RETURN TIME STATISTICS FOR UNIMODAL MAPS

H. BRUIN AND S. VAIENTI

ABSTRACT. We prove that a non-flat S-unimodal map satisfying a weak
summability condition has exponential return time statistics on intervals
around a.e. point. Moreover we prove that the convergence to the
entropy in the Ornstein-Weiss formula enjoys normal fluctuations.

1. INTRODUCTION AND STATEMENTS OF THE RESULTS

The subject of this paper is the asymptotic distribution of return times in
dynamical systems. We consider a measure preserving ergodic dynamical

systems (X, f,u). For z € X, denote by U, a measurable set containing z

and by py, = Lﬁ'g:) the conditional measure on U,. Let 7y, (z) be the first

return of the point z into U,: 7y, (z) = inf(k > 0 | f¥(z) € U,,x € U,). We
are interested in the distribution:

po. (x € Uy | 0, (2)u(Uz) > 1), (1)

as u(U,) — 0. We refer to [16, 8, 14] for the history and motivations of this
question and for a presentation and discussion of the different techniques
to solve it. Surprisingly, the limiting distribution of (1) shows a universal
behavior for a wide class of dynamical systems with some degree of mixing,
namely the distribution tends to e~*. Under slightly stronger mixing con-
ditions, one can also prove that the statistics of successive returns have a
Poissonian distribution. [16, 14]. We want to stress that the convergence
of the distribution (1) holds for u-a.e. z and that the choice of the set U,
is also relevant. Proofs usually require U to be a cylinder set (w.r.t. some
partition) or a ball; the use of balls is much more general and we will as-
sume it in this paper. It is interesting that "return times to balls” recently
allowed to reformulate several results of thermodynamic formalism in terms
of return times statistics only, see [15, 2, 32, 13]. In [32] this approach was
called ”thermodynamics of return times”.

In [8] we advocated the technique of inducing to explain the observed uni-
versality in the distribution of return times. Let us briefly recall the main
result of that paper. Assume that X is a Riemannian manifold, consider an
open set X C X and let f X — X the first return map. We will denote
by fi the conditional measure on X which can be proved to be f invariant
and ergodic. Let U,(z) be the ball of radius r centered at z € X and let
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TU,(2) (%) (resp. Ty, (z) (7)) be the first return time into U, (z) for f (resp. 7).
As above we denote by 4 (resp. fia) the conditional measure on A. We
suppose that (X, i, f) has return time statistics §(t), i.e., for j-a.e. z € X,
there exists €,(r) > 0 with €,(r) — 0 as 7 — 0 such that:

t .
m) —g(t)]| < ex(r).

The key result of [8] is that the map f enjoys on X the same distribution
as f:

Theorem 1. [8] If the function § is continuous at 0, then there exists g :
Rt — [0,1] such that N := {z | g(z) # g(z)} is countable and for u-a.e.

z€ X and t ¢ N, there exists 8,4(r) > 0 with 6,4(r) — 0 uniformly in t as
7 — 0 such that:

sup |fiy, () (z € Ur(2) | Tu,(z)(®) >
>0

_t
w(Ur(2))

This result is useful for dynamical systems that admit neighborhoods (around
p-a.e. point) where the induced (i.e. first return) map is hyperbolic. The
distribution in the induced system can therefore computed by the usual
techniques, quoted for example in [16], [14], [8], and then pushed back, by
Theorem 1, to the original system. We gave in [8] a few applications; in
particular we proved the exponential statistics, g(t) = e~* for C? interval
maps of the interval such that the closure of the orbit of the critical points
has zero measure.

kv, (2) (2 € Ur(2) | 1u,(2) (%) > ) = 9(@)] < 0z(r)-

The existence of a hyperbolic first return map around p-a.e. point is, how-
ever, unlikely. In this paper we show how, for unimodal maps, this as-
sumption can be discarded. Instead, we impose a summability condition
which is used (among other things) to the guarantee the existence of an
invariant probability measure y which is absolutely continuous with respect
to Lebesgue. This summability condition is considerably weaker than the
Collet-Eckmann condition, which requires that the derivatives along the
critical orbit grow exponentially fast. Hence Theorem 2 below extends the
results in [30].

Let f : I — I be a C® S-unimodal map. The S stands for negative
Schwarzian derivative, i.e., % — %(ff—’,’)2 < 0 for all non-critical points. Let
¢ be the critical point, and assume that it is non-flat. This means that there
exists £ € (1,00) such that lim,_,. |f(z) — f(c)|/|z —c|® exists and is positive.

