval I; ;. Then we can write the difference of the
two integrals in (21) as

(21)

f (hol—haz)(slrt)(ﬁl(sl’t)dt—J (hs, s, )52 Dpalsa L], (22)

Iz Iz

Notice that from now on it only matters the intersection of W;, W, with Uy ,
since outside it the quantity (22) is zero. We begin to control the piece
Dy := Jh,z hs, (s1,t)p1(sy,t)dt - Lm hs, (s2,t)@2(sy, t)dt, the other one involving hs,,
call it D,, behaves in the same way. We split it as

D1=f hal<s1,t>cpl<s1,t>dt—f s, (51, O (s1, 1)
Lo LI,

+f h(sl(sl,t)@(sl,t)dt—f s, (52, D) pa(sar D,
i)

Iin
where we put
P1(s1,1) = @a(sa, 1), t €I 5.
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The absolute value of the first difference in D; is simply bounded by € (remem-
ber d.(p1, ;) <€), times 2(k — 1)@6%/2. The absolute value of the second piece in

Dy is bounded by 2(k — 1)@6%/2 times H(hs, )e, where H(hs, ) < % is the Lipschitz
1

constant of h; and C,, depends only on ¢. By dividing for ef we have that |D; |+|D,|
is bounded by

N

C .
2(k - 1)ﬁel B, (23)
61

where ¢ = max(C, Cy)- In conclusion we have (the term coming from the un-
matched pieces being incorporated in (23))
¢

1 ~
. 1— 1/2
||h61_h51”uSmln{4(k_1)ﬁe ﬁ,e—ﬁ4(k—1)C51 }.

By interpolating we finally get
A 1- 3q-5/2
s, = hoy llu < 4(k = 1)Ce' =T P07,
where g € (0,1) must be chosen such that §+4 <1 and g > 5/6.

3.2.2. 1zuh € B. Take again a set like B%) such that 15k € B; what we need is that
1pmh € B, where h € B. First of all we have to define the object 15xh € B. Take a
sequence {h};>; € C!(W") converging to h in the B—norm. Whenever 14xh € B,
we set

1pwh = lim 1k hy, (24)

I—00

provided the limit exists. So, first of all we have to show that for any [, 1k h; € B.
This is proved exactly in the same manner as in the previous item, where h; = 1.

We are left by showing that 154 h; is Cauchy. To get it we begin to prove a
preliminary result, namely in the computation of the strong stable and unstable
norm of 1y f, where 1z € B and f € C!'(W"), such norms can be computed by
using directly the (non smooth) product 1z f. By (24), if we call g a sequence
converging to 1), we put

lB(k)f = llim glf,

but now we are sure the limit exists since the sequence g;f is Cauchy by (12):

(g1 — gk fIl < (50 + 1) llgr = gkl f 1 x)-
Therefore we have that
g £l = 111 gao f1I,

and the norm on the L.h.s. is the norm ”before” completion. So we have
1200 711 = Lim (o 1l + blgi 1)

The result follows by replacing the strong stable and unstable norms on the
right-hand side respectively with the expressions (8) and (9) and by passing the
limit inside the integrals by dominated convergence. The same argument shows
also that for h e CL(W*),

150 h() = 150 (hep) = f 1y hpdm. (25)
X
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We now return to prove that 154 h; is Cauchy by computing the norm of the
generic element 1,1k, h € C!(W"), directly along the stable manifolds and show-
ing that it is bounded by a constant depending only on B times ||h]|.° If we take
a stable manifold W of length at most ,, the intersection W N B is given by a
finite number #(W, k) of smaller stable intervals W;,1 <i < #(W, k). The latter are
generated by removing from W the intersections with the preimages of B,, up to
order k (see the beginning of section 3.2.1). Therefores, #(W,k) < k,YW, as ex-
plained in footnote 7. By using the arguments in A2 or in A3 in the next sections,
it is straightforward to check that |[1zx hll; < k||k|l; and [1zk hl, < k|h],. It remains
to compute the strong unstable norm, and this reduces to bounding the difference

for a smooth h: eiﬁ |JWIOB“‘) hodm — JWZHB“‘) h(pzdm‘ , where Wy W,, @1, @, verify the
constraints given in (9). We recall that the preimages of B, of order I < k are ellip-
sis whose axis along the vertical unstable direction has length at most a’. We now

split the computation in two parts. Suppose first that € > 0.5aX. Then, a rough
estimate gives

1

eb

1
WyNB®k) W,NBK) akp

Take now € < 0.5ak. By following the strategy used in dealing with the strong
unstable norm in Sections 3.2.1 and 4.3, we split the difference above over un-
matched and matched pieces. Suppose now that #(Wy,k) > #(W,, k). Then, there
could be at most #(Wp, k) matched pieces given a final contribution bounded by
k||h||,. We now count the unmatched pieces. First, there are the two intervals
of length < e at the extremities of W, W,. Notice that there could be at most
#(Wy, k) — 1 preimages of B, which cut both W; and W,. Therefore, there will
be at most 2[#(W,, k) — 1] unmatched pieces generated at the intersection with
the boundaries of such preimages and the length of each of those unmatched
pieces is bounded by a constant C;(B,,, k) depending solely on the radius of the
ball B,, and on k times v/, as we argued in Section 4.3. But now there will also be
[#(W1,k)]—[#(W,, k)] unmatched pieces given by preimages of B,, which cut W; but
not W,. The length of those pieces will be again bounded by a constant C,(B,,, k)
times \/E Hence, we get for € < 0.5ak :©

hpidm — f hoodm
J WinB®) W,nBKk)

< ePKIlhll, + [2€% + [2C1 (B, k) + Ca(By,, k) ke ][Il
(27)

In conclusion, for 28 < k we get
1
115w All, < max{4ﬂ, 2+ [1+2Cy (B, k) + Cyo(By,, k) kAL,

which immediately implies the Cauchly property for the sequence 1 h;.

We finally consider (25) when h is a Borel measure ji € 3. Suppose also that the
jfi-measure of the boundary of B) is zero. This happens for instance if /i is the
SRB-measure, which is our case. Then, if h; — /i, for a test function ¢, we have

1w ii(e) = 113?0 Tgwh (@) = zlif?oj 1gwhipdm = J-lg(kﬂpdﬂ = fi(lgw @),

SRefer to Lemma 4.3 in [9] for a similar computation.
6We incorporate the exponent « directly into the constants Cy (B, k), C2(By, k).
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where the third equality follows from the Portmanteau theorem. This fact will be
explicitly used in equation (49) below.

