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Abstract

We establish self-norming central limit theorems for non-stationary time series aris-

ing as observations on sequential maps possessing an indifferent fixed point. These
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transformations are obtained by perturbing the slope in the Pomeau-Manneville map.

We also obtain quenched central limit theorems for random compositions of these maps.

1 Introduction

In a preceding series of two papers [14], [3], we considered a few statistical properties of non-
stationary dynamical systems arising by the sequential composition of (possibly) different
maps. The first article [14] dealt with the Almost Sure Invariance Principle (ASIP) for the
non-stationary process given by the observation along the orbit obtained by concatenating
maps chosen in a given set. We choose maps in one and more dimensions which were
piecewise expanding, more precisely their transfer operator (Perron-Frobenius, ”PF”) with
respect to the Lebesgue measure was quasi-compact on a suitable Banach space. This allows
to approximate the original process with a reverse martingale plus an error. By a recent
result by Cuny and Merlevede [8], the reverse martingale satisfies the ASIP. The error is
shown to be essentially bounded due to the presence of a spectral gap in the PF operator
on a Banach space continuously injected in L*° (from now on all the L spaces will be with
respect to the ambient Lebesgue measure m and they will be denoted with LP or LP(m).).
Moreover, the same spectral property allowed us to show that for expanding maps chosen
close enough, the variance o2 grows linearly, which permits to approximate the original
process almost everywhere with a finite sum of i.i.d. Gaussian variables with the same
variance.

The second paper [3] considered composition of Pomeau-Manneville like maps, obtained
by perturbing the slope at the indifferent fixed point 0. We got polynomial decay of corre-
lations for particular classes of centered observables, which could also be interpreted as the
decay of the iterates of the PF operator on functions of zero (Lebesgue) average; this fact is
also known as loss of memory. In this situation the PF operator is not quasi-compact and
although the process given by the observation along a sequential orbit can be decomposed
again as the sum of a reverse martingale difference plus an error, apriori the latter turns out
to be bounded only in L! and this was an obstacle to obtain an almost sure result like the
ASIP by only looking at the almost sure convergence of the reverse martingale difference.
Instead one could hope to get a (distributional) Central Limit Theorem (CLT); in this re-
gard a general approach to CLT for sequential dynamical systems has been proposed and

developed in [7]. It basically applies to systems with a quasi-compact PF operator and it is



not immediately transposable to maps with do not admit a spectral gap. The main goal of
our paper is to prove the CLT for the sequential composition of Pomeau-Manneville maps
with varying slopes. A fundamental tool in obtaining such a result will be the polynomial
loss of memory bound obtained in [3]; we are now going to recall it also because it will
determine the regularity of the observables to which our CLT will apply; see Theorem 1.2.
We consider the family of Pomeau-Manneville maps
x4 20t 0< 2 <1/2
To(z) = 0<a<l. (1.1)
2r—1, 1/2<z<1
Actually in [3] we considered a slightly different family of this type, but pointed out that
both versions could be worked out with the same techniques (see [1]), and lead to the same
result; here we prefer to use the classical version (1.1). Asin [19], we identify the unit interval
[0, 1] with the circle S*, so that the maps become continuous. Given 0 < 8 < a < 1, denote
by Pg, or Py the Perron-Frobenius operator associated with the map T}, = T3, w.r.t. the

measure m. For concatenations we use equivalently the notations
mferl = Tﬂn OTanl o--- OTﬁm =T,0T,_10---0Ty,.
Pgl—m-f'l — P,Bn OP,Bn_1 0O-++0 Pﬁm = PTL OPTL*I O~ oPm_
Pr=Pr  T"=T"

where the exponent denotes the number of maps in the concatenation. For simplicity we use
T :=--.T,o0---0T; for a given sequence of transformations.

The Perron-Frobenius operator Pi associated to T} satisfies the duality relation

/Pkfgdm:/fgodem, forall f € L', g e L™
M M

and this is preserved under concatenation.
We next consider [19, 3] the cone Cy of functions given by (here X (z) = x is the identity

function):
Co:= {f € C°(0,1])NL*(m) | f >0, f decreasing, X*™! f increasing, f(z) < az™* m(f)}*

Remark 1.1 Some coeflicients that appear later depend on the value a that defines the

cone Co; however, we will not write explicitly this dependence.

!By ”decreasing” we mean ”nonincreasing”.