Denote f(c) by ¢;. In Section 2 we will prove the following theorem:
Theorem 2. Let f be a non-flat C® S-unimodal map, satisfying
S IDF e 77 < e (2)
n>1
Let u be the invariant measure which is absolutely continuous with respect

to Lebesgue. Then f has exponential return time statistics on intervals, i.e.,
for p-a.e. z

po{y | o(y) > m}) — e as u(U) =0,
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where U are intervals around z.

The summability condition (2) is the same as was used by Nowicki & van
Strien [28] to show the the existence of an absolutely continuous invari-
ant probability measure y. Clearly (2) is more inclusive than the Collet-
Eckmann condition which were used in comparable results on return statis-
tics, [3, 9]. In particular, Theorem 2 applies to systems where the decay of
correlations is not exponentially fast, cf. [27].

As a second main result, we will prove the log-normal fluctuations for the
entropy by the Ornstein- Weiss formula. Given a generating partition C and
corresponding cylinder sets Cp(z), this formula says that the first return
of p-a.e. z grows like ™, where h, is the measure theoretic entropy of

log 7¢,, (x)(w)—nhp

u. The distribution of the process , suitably normalized, will

converge in law to the Gauss zero-one law.

In Section 3, we will show that this applies to unimodal maps and C =
{[e2,¢],[c,c1]}, the partition into the two monotonicity intervals. To the
absolutely continuous invariant measure p we associate the variance oy;:

o2 =c%(p) = | ©?du— d2+2oo ™) odp — dp)?, (3
2 _ 42(p) /<P , </w) nX_jl[/so( )pdp </w)] (3)

where ¢ = log|f'| — [log|f'|dp.

Theorem 3. Let f be a non-flat C* S-unimodal interval map. Assume that
|Df™(c1)| > CnT for some T > 4€ — 3 and C > 0. If the variance o7 > 0,
then

log ¢, (z) (z) — nhy 1 [ s
I - — . 4
u(x €1 | — >u):>m/u e zdx (4)

The most difficult part in the proof will be the verification of the Central
Limit Theorem for the potential ¢, see Theorem 4. We think that this is
interesting enough to state separately.

Theorem 4. Under the assumptions of Theorem 3, ¢ satisfies the Central
Limit Theorem.

2. THE EXPONENTIAL STATISTICS

2.1. The Hofbauer tower. Let us come back to the unimodal map f :
I — I defined in the introduction. If we denote f’(c) by ¢;, we can rescale,
without loss of generality, f such that I = [cg,c1]. Condition (2) implies
that ¢ is not attracted to a stable periodic orbit, neither is f is infinitely
renormalizable.

We presently describe the canonical Markov extension (Hofbauer tower) of
f. Let Dy = [co,c1] and

D — f(D/C) if ¢ ch7
k+1 [ck+1,c1] if ¢ € Dy,
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A short induction prove shows that Dy = [ck,cax)] or Dx = [cak)s Ckl,
where B(k) = k —max{i < k | D; > c¢}. See [4] for a proof and additional
information. The Hofbauer tower is the disjoint union I:= Ug>oDy. We
can define the following map §: -

) _ Dk-l-l if ¢ ¢ [Ckax]a
g(w € Dk) = f(w) € { D,B(k)+1 if ce [Clcaiv]-

By construction, (I,§) is a Markov map, in the sense that the image of each
level Dy, is precisely the union of levels D;. Let 7 : I — I be the natural
projection. By construction (I, f) is a factor of (I,§): mo§ = fom. Keller’s
result [17] states that the measure p can be lifted to a measure /i on I which
is g-invariant, absolutely continuous and satisfies u = i o 1. In short, /i
is constructed as the vague limit of the sequence:

f1|Ds = normalized Lebesgue, fi;|Dy =0 for k > 3,
fin = flp—10 Q_l-
Several of our estimates are based of versions of the Koebe Lemma. We recall
it as far as we use it. Originally this lemma is proved under the assumption
that f has negative Schwarzian derivative. Recent work of Kozlovski shows
that the C® assumption is sufficient, see [25, Section IV.3] and [21], but the
focus of our results would not justify more complicated proofs avoiding the
negative Schwarzian assumption.