3.3. The perturbative approach. The quasi-compacity of the operator £ stated in
(Theorem 2.5, [10]) and quoted in Section 2 implies that”

L=p®Z+Q, (28)

where again y = Ly is the SRB measure in B normalized in such a way that y(1) =1
and spans the one-dimensional eigenspace corresponding to the eigenvalue 1; Z is
the generator of the one-dimensional eigenspace of £* in the dual space B* corre-
sponding to the eigenvalue 1, and is normalized in such a way that Z(u) = 1; and Q
is a linear operator on B with spectral radius sp(Q) strictly less than one. We now
introduce the assumptions which allow us to apply the perturbative technique of
Keller and Liverani [24]. They are split in two blocks: A0, A2, and A3 are needed
to get the quasi-compact decomposition (31), which extends to the perturbed op-
erators £, the same decomposition for £ required by Al. The assumptions A4 and
A5 together with (31) are finally needed to apply the perturbative technique in
[24] we referred to at the beginning of this section.

e A0 B is continuously embedded into B,,.

e Al The unperturbed operator £ is quasi-compact in the sense expressed by
(28).

e A2 There are constants 0 < p < 1,D1,D;,,D3 > 0, and p < M, such that Vn
sufficiently large, Vh € B, and Vk € IN, we have

\CEhl, < DyMF|nl,,, (29)
LK kIl < Dok Il + D3 M*|h,. (30)

This will be proved below.
e A3 We can bound the weak norm of (£ — £,))h, with h € B, in terms of the
norm of h as
(£ = Lol < Xnllhll

where x,, is a sequence converging to zero. We give immediately the proof
of this fact since it is achieved by a simple adaptation of the computation
of the strong stable norm in the proof of item A2 below. Looking at the
notations and at the steps of such a demonstration, we have to control the
term [, (£~ Lyhpdm = [ L0 Wpdm =Yy 5 [y 0 B@)@(Ty)adm(y) <
lIklls|B|*. Then, x, = |B,[*.

Thanks to assumptions A2 (uniform Lasota-Yorke inequalities) and A3 (close-
ness of the operators in the triple norm), we can apply the spectral theory in
[25]® and get that the decomposition (28) holds for n large enough, namely

MLy =1y ® 2, + Qs (31)
Lypin = Aypins (32)
ZyLy=AZy, (33)

Qn(l’ln) = 0: ZnQn = 0: (34)

71f @ is a test function, equation (28) means that (Lh)(¢) = Z(h)u(p) + Q(h)(@).

8This spectral theory also requires that if z is in the spectrum of £, and |z| > s, then z is not in the
residual spectrum of £,,. This last fact is guaranteed by A0, which implies that the spectral radius of
L, is bounded by s.
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where A, € C, p, € B, Z, € B*, Q,, € B, and sup,; sp(Q,) < sp(Q). We observe
that the previous assumptions (31)—(34) imply that Z,,(y,,) = 1, Vn. Moreover,
U, can be normalized in such a way that y,(1) =1 and Z(p,) = 1; see [24].
We now state assumption A4, leaving A5 to Section 6.1.
e A4 1f we define

=Z(L-Ly) (), (35)
and for he B
1y := sup |Z(L(h1p,))l, (36)
lIrll<1
we must assume that
lim 1, =0, (37)
Mll£ (15, )l < const A, (38)

Notice that A0 and A1 are the content of the aforementioned Lemma 2.4 and
Theorem 2.5 in [10]; it remains to prove A2 and A4. The proofs, especially that of
A2, are quite long and we will defer them to the following sections.

4. Proof of A2. We start by noticing that the proof we present is also valid for the
unperturbed operator, and this will be explicitly used in the following. The proof
is basically the same as the proof of Proposition 4.2 in [10], with the difference that
we allow subsets of the stable manifolds of length less than y,. By the density of
C!(W") in both B and B,, it will be enough to take that & is such a smaller space.
We have to control integrals of the type fw L,he dm, where W € ¥ and ¢ € CH(W)
(resp. C*(W)), according to the estimate of the weak (resp. strong) norm.

4.1. Weak norm. Let us start with the weak norm and consider, for instance, [lf,.

We have
hlpgelpge o T1ge o T2)(T3x)q(x
j Lihpdm = J (g Loy © T © 3 A 9! )dm(x). (39)
w w a3y;

We successively perform three changes of variable along the backward images
of W each with Jacobian y,, which will cancel the factor 3 in the denominator in
(39). But, we must now understand how those backward images are produced.

Since |W| < y,, its inverse image will give rise to at most two pieces Ay, A, of
7 | But now, T2W is equal to T_Z(Al U
A,)and T7'(A;) (resp. T~!(A,)) will produce the pieces By, B, (resp Cl,Cz) If we
denote by b; 5, ¢, the length of those pieces, we have by + b, < y—,cl +ey <2,

Our last step consists of iterating backward By ,,C;,. Each of them w111 be
expanded by a factor y,, so we get

(39) = Z J hlBalB;oTlBg,oTz)(x)qo(T3x)dm(x)+

x€{1,2}

respective lengths a1, a, such that a; +a, < Wi

Z j (g 1pe o T1ge o T2)(x) (T3 x)dm(x),
T-1C,

x€(1,2}

where the measure m is again the unnormalized Lebesgue measure. We now cut
the eight intervals T-!B,, T1C, into pieces of length |W/|. For instance, T‘lBl will
give % pieces of length |W| plus two pieces of length less than [W|. But, in the
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present case, we have to twice add 3 to those pieces for the presence of 9Bfl . Then,
we split the previous eight integrals over those smaller pieces, which we denote

with Wj(n), where 1 < j < Mj3, and M3 = W(bl +by+ ¢ +c)+23(1 + 3) is just an
upper bound of the number of the smaller pieces after three backward iterations.

Then, we can write

(39)<a® ijm h(x)@(T3x)dm(x)

j=17 7
Using the preceding bounds on the couples b; 5,c;,; and ay g, we see that M3 <

W|W| +23(1 + 3). By iterating backward k times, the cardinality becomes

1
My < — +25(1+k).
Va
In order to compute the weak norm of £3, we must take a test function ¢ veri-
fying [p|c1(w) < 1. If we now take two points y;,y, € Wj(n), we have
lp(T°x) —p(Tp)| _ 19(T°x) = p(T3y)| |T>x ~ Ty

= 1 3 1
|x -l T T3x - T3y =] <HYp)y2 <H(¢)

where H!(¢) is the Holder exponent of ¢ (on W). Therefore,
lp o T3|C1(Wj(,l)) =lpo T3|CO(VV]§H)) +HY (poT?) < 1.

By multiplying and dividing the integral in (39) by |p o T3|C1(W(17)); we finally
j

get, for any k > 1 and remembering that & = 1/2,

k
\ck R, < {(1) 1+ k] Ih,,. (40)
Ya
Remark 4.1. The kind of partitioning we consider above, namely by cutting the preim-
ages into pieces of length |W|, was not really necessary to estimate the weak norm, but it
is particularly adapted to control the strong stable norm, see below. For this reason, we
anticipated it here. We will see how one could have proceeded more directly in estimat-
ing the strong unstable norm; in this case one gets a weaker bound on the cardinality of
the preimages, nevertheless this will not significantly improve the final result.

4.2. Strong stable norm. To compute the strong stable norm, we closely follow
the same calculations of Section 4.1 in [10] and we write, still for the third iterate
of the perturbed operator and using the notations above,

M3
| cnpam=a*ly [ moler*n-game)+ [ bwigdn,
w [ w;

(41)

°If we consider higher iterates of £, for instance of order k, we should control terms like W N BS N
T1B¢ n-..n T-(k-1)BS, where W is a piece of stable manifold. Notice that each preimage T-!B,,1 =
1,...,k -1, is contained in 2! disjoint horizontal rectangles. Therefore, W could meet at most k — 1 of
such rectangles of different generation and hence at most k — 1 preimages of By,. This implies that the
complement in W of such intersection is at most composed by k connected intervals
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where
1

P = | 0T
IW | I
Since [@; | < supyy ||, we 1mmed1ately have that the rightmost term in (41) is
bounded by the right-hand side of (40). Instead, the first piece on the right-hand
side is bounded by

a lehllskpoT ~Pjuly Zoﬁnhnswv Tlpo T2 =Bl (42
T3
But, [po T3 (P]nlck =|poT3 (p]nlCO +supx¢yW We now

treat the last term on the rlght hand side, the ﬁrst giving the same result after
having noticed that |p o T3 —¢j'n| =|p(T3x) - (T3x")|, x* being some point in Wj(n)

T3 _T3 K
IT°x-T°y" e

by the mean value theorem, and having multiplied and divided it by =

have
p(T%x) = @(T3y)] _ 9(Tx) = p(T%y)| [T?x — T3y
lx =yl CT3x-T3yf x - yl*
H*(@)y* < v 1@lesw) = va IWI @l < y2XIWI
where H*(¢@) is the Holder exponent of ¢ (on W). The sum (42) is therefore
bounded by

M3
23y W™ ZIIhIISIWj(")IK. (43)

By construction, all the intervals |W] | < |W|'%. By using the bound on the
cardinality of such intervals given by My, we finally get

a

k
4
||z:ﬁh||ss[(y—) +1+k}|h|w+||h||s[2<ay;‘ 2k (1 +0)].