Fix 0 < a < 1; as proven in [3], provided a is large enough, the cone Cy is preserved by

all operators Pg, 0 < 8 < o < 1. The following polynomial decay result holds:

Theorem 1.2 ([3]) Fiz 0 < a < 1 and consider a cone Cy as above. Suppose 1, in Co
have equal expectation, [ pdm = [dm. Then for any sequence Tg,,--- ,Tg,, n > 1, of
maps of Pomeau-Manneville type (1.1) with 0 < B < a < 1, k € [1,n], we have

_1 1
/'Pﬁn 00 P () = Pg, 00 Py (¥)ldm < Ca(lloll + [¢]1)n~ 2 (logn)a,  (1.2)

where the constant C,, depends only on the map T,, and || - |1 denotes the L' norm.
A similar rate of decay holds for observables ¢ and 1 that are C on [0,1]; in this case

the rate of decay has an upper bound given by
1 1
Ca F(leller + Illor)n™ =" (log n)=
where the function F : R — R is affine.

For the proof of the CLT Theorem 3.1 we need better decay than in L'. In this paper
we improve the above result to decay in LP, provided « is small enough.

Note that P"p € Ca if ¢ € Co and m(P"p) = m(y), so
[P"(0) =P ()] Lol <P () la| + P (¥) || < am(p)a™ + am(v)a™
Proposition 1.3 Under the assumptions on Theorem 1.2, if 1 < p < 1/« then

l—ap

_1 1
1P5, 0+ -0 P, (9) = Pg, 00 Py () | oamy < Caplllipll + [[9]1)n' 7= (logn)=r=er (1.3)

where the constant Cop depends only on the map T, and p.

As in Theorem 1.2, a similar LP-decay result also holds for observables ¢,vp € C*([0,1]).

Proof. For functions in the cone Co, Theorem 1.2 gives L'-decay; then Lemma 2.7 together
with the preceding discussion implies LP-decay for « small enough. Note that we use this
Lemma with K = 2a(||¢||1 + [|¢]l1) and the L'-bound given by the Theorem, and then the
coefficient in the LP-bound is proportional to (||¢|[1 + ||¢||1) as well.

To prove the decay for C! observables, we use Lemma 2.4 (same approach as in the
proof of Theorem 1.2). |



Note that the convergence of the quantity (1.2) implies the decay of the non-stationary

correlations with respect to m:

‘/w@oTﬂno---ngldm—/iﬁdm /gongno---ngldm’

< llello HPﬁn o 0Py () — Py, o0 Py, (1 (/wm))

provided ¢ is essentially bounded and ([ ¢dm)1 is in the functional space where the con-

1

vergence of (1.2) takes place. In particular, this holds for C'! observables, by Theorem 1.2.
As it is suggested by the preceding loss of memory result, centering the observable is the
good way to define the process when it is not stationary, in order to consider limit theorems.

To simplify the exposition, we introduce the following notation:

Definition 1.4 For ¢ : [0,1] — R sufficiently regular (often C') introduce the following

normalization along a sequential orbit:

[l = —/(p(Tko---oTl)dm. (1.4)
However, to simplify notation, it is convenient to set [p], = 0.

Conze and Raugi [7] defined the sequence of transformations {11, 75, T3, . .. } to be point-

wise ergodic whenever the law of large numbers is satisfied, namely

n

1
lim — Z {@(Tk o---oTz)— /gp(Tk 0---0 Tl)dm} = 0 for Lebesgue-a.e. z.

We will prove in Theorem 2.10 that such a law of large numbers holds for our observations
provided 0 < o < 1. It is therefore natural to ask about a non-stationary Central Limit

Theorem for the sums .

=S oo o =
k=1
for a given sequence T :=---0T, o---07T} : this will be the content of the next sections.

To be more specific we will prove in Theorem 3.1 a non-stationary central limit theorem

similar to that proved by Conze and Raugi [7] for (piecewise expanding) sequential systems:
Sn

Var(Sy,)

At this point, we would like to make a few comments about our result compared to that

-4 N(0,1). (1.6)

of Conze and Raugi. Theorem 5.1 in [7] shows that, when applied to the quantities defined

above and for classes of maps enjoying a quasi-compact transfer operator:



(1) If the norms ||.S,||2 are bounded, then the sequence S,,,n > 1 is bounded.
(2) If ||Sp||2 — oo, then (1.6) holds.