Lemma 1. Let g : (a,b) — R be a monotone C3 map with negative Schwarzian
derivative. Then for any 6 > 0, there is a Koebe constant K = K () =

(1%;5)2 such that the following hold:

¢ (Koebe Principle) If z € (a,b) is such that min{|g(b)‘;(gb()c?‘g’éggs|")fg(a)|} >
0, then
1]g(b) —g(a)| _ |9(b) — g(a)|
— 2 < <K=/
e (Macroscopic Koebe Principle) Under the same hypothesis,
min{|b — z|, |z — a|} 1
> —.
|b — al — K?
Lemma 2. Assume that f is conservative w.r.t. Lebesgue measure. There

exists § > 0 such that for Lebesgue a.e. x € I, there exist sequences of
intervals I, D Jp, > x satisfying

e both components of I, \ Jy, have length > §|I,,|;
° |In| — 05
o fY0J,) NI =0 for alli > 1. (Here I; denotes the interior.)

The sets J,, (or rather certain lifts of them) will play the role of X from
Theorem 1. The property orb(dJ,) N J, = 0 implies that any branch f* :
H C J, — J, of the first return map to J,, (i.e., H is a maximal interval
on which this first return map is continuous) satisfies f*(0H) C dJ,. In
particular, if f*|H is monotone, then f%(H) = J,. Most of these branches
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are extendible to an onto branch f* : H' — I,,, and then the Koebe Principle
yields that the distortion of f*|H is uniformly bounded (by K (¢)).

Proof. The proof depends on a result of Martens [24, Lemma 4.2] valid
for conservative maps. It states that there exist symmetric intervals V,U
around ¢, V compactly contained in U, such that both f{(0V) and f¢(0U)
are disjoint from the interior of U for all ¢+ > 1. Furthermore, for Lebesgue
a.e. x there exists an integer sequence k,, — oo and intervals I,, O J, >
z such that f*» maps I, monotonically onto U and J,, onto V. By the
macroscopic Koebe Principle, there exists § > 0, depending only on V and
U, such that both components of I, \ J, have length > ¢|I,|. Moreover,
if f1(0J,) NI # (0 for some i > 0, then f*¥=+4(8.J,) = f(8V) intersects
f¥n(I2) = U° contradicting the properties of V. Finally, due to the absence
of wandering intervals (see [25, page 267]), |I| — 0 as n — oo. Hence the
I, and J, have all the asserted properties. O

Given I, D Jyp, let J, = U{Dy N J, | Dy D I,} C I. Note that in general,
7~ (J,) strictly contains J,. Only if z ¢ orb(c), then the two sets are equal
for n sufficiently large. Define E, : J, = J, to be the first return map. It
is known (see [17, Theorem 1(3)]) that (I,§) is ergodic and conservative.
Therefore F), is defined ji-a.e. on J,. By the Markov property of the Hof-
bauer tower and the construction of .J, it follows that F is an extendible
Markov map in the sense that if y € J,, and ﬁ’n|{y} = §’, then there exists
an interval V 3 y such that §* maps V continuously and monotonically onto
an interval W such that 7(W) = I,,. These ideas were discussed in detail
n [5]. It follows by the Koebe Principle that all branches of all iterates of
ﬁ’n have the same distortion bounds. Moreover, there exists kg such that

infy> g, inf, ¢ ;. |DEX(y)| > 1.

Lemma 3. Let U be any subinterval of J, and Up := 7Y (U)N Jn. Then
the system (Jn, iy s F,,) has exponential return time statistics on U,

Proof. The map E, corresponds to a jump transformation F), on J,, defined
by F,(y) = wo F, om~!(y). The above described properties of F}, show that
F, is well defined. In fact F,(y) = f7)(y), where 7(y) is the first n-decent
return to J,, defined as

N . fi(y) € U and there exists an intervalK 3 y
7(y) = 7u(y) = min{i > 0, such that f*: K — I, is monotone onto.

}

As was shown in [5], 7(y) = 7(¢) for any § € J,, and 7 the first return time
to J,. The map F,, is a Rychlik map as defined in [8]. The results of that
paper yield the exponential return statistics. O

2.2. Proof of Theorem 2. Let us first collect some facts of the invariant
density h(y) = d“—(y) of . Define &, = |Df* 1(c;)|" V¢, It was shown by
Nowicki [26] that for some constant C' > 0,

y) SC D bkly — e 70, (5)

k>1
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In particular

Z(Sk|ck - :1:|%_1 < oo for p-a.e. z. (6)
k

If, in addition, f satisfies the Collet-Eckmann condition (i.e., éx — 0 expo-
nentially), then more precise estimates are known [33, 19]. Keller & Nowicki
showed that h(y) = ¥(y) xsq 0kly — x| 4~ ¢), where 1 has bounded vari-
ation. For our purpose we only need the upper bound in (5). It immediately
follows that the density A is finite at ¢. Indeed, the Chain Rule and non-
flatness give