4.3. Strong unstable norm. In order to treat the strong unstable norm, we follow
Section 4.3 in [11] adapted to our case, which is considerably easier. Therefore, we
take two stable manifolds W , at distance at most €, and ¢; on W;,i = 1,2 with
lpilctw,) < 1. Call Uy € Wy and U, C W, the connected intervals parametrized
respectlvely by (sw,, ) and (sw,,t), with t belonging to the same interval. We call
these two pieces matched. We refer to V; , as the two unmatched pieces in W ;.

Notice that the length of these two pieces is less than e. Now, by U{{,l, Ug,l,] =

1,...2K, we define the two preimages of order k of U; and U, respectively, with the

same history, which means that if S,0), 8, 0) are the common ordinates of the points
Lk Yz

and s () belong to the same inverse branch

in respectively U(jll and U;j])c, then s
; ud)

vl
of the map T glven in (3). Due to the linearity of the map, the sets Ui] ,1 and Ug ,1

will again be matched, and d(U 1 k’ U( O =180

) —s | < akd(Uy, Uy) < ake. Since
U,k U2,k

(
1

U{] i and sz i could contain each at most k preimages of the ball B, we could have

101t is at this point where the partitioning we argued in Remark 4.1 becomes useful.
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at most 2k matched intervals inside Ul(] and U . Call Uljkl and U2 X ,l =1,...,2k,
those smaller matched pieces.

The points of U{{,’(l) (resp. of U;Jk ), will be parametrized as (s (1 D t),t € U(]l

(resp. (5(2];’:),1? € Ug];l)))“. We have to control pieces of the type

1
— f(., h(sl,k,t)qm(Tk(sl,k,t))dt—f L B2 Do (T (s )| (44)
€ U1{1'<) U(J.)

2,k
We now introduce the auxiliary function

Po(sw, 1) = @1 (sw, 1)t € Up'2,
Then, we bound (44) as

1

+
b

J-W) h(sV, )y (TH (Y7, ))dt—J. o S 0, (T ya
Ul,l; U.

2,k

1

5 = (D)+ (1)

J A SZ" AP (TH(s; 52k ’ ))dt—<P2(Tk(Szk (1)]dt| =

k

We begin by treating the first piece (I): Notice that Tk(s(2 k), t) is a point of the

form (swz,t ),t* € U,, and therefore (pz(Tk( (zk)’ t)) = @o(sw,,t") = P1(sw,,t*) =
ol (Tk( 1k ,t)) since the points (s ykl), t) and (s zkl),t) are aligned on the same ver-
tical line. Notice now that |p; o TX lciw, ) < 1, (we did a similar computation

for the strong stable norm), and moreover d,(¢; o Tk,(p2 o T*) = 0. We also have

d(Ul({,’(l), ngl)) < ae < €, which finally implies (I) < a*P||h||,,. We now pass to esti-

mate (II) using the strong stable norm as
1 il
(1) < G IILIU Y Flpz 0 T = 1 0 THen v
We now have, using estimates as above,
|(P2 o Tk —@Qjo Tk'CK(ULk) = |(p2 o Tk —@Qyo Tk|C0 (Upp) +

lpz 0 T¥(91) — 1 0 T¥(1) = 2 0 TH(92) + 1 © T"(yz)l
|1 —vol*

sup
IfllyzGU]({}(l)/”?
lp2 = @ilcow,) + VESH (@1 - @2) = di(@1, p2) < €
where H* is computed on U;. Therefore,
(I1) < €' Py |l
For the unmatched pieces, we have to take into account those generated by
the 2F preimages of V; 5, but also the unmatched pieces in the U’S)k,m =1,2,j=
1,...,2%

Let us consider first the pieces generated by the 2% preimages of Vi ,: Their
total number is at most 2k2*. If we call one of them Vix) and suppose it belongs

) (1) (1)

1with abuse of notation, U(]k and U2 X denote the segments of stable manifolds, where Syt
( (. (7:1) (U, ))

resp. s, ;) is the common ordinate of the points in Ul,k (resp. in U2,k

125ame convention for Uj as in the previous footnote.
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to the backward images of W;, we must estimate the strong stable norm of the

quantity eLﬁ

Vio (y)(p(Tky)dm(y)’. We multiply it by |Vig)[*|p o Tk|c'<(vk)- But, |p o

Tk|c;< ) < lplcow,) +HK((p)7/Z§K <1, and [V~ < e"y‘k" We now consider the

unmatched pieces in uY )k,m = 1,2. These are generated by the intersections of

the preimages of the ball B, with the preimages of W, ,. These intersections could

affect one or both of the stable segments U’(n)k. As soon as an intersection occurs,

it could generate at most three unmatched pieces (the intersection itself and two
short segments on both sides of the intersection). Therefore, we could have at most

6k unmatched pieces for the couple U;g)k' About their size, we use the convexity
argument given in Section 6.3 in [11]. If an intersection occurs with one or both
the Uy(r{)k, it also happens between the ball B, and some backward iterate of order
I < k of the couple W ,. In this case, the intersection will be of order Ve, namely
CBn\/E (our By, is a real ball), where the constant Cp <1 depends on the radius of
B,,, and therefore the backward intersections with Ur(,j)k will be of order (\ey; 1)k
Putting these contributions together and asking for
K> 2B,

we have, since ak = 2%

LR, < 2ka*P|Inll, + 12Ky, 1Al

In conclusion, for k > 1 we get

WLkl = 1C8 L, + BILCERIL, < (45)
o k
(—) +1+k
Ya
x—1

k
We now put g := [(%) +1+k] and u, := ay)

Ik + [20ays ™) + 2085 (U + 0|l + b (2ka* Pl + 12k 1Al ).
(46)

. Then, we say that u, <1,

which needs
loga

k>1-— .
log ¥,

Then, we can rewrite (46) as

KRN < gilhly +[2(2 + k)uk + 126ky < lIhll; + 2bkaP||A],,. (47)
Then, we choose b such that!3
2+ k)uk
b< (,:—_12
Va

which allows us to rewrite (47) as
15kl < gelhly + 4(2 + K)ugllhls + 2bka™P||h],.
Then, we pose
o= max(u,(,aﬁ) <1,
which gives
13kl < gilhly, + o 1Al

13We will see in a moment that this choice will be done for a particular k.
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where we set 7, = 4(2 + k).
We now fix a value of k, say kg, such that

1
p:= (rkoako)ko <1

and we replace k with kjy in the bound above for b. With these positions and by
using blocks of length ko, it is immediate to rewrite (46) for any k > 0 as

kAl < pMIhl + M|,
1
where M := gkkoo(l - rkoako)’l, and this proves (30).