We are not able to prove item (1) for the intermittent map following the same approach as
in [7], since it uses the uniform boundedness of the sequence H,, o T*, where the function
H,, is defined in (2.1) and is just the error in the martingale approximation as we discussed
above. We can only prove that H, is bounded uniformly in n on each set of the form
[a,1),a > 0, and do not expect it to be bounded near 0 (look at the stationary case).

Instead, our central limit theorem will satisfy item (2) under the assumption that the
variance ||Sy,||3 grows at a certain rate and for some limitation on the range of values of a.
It seems difficult to get such a result in full generality for the intermittent map considered
here. Conze and Raugi proved the linear growth of the variance in their Theorem 5.3 under
a certain number of assumptions, including the presence of a spectral gap for the transfer
operator. We showed in our paper [14] that those assumptions apply to several classes of
expanding maps even in higher dimensions.

However, for concatenations given by the same intermittent map T, with a < 1/2, the
variance is linear in n, provided the observable is not a coboundary for Tj,. In section 4
we prove that the linear growth of the variance still holds if we take maps T, with 3,
arbitrary but close to a fixed 3, and an observable is not a coboundary for Tjg; therefore,
the CLT holds. See Theorem 4.1. Our proof of Theorem 4.1 uses an estimate of interesting
related work of Leppénen and Stenlund [17], which we learnt about after a first version of
this paper was completed. Their result allowed us to give another example where variance
grows linearly for a sequential dynamical system of intermittent type maps, and hence the
non-stationary CLT holds. The focus of [17] is however more on the strong law of large
numbers and convergence in probability rather than the CLT. They also consider quasi
static systems, introduced in [18].

In section 5 we show that the variance grows linearly for almost all sequences when
we compose intermittent maps chosen from a finite set and we take them according to a
fixed probability distribution. This means that for almost all sequences (with respect to
the induced Bernoulli measure) of maps, the central limit theorem holds (a quenched CLT).
See Theorem 5.3.

Remark 1.5 For simplicity, in many of the following statements we will use as rate of



1+1

decay n~ =", ignoring the logn-factor. This is correct if we take for « a slightly larger

value (and is actually the correct rate of decay for the stationary case).

Notation 1.6 For any sequences of numbers {a,} and {b,}, we will write a,, ~ b, if

c1bn, < a, < cob, for some constants ¢ > ¢; > 0 and n > 1; similarly, use a, 2> b, for a

~

one sided asymptotic relation.

2 Cones and Martingales

In order to get the right martingale representation, we begin by recalling a few formulas
concerning the transfer operator; the conditional expectation is considered with respect to

the measure m, and B denotes the Borel o-algebra on [0, 1]. We have:
Elp | T "Bl = S5y

PlpoT -9) =9 P(¥)
and therefore, for 0 < /¢ < k

Pil(p-PY(L))
PH(1)

ElpoT"|T*8] = oT*.
Recall that for L?(m)-functions these conditional expectations are the orthogonal projec-
tions in L?(m).
We denote, as in Definition 1.4, ¢ —m(poT7) by [¢];, with the convention that [¢], = 0.
Therefore we have for the centered sum (1.5): S, =Y 7, [l 0 TF =31 _o ¢l o T
Introduce

H,oT" :=E(Sp_1|T "B).
Hence H; = 0, and the explicit formula for H,, is

1

Hy = 5og |

Pu([@), 1 P M) + PuPu 1 (@), o P" 1) + -« 4 PPy ... Pi([p], PO1)] .
(2.1)

It is not hard to check that setting

Sp = My + H,40 Tn+1



the sequence {M,} is a reverse martingale for the decreasing filtration {B,, := T "B}:
E(M,, | Bnt1) =0.
In particular,
My — My =t oT" with ¢y, :=[p],, + Hy — Hypqq 0 Ty (2.2)
We recall three lemmas from [15], stated in the current context:

Lemma 2.1 ([15, Lemma 2.6])

n n

o2 =E[(Y [glio T = 3 Eg2o T - / H? ¢ / H2,, o7

i=1 i=1
(and Hy =0).

To prove this Lemma we replace our H,, with w, in [15].