IDf*(c1)| = [DfFer)| D f (c)| = O@)|DFF 2 (er)| e — el
Therefore

he) < YD) T e — el
k
< 0(C0) Y IDfF(er)| 7t < oo, (7)
k

We want to consider “intermediate” first return maps to J,, where J, are
neighbourhoods of = as introduced in Lemma 2, and eventually we take
limits n — o0, i.e., |J,| = 0. Assume z ¢ orb(c). Since endpoints of level
Dy, belong to orb(c), every level Dy that contains z also contains I, for n
large. Therefore more returns to a small neighborhood U, z € U C I, will
be n-decent if n gets larger (so the intervals U we can consider depends on
n). We will need a precise on the proportion of decent branches for the
return map to U.

Lemma 4. For any x satisfying Lemma 2 and formula (6)

lim sup py({y | 7v(y) is not n-decent}) = 0.

n=0 pcUCJ,

Proof. As in Lemma 3, set Uy, := 7= (U) N J,. Set h(y) = %;y) and let
hy = iL|Dk be the densities on levels of I. Clearly h =), hi. Moreover, h

is a fixed point of the Perron-Frobenius operator on I and the points ¢ € Dy,
are the only critical points of §.

Due to the Markov property of (f 2 G), hy, has only two singularities, namely
at the endpoints ¢, and cg). More precisely, letting a, = hi(c) when
¢ € Dy, and ay, = 0 otherwise, we have for y € Dy = [cy, c[;(k)]:

: o o
() < C(ely — exl ™78 + ax_ gy daialy — el ™74

The first term is obvious because by < h; the second term arises because
the endpoint cg) is the image of ¢ € Dy_pg(x) under Gh—Bk)

Now let z satisfy Lemma 2 (so that the sets I, D J,, © z are well-defined),
and also (6). Take an interval U = (ugp,u;) such that z € U C J,. Let
® : 77 Y(U) — 771 (U) be the first return map. By ®-invariance of 10y
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we find
u({y € U | 7y is not n-decent}) = (& (= 1(U)\T,))
= A(r ' (U)\ Un).

We know (see [18, 6]) that h is bounded away from 0, say hg = infsupp(u) h >
0. Then we can integrate

Mr(U)NDy)  _ p(x'(U) N Dy)
u(U) = holur —ugl

761 -

ho\ul—u0|

IN

v 1 1
/ (Okler — Y177 + gy an—poy leay — ¥ 71 )dy
U

0

Cce
ho
As x # ¢ for any k > 0, there exists N = N(n) such that all returns to
levels Dy, with k < N are n-decent, and N(n) — oo for n — oco. Therefore

1_
< ((5]C|Ck—.’E|fZ +5ﬂ(k)ak Bk ‘Cﬂ —x|l 1).

p({y € U | 7y is not n-decent})
pU)

Z5k|ck—$|f + Ok @ pek)lcagry — 217
0 k>N

<

As >, ar = h(c) < oo and because of (6), both &y |ci, — wﬁ_l and ay are
summable. Therefore

p({y € U | 7y is not n-decent})

uniformly in U. This proves the lemma. O
Now we are ready to prove the main theorem.
Proof of Theorem 2. Let an = supzcycy, ’ﬁg}’)). As we have seen in
Lemma 4, lim,, o, = 1. Because f o m = m o g we have
t t
po{y | Tv(y) > —=1}) = fi—1 7| Te-1in (@) > —=1}).
{y [ v(y) u(U)}) SRR ) u(U)}

The right hand side can be rewritten as a sum of three terms:
rhs. < fig-iy(n (U)\ Un)
N t
e g€ Un | 75 () > ——=
iy 1(U)({y n | TUn(y) /'L(U) })

i1y ({9 € Un | #5. (8) > Tam1007)(§)})
= I+ IT+1I1.