Remark 4.2. We summarize the bounds we imposed on the relevant quantities we used
up to now: We have, since a = 1/2:

e 0<pB<1—xand?2p<x. This first requires p < 1/3.

e f+q<1,withqe(0,1), and q > 5/6, which implies f < 1/6.

_ loga _ log2
o k>1 Togye — 1+ Tog va"

e Finally, we will see below that x >

aloga~'+(1-a)log(l-a)™! _ _ log2
log vyt ~ logya.
This is verified by several couples of the parameters «, y,. For instance, for any
1/2 <« <1, we could take y, = 1/4. Alternatively, by choosing x = 3/4, we could
take 274 <y, <2743,

Warning: From now on we will consider the baker’s map (1) with the parame-
ters a = v = 0.5 and y, satisfying the constraints given in the previous remark
4.2.

5. Proof of A4. We now aim to justify A4. We remind that Z is the unique solution
of the eigenvalue equation £*Z = Z, where £* is the dual of the transfer operator.
By setting
Z(h):=h(1), heB, (48)
we have for h e B,
LZ(h)=Z(Lh)=(Lh)(1)=h(1oT)=h(1)=Z(h).

Coming back to A,,, we see immediately that

An:zwuﬁm»=£umuwu=Jlaﬁn=ywu. (49)

The term ||[£(1p, p)l| can be handled very easily using the Lasota-Yorke inequality
which we proved in item A2 above. In fact, it follows from (30) that there are two
constants Cy, C, depending only on the map such that

I1£(1g, wl < Cil1p, pll + Col1p, plo-
Lemma 5.1. There exists two constants Cy,C, independent of n such that

g, ull < Cillull and 1, plw < Colply- (50)

Proof. The proof follows closely the arguments given in Section 3.2.2 to bound the
quantity 1k h, but we should now be more careful in getting constants which do
not depend about upon B,,. Notice that, contrary to Section 3.2.2, we take here the
intersection of W with the ball B,,, not with its preimages. With this in mind, it is
immediate to check that |[1p plls <||ulls and [1p, ply < |pl,- It remains to compute
the strong unstable norm, and this reduces to bound the difference for a smooth
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h: ®, = eiﬁ‘jn, where §,, := UWmBn h(pldm_IWmBn h@,dm|, and Wy W,, ¢, and ¢,
verify the constraints given in (9). We split the argument into in two parts. We

call r,, the radius of the ball B,,, and we begin to take € > 0.5r,,.. Then, we have the
rough bound

3y <21, [lHll; = ©, <21l F < 21| ],

since f < k. Then we consider € < 0.5r,;. We split the difference in §,, over un-
matched and matched pieces. There could be at most one matched piece inside B,,
giving the contribution ||A||,. If the matched piece is inside B,,, there could be at
most two unmatched pieces. They have length < € if they are on the extremities of
the two stable manifolds inside B,. Otherwise, they are generated when the two
stable manifolds meet the boundary of B,,. It is a simple exercise to see that the
sum of the lengths of those unmatched pieces is bounded by the maximum differ-
ence of the lengths of two horizontal chords whose vertical distance is €, and that
value is less then or equal to 2v/27,€ < 2V2e.

Finally, there could be an unmatched piece when only one manifold crosses B,;,
and for the same argument as above, its length is bounded by 2V2e. Summing all
those contributions, when € < 0.5r,,, we get

S < €PlIhlly + 25 |nlls + 2" 23 [Ihlly = D, < [ll, + 2[1Hll; + 21+ 2[R,
since 2f < k. O
By setting
Cs := C1Cyllpll + C2.Colpl
we are led to prove that (see (38)) 1,,C3 < const A,;, namely
7, < const A, = const u(B,,). (51)

Before continuing, we have to focus on y(B,,) = p(B(z,e7")). It is well known that
for p-almost z and by taking the radius sufficiently small, depending on the value
1, e7tn(d+) < u(B(z,e7"n) < e *ld=1) where 1 > 0 is arbitrarily small. This follows

from the existence of the limit
| B(x,
lim M =d, for x chosen p-a.e., (52)
r—0+ logr

and the quantity d is the Hausdorff dimension of the measure y, which, in our case
reads as [27], equation (3.24):

aloga™' + (1 -a)log(l —a)™!

d=1+d,, where d, := 1 -
08 7Va

We now have the following lemmma.

Lemma 5.2. Assume k > d;.
Then,

fin < 2074 1By
Proof. By density, it will be enough to prove the lemma for h € C!(X). We have

Z(L(h1g ) = jh 1p dm.
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By disintegrating along the stable partition W?*, we get,

jh 1p dmy = LdA(g)UW (IB”h)(x)dm(x)]. (53)
3

We now cut the stable manifold Wy in pieces of length y, in order to compute
the strong stable norm on each of them, and we take Ing as the largest intersection
of such pieces with B,. We immediately get

(53)< [, dME)[[ya IWel il ] < e Ty WAlA(E; By 0 We =0),

where A is the quotient measure on the space of stable leaves W, belonging to
W?, and indexed by &; see for instance [28], Appendix A. By the definition of
disintegration, we have that

A& By N We #0) = my (| We, B, 0 Wi #0) =27,

and therefore
M < 2Ty e aleHh),
We finally have

’7n S 2|'7/a—1'|e—u,,(1€+1) S 2|')/a—1-|e—un(d+l) S 2|—ya—1-|’/l(Bn)’

provided we choose
k>d+i1-1 (54)

which can be satisfied by assumption. O

Remark 5.3. The local comparison between the Lebesgue and the SRB measure of a ball
of center z obliged us to choose z p-almost everywhere because, in this way, we have a
precise value for the locally constant dimension d. We are therefore discarding several
points, possibly periodic, where the limiting distribution for the Gumbel law (see the
next section) could exhibit extremal indices different from 1.

Remark 5.4. For invertible, piecewise differentiable hyperbolic maps in dimension 2,
the construction of the Banach space imposes that k < 1; for billiard maps associated
with Lorentz gases, [12], it even verifies k¥ < 1/6. This could make difficult to check
condition (54) for invariant sets with large d, like Anosov diffeomorphisms for instance.
In some sense, this difficulty was already raised in Section 4.5 in the Keller’s paper
[23], where an estimate like ours in terms of the Holder exponent x was given, and the
subsequent question of the comparison with the SRB measure was addressed.

6. The limiting law.

6.1. Gumbel law. We have now all the tools to compute the asymptotic behavior
of £,,. We need one more ingredient which will constitute our last assumption:

e A5 Let us suppose that the following limit exists, for any k > 0

,  Z([(£ = L) LA (L= L,)]n)
qr = lim g, == lim

n—o0 n—o0 An

(55)

Notice that
. wB,NTB,N---NT*B,N T k1B,
k, =
! #(By,)
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and therefore, by the Poincaré recurrence theorem,

iqk,n =1
k=0

Therefore, if the limits (55) exist, the quantity

0=1-) qp (56)
k=0
is well defined and verifies
0<6O<I1.

It is called the extremal index, and it modulates the exponent of the Gumbel law
as we will see in a moment. We have, in fact, by Theorem 2.1 of [24]

A, =1-0A, =exp(-0A, +0(A,)),

or equivalently
Al = exp(—0nA,, +no(A,)).
Therefore, we have

I"(Mn <uy) = [:1711’4(1) = /\Z[.un(l)zn(l") + QZ(V)(l)]’
and consequently
WM, < uy) = exp(=0nA, +no(A,))[O(1) + Qu(p)(1)],

since y,,(1) = 1 and it has been proved in [24], Lemma 6.1, Z,(¢) — 1 for n — co.
At this point, we need an important assumption, which basically reduces to fixing
the sequence u,, and allow us to get a non-degenerate limit for the distribution of
M,,. We in fact ask that
nA, -1, n— oo, (57)
where 7 is a positive real number. With this assumption, using (10) and (11), we
have
1Q3 (#)(1)] < const sp(Q)"||ull — 0.
In conclusion, we get the Gumbel law

7}1_{130 WM, < uy) = e .
6.2. The extremal index. We are now ready to compute the gy ,, which will de-
termine the extremal index. Let us first suppose that the center of the ball B, is
not a periodic point. Then, the points T/(z),j = 1,---,k will be disjoint from z. Let
us take the ball so small that is does not cross the set T/I',j = 1,---,k, where I' is
the discontinuity line (y = «). In this way, the images of B,, will be ellipses with
the long axis along the unstable manifold and the short axis stretched by a factor
yK. By continuity and taking 1 large enough, we can manage that all the iterates of
B, up to T* will be disjoint from B,,, and for such, 1 the numerator of g, will be
zero. At this point, we can state the following result.

Proposition 6.1. Let T be the baker’s transformation and consider the function M,,(x) :=
max{Z(x),...,E(T" x)}, where E(x) = —logd(x,z), and z is chosen p-almost every-
where with respect to the SRB measure . Then, if z is not periodic, we have

T

lim py(M, <u,)=e",

n—o0

where the boundary level u,, is chosen to satisfy nu(B(z,e” ")) — 1 for some positive t.
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Suppose now that z is a periodic point of minimal period p. Of course, the next
considerations make sense if the limit (52) exists. By doing as above, we can stay
away from the discontinuity lines up to p iterates and look simply to T7P(B,,) N B,,.
Since the map acts linearly, thepreimage p of B, would be an ellipse with center
z and symmetric w.r.t. the unstable manifold passing through z. So, we have to
compute the SRB measure of the intersection of the ellipse with the ball shown in
Figure 2.

It turns out that this computation is not easy. The natural idea would be to
disintegrate the SRB measure along the unstable manifolds belonging to the un-
stable partition W". We index such fibers as W,, and we set {(v) as the associated
quotient measure. Let us recall that the conditional measures along leaves W, are
normalized Lebesgue measures, which we denote with I,,. If we call &;,, the region
of the ellipse inside the ball B,,, we have to compute

flv(gin N Wv)dC(V)
[1,(B,nW,)dC(v)

Although simple geometry allows us to compute easily the length of &, N W,
and B, N W,, and since they vary with W,, it is not at the end clear how to per-
form the integral with respect to the quotient measure, especially because we need
asymptotic estimates, not bounds. We therefore proceed by introducing a differ-
ent metric, a nice trick which was already used in [8]. We use the [* norm on
R? for which |(x,)|e = max{|x|,|y]}. In this way, the ball B, will become a square
with sides of length r,, := ¢™» and T7P(B,,) will be a rectangle with the long side of
length y,"r, and the short side of length a”r,. This rectangle will be placed sym-
metrically with respect to the square as indicated in Figure 3. The ratio (58) can
now be computed easily since the length in the integrals are constant, and we get
aP. We will see that the value computed in this way is the right one, see Proposi-
tion 7.3, but in principle we cannot apply the spectral technique since the geometric
shape of the rectangles does not allow to show that the characteristic function of
such rectangles is in B, and also it does not fit the convexity requirement which
we used to control the unmatched pieces in the strong unstable norm. We will
introduce in Section 7.2 below a different technique which will allow us to get the
extremal index even when the target sets are rectangles.

(58)

7. Poisson statistics.

7.1. The spectral approach. As mentioned in the introduction, the spectral tech-
nique has been recently generalized to study the statistics of the number of visits
in balls shrinking around a point [3]. We briefly introduce such an approach, and
the reader will see that we can easily adapt it to the baker’s map. The starting
point is to consider the following counting function:

L /p(Bn) ]

Ngn(x): Z lB,loTi(x),

1=0

where 7 is a positive parameter and x € X. The goal is to study the distribution of
this discrete random variable in the limit n — co. With the spectral approach, we
will rather look at the characteristic function of such a variable.
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Ficure 2. Computation of the extremal index around periodic
point with the Euclidean metric. The vertical line is an unstable
manifold. We should compute the green area inside the circle.

Ficure 3. Computation of the extremal index around periodic
point with the /* metric. We should compute the green area in-
side the square.

We begin to define S,  := Zi'(:o 1, o T! and take Sn(tm) 1= Ngn. We then define
the perturbed operator

L,s(h)=L(e"Buh), seR, heB.

A simple computation shows that

£h o) = [ e

which suggests getting information on the characteristic function of S, ; by the
behavior of the top eigenvalue A, ; of the perturbed operator £, ;. At this point,
the analysis proceeds in the same manner as for the perturbed operator £,,, and
we sketch here the main steps. The difference between the two operators is now
quantified by

Apsi= Z(L—- £n,s)(,u) =(1- eIS)V(Bn)r
and .

Aps =1=0(s)(1—e")u(By) + o(u(By)). (59)
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The quantity O(s) plays the role of the extremal index, and is defined according
to the formula (55), which in the present case reduces to 0(s) = 1-Y 2 qx(s), where

k k
6]k(5) - nh—>nolo 1—els Z 15 MS k 1 - e elgslgk (60)
f:O
x;xeB,Tk“( )EB,Z (Tix) = )
By .= w1, (61)

w(B,)

and we suppose that the limit g (¢) :=lim,,_,, ﬁ,(qk)(E) exists. Then, we have

0s)=1-(1-¢" ZZ Bl

=0 (=0

and the exponential decay of correlation of the measure y allows us to show that
the series } ;2 Z?:o Bi(€) converges absolutely'#, and therefore 6(s) is C* in the
neighborhood of 0. If we now return to the eigenvalue (59), we exponentiate it
to the power n, and we again using the threshold condition (57), nu(B,) — , we
finally get
lim | e Snrmdy = ¢ 06117 = 3 (g),
n—-oo

Since ¥ (s) is continuous in s = 0, it is the characteristic function of some ran-
dom variable 3, possibly defined on a different probability space (Q2, F,P). The
variable 3 is clearly non-negative and integer valued and it is also infinitely di-
visible since e @)1=€")T = (o= 0()A-€®)t/mym " £qp any m. This implies that 3 has a
compound Poisson (CP) distribution, see [14] or [3] for more references; namely,
it may be written as 3 := Z;il X;, where the X; are i.i.d. random variables defined
on same probability space, and N is Poisson distributed with intensity x and X;
has distribution IP(X]- =) = p;; moreover, N is independent of all X]-. We call the
sequence (p);>1 the cluster size distribution of Z. Among the CP distributions, two
are particularly important: the standard Poisson distribution and the Polya-Aeppli
distribution. For the standard Poisson p; = 1, for Polya-Aeppli the distribution of
X; is geometrical, namely p; = (1 - 1), 1 € (0,1). For such distributions the as-
sociated characteristic functions are perfectly known. To determine them for our
baker’s system, one should prove the existence and compute the quantities (61),
which are of geometric and dynamical nature. This will be done in the next section
in the context of a more probabilistic approach to Poisson-like statistics. Actually,
the quantities computed in the next section are not exactly those in (61), but it is
not difficult to modify their derivation to get (61) and therefore reprove Proposi-
tion 7.2 with the spectral approach. As we said in the introduction and in Section
6.2, we will present the alternative probabilistic approach since it will allow us to
cover a wider class of target sets and also to get example 7.5, which shows a CP
distribution different from the standard Poisson and the Polya-Aeppli.