We have the estimates

Next
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t t
IT = o, ({9 | 75, (9) > ——=1) = emidy, ({9 | 75, (9) > —=—1})
S ) T ()
for = tay,. The main result of [8] says that the return statistics of an
induced transformation coincides with the return statistics of the original
system. In this case, it means that the system (I, i, §) has the same return
statistics on U, as the induced system (J,, i jn’F")' By Lemma 3, these
statistics have the exponential distribution. Hence I tends to ane_f as
u(U) — 0, and then to e * as n — oo. The third term
I = jieqy(@ (= ' (U)\ Un) N Ty)
< iy (TN O\ Ty) =1 -0,

as n — oo. This gives the required upper bound for uy({y | 7v(y) > —=})-

u(U)
Now for the lower bound
- t
hs. >0 - y e Up | T4 (9 —
rhs. > fr-0ny({9 € Un | 75 (9) > M) H
—fir-1 0y ({9 € Un | 75, (9) > To-10)(9)})
= II-1II.

The above arguments show that this also tends to e~ as u(U) — 0 and
n — 00. This finishes the proof. O

Remark 1. It has been shown in [16] that the e~ statistics for local return
times imply the analogous statistics for entrance times. Therefore for our
unimodal maps we get the additional interesting result:

|u(.’EGX | TUT(Z)(ZE) > )—67t| —0

_t
#(Ur(2))

when r — 0 and for p-almost all z € X.

Remark 2. A lot of work has recently been devoted to the estimation of
the error of the limiting distribution e !, see for example [16], [14], [31],
[11], [1], [30]. This error is related to the rate of mizing of the systems and
sometimes to the degree of hyperbolicity [16]. In particular for some Gibbsian
sources, the error can be obtained by looking at the asymptotic behavior of
the smallest return of the set U, to itself, [31]. An interesting improvement
of our techniques would be to push back the error term from the induced
system (where it can be very often computed) to the original one: this will
probably require a more constructive way of inducing.

Remark 3. As already pointed out in (8], the techniques of inducing can be
easily adapted to the statistics of successive return times. This means with
the obvious change of notations to study the asymptotic distribution of the
quantity:

1o,y (@ € Up(2) | i tu(Uy) <t < 7, u(Uy))

as v — 0, where Tﬁ is k-th return time to A. Under additional mizing

conditions (a-mizing) one can prove that the limiting distribution is the

. k
Poisson law: %e t for p-a.e. z.
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3. FLUCTUATIONS OF THE ENTROPY

One of the most interesting consequences of the exponential statistics for
return times is the behavior of the fluctuations in the convergence to the
measure theoretic entropy as given by Ornstein-Weiss formula, see [10] and
[20] for the first works in this direction. Let Cp(z) be the unique element
of C; = Vi, T~(~YC | which contains the point z € X, where C is a
finite generating partition of our ergodic system (X, f, x). Assume that the
sum H,(C) = = > cce #(C) log u(C) is finite. Ornstein-Weiss Theorem [29]
asserts that:

.1
nlggo " log 7¢., () (z) = by, for p-ae. z € X,

where h, is the measure theoretical entropy of u. We will define in a moment
a convenient partition for our class of unimodal maps. Assume that the
variance o02(p) as defined in (3) is positive. We are interested in showing

m
the following convergence in distribution when n — oo :

log 7¢,,(z) (%) — nhy

1 g2
rzeX >u ¢—/ e 2dz. 8
O )= = ®

Theorem 5 uses a sufficient condition due to Saussol [31] to prove the con-
vergence (4). Saussol’s result is however much more general since it states
the equivalence of the fluctuations to the entropy according to the Ornstein-
Weiss and Shannon-McMillan formulas provided the e~! law holds for local
returns time uniformly in .

Theorem 5. [31] Define the error to the asymptotic distribution of the re-
turn times into cylinders as:
Fu(Cu(®) = sup g, 0) (& € Cal@) | 7, p(Cal@) > ) — 7.

Suppose that:
(i) Eu(Cp(z)) = 0 for p-a.e. z as u(Cp(z)) — 0;
(ii) the fluctuations in the Shannon-McMillan Theorem are log-normal, i.e.
- 1 — 1 o :I,‘2
) b [y,
O-l‘\/ﬁ 27 Ju

where 0 < 0, < co. Then the limit (4) follows.

p{z € X |

3.1. Proof of Theorem 3. We verify the assumptions of the preceding
theorem. Assumption (i) is just the content of the exponential statistics
established in Section 2. It remains to prove assumption (ii). This will be
achieved in two steps, whose details will be given below, namely:

e The invariant measure y enjoys a weak-Gibbs property. This means
that for y-a.e. z we have:

#(Cn(2)) € [er(n)|Df" ()|, e2(n)| DF™ ()] 1],
where ¢1(n) and ca(n) decrease (resp. increase) subexponentially in n.
To be precise, we need