7.2. The probabilistic approach. We now use a recent technique developed in
[21] and apply it to our baker’s map. We will recover the usual dichotomy and get
a pure Poisson distribution when the points are not periodic, and a Pdlya-Aeppli

145ee Section 3 in [3] for the proof of this convergence which applies to our case as well.
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distribution around periodic points with the parameter giving the geometric dis-
tribution of the size of the clusters which coincide with the extremal index com-
puted in the preceding section. This last result is achieved in particular if we use
the I*° metric. This result is not surprising. What is interesting is the great flex-
ibility of the technique of the proof, which allows us to easily get the expected
properties. In order to apply the theory in [21], we need to verify a certain number
of assumptions, but we otherwise refer to the aforementioned paper for precise
definitions. Here, we recall the most important requirements and prove in detail
one of them.

Warning: The next considerations are carried over with the Euclidean metric which
is more natural for applications. As for the visits to periodic points, we will use
the /°° metric and the following computations are even easier.

Decay of correlation. There exists a decay function C(k) so that

JM G(H o T)dp - p(G)u(H)| < C(NIGILipliHlleo Yk €N,

for functions H which are constant on local stable leaves W, of T and the functions
G : M — R being Lipschitz continuous. This is ensured by Theorem 2.5 in [10],
where the role of H is taken by the test functions in C*(W,C) and G € B, which is
the completion of Lipschitz functions on X. The decay is exponential.
Cylinder sets. The proof requires the existence, for each n > 1, of a partition of
each unstable leaf in subsets é,(,k), called n-cylinders (or cylinders of rank #), and
indexed with k, where T" is defined and the image T”E,(qk) is an unstable leaf of
full length for each k. These cylinders are obtained by taking the 2" preimages of
I' = {y = a} by the map Ty restricted to each leaf. In the following, we will take
a = 1/2 to simplify the exposition.

Exact dimensionality of the SRB measure. This uses the existence of the limit (52).
We shall need the following result.

Lemma 7.1. (Annulus type condition) Let w > 1. If x is a point for which the dimen-
sion limit (52) exists for a positive d, then there exists a 6 > 0 so that
MBGo T+ rNBLr) s
#(B(x,7))

for all r > 0 small enough.

Now we can apply the results of Section 7.4 in [21] to prove the following result,
which tracks the number of visits a trajectory of the point x € X makes to the set
U on a suitable normalized orbit segment.

Proposition 7.2. Consider the counting function

L 7/p(By) | ‘
NE (2) = Z 1g o T'(x),
i=0
where T is a positive parameter and z is a point for which limit (52) exists and
npu(B(z,e7"n)) — 1.
e If z is not a periodic point, using the Euclidean metric we get a pure Poisson

distribution:
e~ Ttk
’/l(Ngn = k) - T, n — o0.
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e Ifzisaperiodic point of minimal period p, using the [ metric we get a compound
Poisson distribution (Pélya-Aeppli):

k .
_ it (k=1
N, =k =) (1-e)ie 1) oo
=1
$(TPBu0B,)

where © is given by © =1 -1im,,_,, (B)

Proof of Lemma 7.1. We have to prove the lemma in the two cases when (I) the
norm is ¢2 and (II) the norm is £ and the ball is geometrically a square.

(I) We now use the Euclidean metric and denote by A the annulus A = B(x,r +
r¥)\ B(x,r) where w > 1. By disintegrating the SRB measure along the unstable
manifolds, we have

H(A) = fwm W,)dC(v)

We now split the subsets on each unstable manifold on the cylinders of rank n
and condition with respect to the Lebesgue measure on them'>:

LLANW,NE&,
LANW,)= Z W
EnEnNA=0D vien

We then iterate forward each cylinder with T". They will become of full length

equal to 1, and subsequently we get I,(T"&,,) = 1 for some W,,. Since the action of

T is locally linear and expanding by a factor 2" (with the given choice of @ = 1) on

the unstable leaves and therefore has zero distortion, we have
LANW,NE,) _ L(T"ANW, NE,))
lv(‘gn) N lv’(Tn‘Sn)
so that T"(ANW, N&,) C W,.. Therefore,
LANW,) = ) LT AN W, N E)L(E).
EnsEnNA=D

1y(&n). (62)

=1L/(T"(A)NW,,),

By elementary geometry, we see that the largest intersection of .A with the unsta-
ble leaves will produce a piece of length O(er+1 ). Therefore, I, (T"(ANW, NE,)) =
O(Z”er+1 ), and

pdr=o@ s [ ) endeo
EnsEnNA=D

We now observe that in order to have our result, it will be enough to get it with
a decreasing sequence 7, n — o, of exponential type, r, = b=, b > 1, and t(n)
increasing to infinity. We put r,, = 27"". With this choice and remembering that 27"
is also the length of the n-cylinders, we have

U &, CB(x,ry+1y +27") = B(x,2r, + 1) C B(x,31,),
EnsEnNA=D

which, as the cylinders &, are disjoint, yields the estimate for the integral above:

w+1

,M('A) = O(an” : rg_e)-

15We simply use here &, instead of 55,1() since the computation over k is replaced by the sum.
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Now, by the exact dimensionality of the SRB measure, one has for any ¢ > 0 and
by renaming r,, as r

(2r + r¥)3+e < w(B(x,2r+r¥)) < (2r + rvyd=e

for all r small enough, i.e. n large enough. With this, we can divide p(A) by the
measure of the ball of radius r, and obtain the estimate
#(A)

H(B(x,1))
since w > 1, and provided ¢ is small enough.
(IT) Now we shall use the ¢*°-distance and again denote by .4 the annulus B(x,r +
r)\ B(x,r). Since we are in two dimensions, we can cover the annulus by balls
B(y]-, 2r%) of radii 2r%, with centers V; for j=1,...,N. The number of balls needed
N is bounded by 8.5. For any ¢ > 0, there exists a constant c; so that u(B(y;,2r")) <

w-1

_ O(rWT*1+d—£—d—€) — O(TWT4_2£) = O(T’i);

clrw(d’f) for all r small enough. Thus,
}4(./4) < 8C1r1+w(d—1—a)
and since u(B(x,7)) > 574+ for some c3 > 0, we obtain

H(A) Sc4r(d71)(w—l)fs(w+l)'
#(B(x, 7))
The exponent 0 = (d —1)(w—1)—e(w+1) is positive as d,w > 1 and € > 0 can be
chosen sufficiently small. O

Proof of Proposition 7.2. We can now prove the proposition by applying Theorem 1
from [21] and verify its Assumptions (I) to (VI) as follows:

(I) Let Z,, be the collection of inverse branches ¢ of the n-th iterate T" of the map T.
Then, evidently, if ¢, ¢’ € Z,, are two distinct inverse branches, their intersection
@(X)N @’(X) has zero measure. Therefore, the number of overlaps of ‘n-cylinders’
@(X) is bounded by L = 1.

(II) This condition is easily satisfied since decay of correlations is exponential as
the transfer operator is quasi compact.

(IIT) The set G,, of uniform expansion covers the entire space X as there is no ‘bad’
set Gi; of non-uniformly contracting inverse branches. Consequently, we get expo-
nential contraction of max ez, diamg@(X) of the n-cylinder sets ¢(X). Moreover,

Ju(x)
Ju(®)
bian of T" restricted to the unstable direction.

(IV) The dimension of the invariant measure is equal to d = 1 + d;, where d; < 1 is
given above. So, we can choose dy > 0 and d; < oo so that dy <d < d;.
(V) The dimension of the restricted measure on the unstable leaves equals uy =1
as it is Lebesgue.
(VI) This condition was verified in Lemma 7.1.

This shows that the condition of Theorem 1 of [21] is satisfied.

If x is an aperiodic point, then min{j > 1 : B,(x) N Tij(x) # @} goes to infinity
as p = e "n — 0. Thus, for the coefficients

the distortion sup .7 sup, ey (x) is uniformly bounded, where J,, is the Jaco-

. Pzl =0)
A(L) = lim —=—°)
(L) PO P(ZE > 1)

we obtain that for every L, A; = 1 and Ay = 0 for all £ = 2,3,..., where zL =
Zle pr(x) o T7 is the hit counter on the finite orbit segment of length L. This
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implies that N gn converges in distribution to a standard Poisson random variable
with parameter .

Let x be a periodic point with minimal period p, and let Bp be a square of size p
centered at x and whose sides are aligned with the stable and unstable directions,
respectively. Then, for £ =2,3,...

. . B, NnT1rp
d¢ = lim lim P(Z! > (]B,) = lim MBNT 7 FBp)
L—00p—0 p—0 l,{(Bp)

which implies that &, = o?g_l, where ZL = Z]Lﬂ lgp(x) o TJ. Then, for ay = d,— dp,1,

we thus obtain by [21] that A, = W;—i“ = (1-0)0%!, where 1-0 = a; = 1-d, is the
extremal index. Hence, N gn converges in distribution to a Pélya-Aeppli distributed

random variable. O

It is worth mentioning that the previous result gives also an alternative way to
prove EVT for the baker’s map, which is recovered when k = 0, as the limiting
distribution of y(Ngn = 0). Let us state it explicitly.

Proposition 7.3. Let T be the baker’s transformation and consider the function M,,(x) :=
max{¢p(x),...,p(T" ' x)}, where ¢p(x) = —logd.,(x,z), and z is chosen p-almost every-
where with respect to the SRB measure p. Then, if z is a periodic point of minimal period
p verifying (52), we have

lim u(M, < u,)=e"",

n—o00
where np(B(z,e™#1)) — T and
6=1-a”.

Remark 7.4. Propositions 6.1 and 7.3 show that for a typical (non-periodic) point
z, the limiting distribution of the maximum is purely exponential. The baker’s
map is probably the easiest example of a singular attractor. It is annoying that we
could not compute analytically the extremal index with respect to the Euclidean
metric, which is the metric usually accessible in simulations and physical observa-
tions. With references to Figures 2 and 3 respectively, the area of an extremely thin
green ellipse within the blue circle is asymptotically equivalent to the area of an
extremely thin green rectangle within the blue square, so, taking into account the
ratio between the areas of the blue circle and the blue square, the limit as p — oo
of the extremal index for the Euclidean holes can be calculated.'®

Example 7.5. The second statement of Proposition 7.2 about periodic points re-
quires the neighborhoods B,, to be chosen in a dynamically relevant way. Here,
they turn out to be squares (or rectangles). If the measure has some mixing prop-
erties with respect to a partition, then the sets B, can be taken to be cylinder sets
as it was done in [20] for periodic points, and in [19] Corollary 1 for non-periodic
points. Here, we show that for Euclidean balls, one cannot in general expect the
limiting distribution at periodic points to be Pélya-Aeppli, and therefore cannot
be described by the single value of the extremal index.

We assume that all parameters are equal, thatis y, =y, =a == % This is the
fat baker’s map for which the Lebesgue measure on [0,1]? is the SRB measure p.

16We thank the anonymous referee for this observation.
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2

Let x be a periodic point with minimal period p. Then, pu(B(x,7)) = r“7 and

k
,{ﬂ TP B(x, r)] = 4r227kP(1 + O(27%P)).
i=0

This yields

Wi TP B(x. 7))
H(B(x,1))
for k = 1,2,.... According to [21] Theorem 2, we then define the values a; =

@y — Agy1 where the value a; is the extremal index, i.e. O = a;. If the limiting
distribution is Pélya-Aeppli, then the probabilities Ay = a";—ul”‘”, k=1,2,..., are

4 4
2,1 = lim = —arctan2™*P = —27KP(1 + O(27%P
Qi1 r1_>0 7_(arc an - (1+0( )

geometrically distributed and must satisfy A, = 6(1 — 6)¥~!, which is equivalent
to saying that dy,; = (1 —0) for k = 0,1,2,... (see [21] Theorem 2). Evidently,
this condition is violated in the present case, and we conclude that the limiting
distribution given by the values & is not P6lya-Aeppli and in fact obeys another
compound Poisson distribution.

7.3. Compound point processes. The compound Poisson distribution could be
enriched by defining the rare event point process (REPP). Let us first introduce a
few objects. Take I; = [a;, b;),1 =1,...,k,a;,b; € IRE, a finite number of disjoint semi-
open intervals of the non-negative real axis, and call | = Ulell their union. If ris a
positive real number, we write r] = Ui‘zlrll = Ué‘zl[ml,rbl). We denote with [[;| the
length of the interval I, which coincides with its Lebesgue measure Leb(I;). The
REPP counts the number of visits to the set B, during the rescaled time period v, J

N,()D= ) 1p,(T"), (63)
lEU,JﬂNO
where v, is taken as
T
v, = , T>0.
L‘(BH)J

Our REPP belongs to the class of the point processes on IRj; see [22] for all
the properties of point processes used below. They are given by any measurable
map N : (X, Fx, p) — /\/p([O,oo)), where (X, Fx, ) is the probability space of our
original dynamical system with the invariant measure y and the Borel o-algebra
Fx, and /\/p([O,oo)) denotes the set of counting measures ¢ on IRj endowed with
the 0-algebra M, (IRy), which is the smallest o-algebra making all evaluation maps
¢ — ¢(B), from N,([0,00)) — [0, c0] measurable for all B € Rj. Any counting mea-
sure ¢ has the form ¢ = } 2, 6, , x; € [0,00). The distribution of N, denoted py, is
the measure (poN71) = (u[N €]) on Mp(le). The set N,([0,c0)) becomes a topo-
logical space with the vague topology, i.e. the sequence ¢, converges to ¢ whenever
¢u(¢) — ¢(¢) for any continuous function ¢ : Rj — R with compact support. We
also say that the sequence of point processes N,, converges in distribution to the
point process N, eventually defined on another probability space (X', Fy,, p’), if
pn, converges weakly to puy, that is, for every continuous function ¢ defined on
Ny ([0, 0)), we have lim,,_,, I(pdy oN,!= j(pd;/ o N~L. In this case, we will write

N, 5N
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If we now return to our REPP (63), we will see that a very common result is to
get N, LN N, where

n

wx, N(x)(I}) =k;,1 <l <n)= ]_[e_TLEb
=1

(1 T Leb(1))" (64)
k! ’

for any disjoint bounded sets I3, ...,I,, and non-negative integers ky,...,k,, which is
called the standard Poisson point process. In general, our REPP processes converge
in distribution to a compound point process (CPP). We say that the point process
N : (X, .7-}’,,;4’) - Np([O,oo)) is a CPP with intensity parameter ¢, and cluster size
distribution (A;);>; if it satisfies:

e For any finite sequence of measurable sets By,..., By in 7y, and mutually dis-
joint, the random variables N(-)(B;),i = 1,...,k, are independent.

e For any measurable set B € 7y, the random variable N(-)(B) is a CP random
variable with intensity tLeb(B),t > 0 and cluster size distribution (p;);>1, see
the definition in Section 7.