(23

e ™ < (n) <co(n) <e™,
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for some 0 < o < 1/2. (We refer to [10] and [15] for the details on Gibbs
sources and weak-Gibbs measures.) This allows us to replace the mea-
sure of a cylinder of length n with the sum §,, := Z?:_()l log [Df(fY)].
Then the Cesaro mean converges to the positive Lyapunov exponent of
the measure p which is also equal to the measure theoretic entropy A,
[22]: hy, = [log|f'|du. More precisely, we have for the upper bound:

,Lt(l' eX | _log,u’(f:\(/x‘?z) — nhﬂ > u)
. log |Df"(z)| — nhy u logci(n)
< plreX| -~ > +70u\/ﬁ)
ey D log D) nhy e
< plzeX | oun > O-H\/ﬁ)
< ( |Z 10g|Df(fZ( ))|_nh’N >’U,—6)

ouv/n

Yoy o(fi(x)) .
p(z | — > u —6),

where § is any positive number bigger tha

take 6 — 0 as n — oo. Similar estimates hold for the lower bound.

e Let us suppose now that the Central Limit Theorem holds for the
potential ¢ = log|f’| — [log|f'|du with variance o, > 0. In this case
we can continue the lower bound of the above item as:

lim inf Cn(x)) < e ™™ MI>—/
1nn3>£u($|ﬂ( (z)) <e \/2_7I'u(5

which gives the desired result for the lower bound when ¢ — 0.

The proofs of the weak-Gibbs property of ;4 and the Central Limit Theorem
are given in the next subsections. O

The weak-Gibbs property and the Central Limit Theorem for the potential
@ are interesting in their own right, as they allow application of thermody-
namic formalism to our unimodal maps and they establish finer fluctuations
behaviors. We think for example of he large deviations property for the
random process: log u(Cp (7)) and log 7¢,, () (7). See [15] for related results
in the case of (¢ — f)-mixing systems).

3.2. The weak-Gibbs property. Let C = {[cq, ], [c,c1]} be the partition
into the two monotonicity intervals of f. In the absence of attracting periodic
points, this partition is generating. Let as before C, = CV f 1(C) V-V
f~=1(C), and let Cy,(x) be the n-cylinder containing z.

Lemma 5. Suppose f satisfies condition (2), and let u be its absolutely
continuous invariant measure. Then for any € > 0 and u-a.e. x there exists
ng such that

b b
n3(¢+1) < an)If”(C ()] < p(Cul(z))|DfMz)| < n20+9)

for alln >mng and b= %infsupp(u) d;;lg/y) > 0.




RETURN TIME STATISTICS FOR UNIMODAL MAPS 11

Proof. The upper bound: We have the invariant measure y and Lebesgue
measure m. The arguments use the Borel-Cantelli Lemma applied to m.
Let W, be the collection of n-cylinders C such that u(C) > n'*em(C).
Write A, = Uw, C. Since p is a probability measure, 1 > 3 oy 4(C) >
n' Y cew, m(C), hence m(A,) < n~(¥9). The Borel-Cantelli Lemma
implies that m-a.e. x belongs to A, only for finitely many n. Next, for
each n-cylinder C, let U(C) = {z € C | |Df"(z)| > n'*¢|C|7'}. Write

By = Uoee,U(C). Then 1> [y ) IDf"(w)] dz > Efm(U(C)), so that

m(Bn) = Y cec, mMU(C)) < n~(1+e) Ycec, ICl = n —(1+£)  Again the
Borel-Cantelli Lemma gives that m-a.e. x belongs to B, for only finitely
many n. Therefore, for m-a.e. z, and because y < m also for y-a.e. =z,
there exists ng = ng(z) such that z ¢ A, U B, for all n > ny. It follows that

14 n1+s
w(Cr(z)) - IDf™(z)| <n ™+ |Cp(z)| - <n
(Cn()) - IDF™( Co()]
The lower bound(s): Here we will apply the Borel-Cantelli Lemma to the

invariant measure y. Let V;, be the set of & € I such that d(z,8D;) <
n~ | D;| for some i € N Recall that the densities hy on the levels Dy

2(1+¢)

satisfy hi(y) < dkly — Clc|‘ + ak_ak)0ak) |y — Cﬂ(k)ﬁ_l. Therefore
a < [ B / e
PRL c(ry—n—(C+D)
Skly = cil© ™" + ax s a0y — (k)77 dy
< %(516 + appSam)n L
k
< C’n_l%l,

for some constant C' < oco. By the Borel-Cantelli Lemma, for p-a.e. =,
(&) € V, (for = 7' (z) N Dy) for only finitely many n. Take such
z. Since f"(Cp(z)) = Dy if and only if (&) € Dy, we conclude that for
n sufficiently large, there is Koebe space of relative length n~¢t1) around
f™(z). This gives

\ 2@ N C) L 1 [ U(Cale)]
o1 ”'-( <f+1>) @] Z WA (G

It follows

#(Cn()) - |Df"(z)| 2 %If”( Cn(x))]-

Finally we give a lower bound for |C,(z)|. Take U, = L{Dy | |Dy| <
—(+1}. Then

41

PRy n ¢ £41

GO Y [ mwdy < " S0+ axada) < CnE
DkCﬁn k k

Using Borel-Cantelli again, we find that for p-a.e. z, f*(Cp(z)) < n~¢+D
with at most finitely many exceptions. This concludes the proof. O
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3.3. The Central Limit Theorem. We begin with a characterization of
the potential ¢ = log |f’| — [ log | f'|d, which will be useful in order to apply
a theorem by Gordin (see below).

Lemma 6. The potential ¢ = log|f'| — [log|f'|du belongs to L*(u).

Proof of Lemma 6. First observe that there exists K such that u((c —e,c+
€)) < Ke for all e. Indeed, by (5), and analogous to the computations in
Lemma 4,

cte 1 1
pl(c—e,c+e) < CZ/ ly — x| 2D fE ey )| " T dy
k c—¢
< 206 DA [ ol iay
p 0
< Ke'lf,

similar to (7). As log|f'| = O(¥)log|z — ¢,
[ogls'han < Y K200 tog 2
n

< 2K log20(£?) Z 27?2 < 0,
n

proving the lemma. O

Let us now prove Theorem 4, which states that the Central Limit Theorem
holds for ¢. The condition that the variance is positive is non-trivial, but
can, as usual, be reduced to the condition that ¢ is not cohomologous to 0.
Notably, 02((,0) = 0 for the full quadratic map f :  — 4z(1—2x). The reason
is that f is differentiably conjugate to the full tent-map 7 : z — 1 — 2|z|.
The logarithm of the derivative of the conjugacy v := logh’' satisfies ¢ =
¥ — 1 o f = 0, which in turn implies that 0’2((,0) = 0. In this case, the
lengths of cylinder sets are too regular, so the fluctuation of return time
statistics is less than expected. The precise form of the fluctuation in this
case follows from the results in [10]. In general, if ¢ = 9 — 1 o f has a
solution, Gordin’s [12] results imply that ¢ = 3, Pi(p) € L'(u), where P
is the Perron Frobenius operator. If in addition exp(t) € L'(u), then the
integral of exp(1)) conjugates f to a tent map. We conjecture that oﬁ((p) =0
is very unlikely in the class of maps under consideration.

Proof of Theorem 3. In [7], it was shown that Holder observables satisfy the
Central Limit Theorem. In our case, ¢ is not Holder, and not even bounded.
However ¢ € L?(u), see Lemma, 6, and the singularity of ¢ is localized and
of logarithmic order. In the proofs of [35] and [7] combined, it turns out that
when ¢ is lifted to an appropriate tower, it satisfies the required Holder-like
property. Let us discuss the construction more precisely.

In [7] a jump transformation F' : U;w; C Qo — Qy is constructed, where Qg
is an interval, and {w;}; in interval partition of Q( such that

e The Lebesgue measure m(€p \ U;w;) = 0,
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e For each i, F|lw; = fFi|w; for some R; > 1, and F : w; — Qp is a
diffeomorphism with uniformly (in ¢) bounded distortion.
e The induce times R; are summable:

ZRim(wi) < 0. (9)

Assuming that [Df"(c1)| > Cn” for some 7 > 4£ — 3, we have that the
tail >0 p o, m(w;) < O(n™%) for any a € (3, 7=t —1). Under Holder
conditions, the Central Limit Theorem is claimed.

In [7], o is a neighborhood of the critical point, but the same construction
would be valid if €y is a neighborhood bounded away from c. In addition,
the construction of F, (see the definition of the binding period p(z) in [7])
implies that there is a constant x > 0 such that

inf{lc —y| | y € f7(wi)} > &l f7 (wi) (10)
for all¢ and 0 < j < R;.