From now on we will simply write N(-) instead of N(x)(-), and we consider it as
a CPP. In order to study the convergence of our REPP N,, to the CPP N, two equiv-
alent criteria are available. Before stating them, we should recall the definition of
the Laplace transform for a general point process R : (X', Fyp, ') — Ny ([0, 00))

k
Yr(V1,-- - V1) :]E”,(e*&:wlR(Il)), (65)

for all non-negative values yy,...,x, each choice of k disjoint intervals I; = [a;, b;),
i =1,...,k. In the case of a CPP N with intensity parameter ¢ and cluster size
distribution (p;);>1, we get

N @1, yp) = et Tl (1=0@OILeb) (66)

where @(v) = Y72, e¥'p; is the Laplace transform of the cluster size distribution
(P)i>1-

Therefore in order to establish the convergence in distribution of the REPP N,
toward the CPP N, it will be sufficient to show [22]:
- (C1): that for any k disjoint intervals I; = [4;,];),i = 1,...,k, the joint distribution
of N, converges to the joint distribution of N, namely

(Nn(Il )1-'-Nn(1k)) - (N(Il )JN(Ik))

-(C2): the convergence of the Laplace transforms

On, W10 v0) = IE(e—z,il yzN,,uz)) S N1 vp) = €t D (1)L,

as 1 — oo.

The criterion (C1) lends itself to being studied with the probabilistic approach
of [21] as two of us recently showed in ([1], Theorem 3); see also [15] for a dif-
ferent method. The criterion (C2) is naturally adapted to the spectral approach
(just replacing characteristic functions with Laplace transforms), and the complete
treatment, involving two of us, will appear soon [4]. Both criteria allow to extend
immediately Proposition 7.2 to the point process framework, giving the following
propostion.
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Proposition 7.6. Consider the counting measure

N, = ) 1p,(T")
lev,JNIN,
where T is a positive parameter, v, = {ﬁJ, and z is a point for which the limit (52)
exists and nu(B(z,e™"r)) — .

e If z is not a periodic point, using the Euclidean metric, then N, converges in
distribution to a standard Poisson point process of intensity t; see (64) for the
finite size distributions.

e If z is a periodic point of minimal period p, using the I*° metric, we get a com-
pound point process of Pélya-Aeppli type, namely a CPP with intensity t0 and

cluster size distribution 6(1 — 6)’,1 > 1, where 9 is given as above by 6 =1 —
MTPB,NB,)

Hmy, oo E— g =

8. Generalization to other observable and connection with hitting time. One
could possibly wonder if the observable (13), E(x) = —logd(x, z), plays an essential
role in the theory. The answer is more nuanced. Let us consider a measurable
function @ : X — R U #{co} and construct the new process ® o T/,j > 0. We are
interested in the extreme value distribution (EVD):

W, = F(Mn <),

where '
M, (x):= max {O(T'x)}.

0<j<n-1

We will return in a moment on the choice for sequence u,,. Let us introduce the

set
B, = {0 >u,},
which we continue to call a ball. For instance, another commonly used observable
is )
O(x)=x"4a, a>0;

in this case, ¥, is simply a closed euclidean ball around zero of radius u;,%; see
Appendix A for a brief account of EVD for different types of observables.

Define now the quantity for any x € X:

tp (x):=inf{j > 1;B(T/x) €,},

which gives the first hitting time to the ball B, when we start from the point x. By
the invariance of the SRB measure p, it is easy to show that

l‘(t%n >n) =Wy = p(My, <), (67)

which establishes an important link between the law of extremes and the distri-
bution of the hitting times (this also enlightens again why the EVD is recovered
when k = 0 in the Poisson distribution, see Proposition 7.3).

Given the general observable @, the spectral analysis of Section 3 proceeds for-
mally as we did in the previous chapters, but in order to get the final results, we
need to check the following points:

(i) 1, € B, and we saw that the geometrical shape of B, matters.

(ii) Condition A2 must be checked taking into account again the geometrical na-
ture of ®,,.

(iii) In dealing with condition, A4 we now have to compare sup<; |Z(£(h1g5n))|,
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see equation (36), with A, = u(®,)). In doing that with the help of Lemma 5.1, we
use again the local structure of the set B,,.

(iv) Finally, we have to prove the convergence of gy, (55), to get the extremal index.
This last condition requires the important scaling

npu(B,) =,

for some positive 7, which fixes as well the choice of u,,.

Appendix A. Observables and corresponding extreme value laws. The main
classical result of extreme value theory is given in the next theorem due to Gne-
denko [17] and Fisher and Tippett [16]. The theorem deals with a sequence of
ii.d. random variables, and we denote again with M,, the maximum over the first
n variables.

Theorem A.1. If X\, X,... is a sequence of i.i.d. random variables and there exists
linear normalizing sequences (a,),eN and (b,),en, with a, > 0 for all n, such that

H)(an(Mn - bn) < 3?) - G(ZJ),

where the convergence occurs at continuity points of G, and G is nondegenerate, then
G(y) = e7™®), where t(y) is one of the following three types (for some B,y > 0):
(Dny)=e?yek

(2) Ta(y) =yF,p>0;

(3) t3(y) = (¥)",9 > 0.

We now give conditions on the choice of the observable to get sufficient and
necessary conditions in order to get a nondegenerate EVD still in the i.i.d. setting.
For the reader’s convenience, we quote Section 4.2.1 of the book [26], for the choice
of the function @ introduced in Section 8. It has the form, for x € X,

®(x) = g(dist(x, 0))

where C € X is a chosen point and the function g : [0, +c0) — RU{+o0} is such that 0
is a global maximum (g(0) may be co). g is a strictly decreasing bijectiong:V — W
in a neighborhood V of 0, and has one of the following three types of behavior:

e Type g;: There exists some strictly positive function 4 : W — R such that, for
ally e R,

lim 8L *YA(s)

T T
s—gi1(0) g7 (s)

e Type g: £,(0) = +00, and there exists f > 0 such that, for all y > 0,

-1
g (sy)  _
2 y ﬁ.

=e7.

lim :
S—+00 gz_ (S)

e Type g3: g3(0) = D < +00, and there exists y > 0 such that, for all y > 0,

-1
im g5 (D-sy) _ 7
st g3(D —s)
Examples of each one of the three types are as follows:
1. g1(x) =—logx, in this case h = 1.
2. g(x) = x4 for some & > 0, in this case = a.
3. g3(x)=D —x!@ for some D € R and a > 0, in this case y=a.
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Type 1 gives the Gumbel law, type 2 gives the Fréchet law, and finally type 3
furnishes the Weibull law.

A great amount of work has been done to extend such a result from the i.i.d. set-
ting first to stationary, and then to non-stationary processes. Whenever the latter
arise in the dynamical systems setting, we refer to the book [26] for an exhaustive
presentation of the results: The spectral approach used in this article is one of
them. As a final remark, we notice that, by expressing our scaling sequence u,, as
u, =b,+ al,,’ we will recover one of the previous three distributions as a function
of the parameter .
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