The paper [7] continues to invoke [35] for the following tower construction:

R;—1
A = L; I—ljio Wi, 5,

where w; ; = w; for each j. Equip A with Lebesgue measure m as reference
measure: 1m|w;; = m|w;. By (9), m is a finite measure. Define a map
f:A— Aby

~ T € Wwjjt1 ifj+1<R;,
€ wig) = { fRi(g) €0 ifj+1= Ry

where Qp = U;w; o0 mod m. The system (A, f ) is a countable Markov system,
and using (9), a standard argument produces an f—invariant probability
measure fi, such that, for each w; ;, g—f;‘t is bounded and bounded away from
0. Define the projection m : A = I by m(z € w;;) = f7(z). Lift ¢ to the
tower, i.e., take ¢lw;; = ¢ o fI. The f-invariant measure p on I satisfies
p=pomn .

We need a theorem of Gordin [12], cited in [34], which translates in our
notation to

Theorem 6 (Gordin). Suppose ¢ € L?(fi), and

> \/ / IE(@|f~"B)[2 dji < o0,

n>0

where B is the algebra of Lebesgue measurable sets on A, and E(g5|f_"B) 18
the conditional expectation with respect to fi. Then ¢ satisfies the Central
Limit Theorem.

Let h = 5—% be the density of . If U(@) := @ o f and U* its~du~al operator
(w.r.t. f), then we can compute (cf. [34]) U (@) = P™(¢h)/h, where P
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denotes the Perron-Frobenius operator. Furthermore,

. . 1 (Gh)w)
E "B)(z) =U"U" r)=—+— _ ]
(%17 "B)(x) D) = oo fn(y)gfn(z) s
Therefore
/A B f "B di = /A U TG 2 df = /A ()2 di
= [ wrrr@)- el di. (11)

Let A, := 771(B(c; L™™)) be the lift of the L~"-ball around ¢, where L =
sup /|, Tt f(wi) N B(e;L ™) # 0, then by (10), |f9(wy)| < 1/(sL"), and
P < I )] < (/KL = OLED) < |9 for
some ¢ € fJ(w;). Therefore R; > j + n. It follows that if y € wjj, then

Ff—n o fn _ _ fz(g{) _ _
f o fMy) = {y}: arid also —‘?fn(%”hofn(y) 1. Hence for such y, the
integrand [U"U™" (@) - ¢l (y) = @(y)[".

Next let A! := 77 1(B(c;n™°)\ B(c; L™™)). Then |@| < O(n(£—1)log L) on
Ay, whereas |¢| < O(5(£ — 1)) logn on 7 (I \ B(c;n™?)). If y € Al then
f "o f™(y) N A, = 0. Therefore

N (B) () = ¢() o) | ,-
/Amn'U vt /A;\Anﬁof"m Py ‘Dﬂy)‘d“

< / O(n2)dji.
ATN\A,

Combining these estimates, we can continue (11) as

VAN

[ wwPdas [ 0w da+ouosn [ Urune)da
An Al \A, A
< O ™) + O(n~3) + O(logn) /A T ()| dii
— O(L"n?) + O(n"3) + O(logn) /A P (Gh)]| din.

The next argument is to prove that ¢k has sufficient Holder properties. We
chose Qy bounded away from ¢, so ¢ is C? on Q. Given z,y € wj j, the
separation time s(z,y), as defined in [35, Section 1.1], counts the minimal
number of returns to 2y before z and y belong to different partition ele-
ments wy. Because F is expanding and f% =7 : fi(w;) — Qg has bounded
distortion, it is not hard to check that |z — y|/|w; ;| is exponentially small
in s(z,y), see also [7, Lemma 4.5].

Write gh = C- (% — 94X 35 the scaled difference of two probability densities,

dm b ; N
for example % = é(l + max{@h,0}) and % = é(l — min{¢h,0}). Here

% has the logarithmic singularity, and C > 0 is a normalizing constant. On
each interval w; j, h(z) is Holder continuous, bounded and bounded away
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from 0. Therefore, there exists 8 € (0,1) such that for all z,y € f7(w;),

ax
ax’ ] -
m(y) log |y - C|
[z —y
o1
@ ly — ¢l
1 |z —y
O(=)-——2L < Const g5@Y).
1wl
The estimates for % are similar, and give the same upper bound. Hence
both 4 and % belong to CE’(A) as in [35]. Following the [35] argument,

we obtain for the correlations

/A [P (@R drin = |F7A — FrN](A) < O(n-(@ D)

for the a > 3 from above. Therefore \/fA |E(p|f—"B)|2 dji is indeed sum-

mable, and by Gordin’s Theorem, ¢ satisfies the Central Limit Theorem.
The same is true for the original observable ¢. O
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