Lemma 2.2 ([15, proof of Lemma 3.3]) Let H; = H;1(H,|<c0,}, where for simplicity

of notation we have left out the dependence on n. Then

2
[(Soemmaomn) =3 [ er ., om)
j=1 j=1
The last formula in the proof of [15, Lemma 2.6] gives:

Lemma 2.3 .

o2 = Y Ellel? o T +2 3 E[(H: [¢l) o )

i=1 =1
The following Lemma plays a crucial role all along this paper. In a slightly different
form it was introduced and used in [19, Sect. 4], without a proof, and subsequently in [3].

We now give a detailed proof in a more general setting.

Lemma 2.4 Assume given a C'-function ¢ : [0,1] — R and h € Ca. where the cone Cs is
defined with a > 1.



Denote by X the function X (z) = x. If

A< _‘90/‘00
v > —lp+ AX|eo
a
5 > oo + | h
> aH(\sO\ + [A[)m(h)
5 > %\¢+Ax+u|mm(h)

then
(0+AX +v)h+6 € Co.

Remark 2.5 It follows immediately that if ¢ € C'([0,1]) and h € Cy then we can use
Theorem 1.2 and Proposition 1.3 to obtain decay of P*(¢h — m(ph)): consider ® := (¢ +
AX +v)h+6, ¥ := (AX +v)h+ 5 +m(ph), with constants chosen according to Lemma 2.4
so that ®, ¥ € Cy (by definition, m(®) = m(¥)), and write

Plp-h—m(p-h)) =P~ D).

Corollary 2.6 In particular, for a sequence wy € C1([0,1]) with ||wi|lcn < K and hy € Co
with m(hg) < M (e.g, hy == P¥(1)), one can choose constants \, v and § so that

(Wi + AX +v)hi + 6, AX +v)hg + 0 + m(wihg) € Co for all k> 1
and therefore
||73”(wkh;€ — m(wkhk))Hl < Co k.M n_éﬂ(logn)é foralln>1,k>1,

where the constant Cy i v has an explicit expression in terms of o, K and M. Decay in LP

now follows from Lemma 2.7: if 1 < p < 1/« then
||P™ (wkhk - m(wkhk))Hp < Ca.K,Mp npa foralln>1,k>1

(ignoring the log-correction, see Remark 1.5) where the constant on the right hand side

depends now upon p too.

Proof of Lemma 2.4. Denote ® := (¢ + AX + v)h + J. There are three conditions for
® to be in Cy.



® nonnegative and decreasing. If A < —sup ¢’ and v > —inf(p + AX) then ¢ + A X +

v is decreasing and nonnegative. Therefore ® is also decreasing (because h € C3) and
nonnegative provided § > 0.

®X 11 increasing. For 0 < x < y < 1, need

[((x) + Az + v)h(z) + 8] 2" < [(o(y) + Ay + v)h(y) + 8]y

h(y) yaJrl v yoHrl . 1
h(l‘) rotl o+l h

= [p(x) +Ar+v] < [p(y) + Ay + v

Since hX*! > 0 is increasing, 1 < hgyg ya —1, so it suffices to have

a+1
v 1
xotl ] h(zx)

= 02> —[(80(3/)+)\y+u)—(gp(:1:)+)\:n+y)]#

ratl - ]-

<p(3:)+)\x+uﬁ[80(y)+/\y+y]+6[

By the mean value theorem and using that a < 1, y*t! — x = (a+ 1)y —x) >
(a+1zx*(y —x) > (a+ 1)z(y — x); therefore

0 < h(z) _ h(z)xot! < h(z)z® <
e e A CE o (VO

am(h)
(a+1)(y—=)

Meanwhile,

—[(e(y) + Ay +v) — (e(z) + Az +v)] < (|¢'|oo + A (Y — 2).

Using these in the above lower bound for 4, we conclude that it suffices to have

02— 1(\90 oo + [Al)m(h)

PX* < am(®P). Using that hX* < am(h),

(0 + AX 4+ )h 4 0] X < (o + AX + V)XY + 6 < sup(¢ + AX + v)am(h) + 6.

On the other hand, am((p + AX +v)h +0) > ainf(¢ + AX + v)m(h) + ad, so it suffices to

have

sup(¢ + AX +v)am(h) + 6 < ainf(¢ + AX + v)m(h) + ad

= 0 > —7 [sup(cp—f—)\X +v) —inf(¢ + AX + v)|m(h).

10



Note that, since the transfer operators are monotone,
P...Pui1[pP*1] o] < Po... Poi[l@]ooP*1] lo= |@]ooPr - - - Poy1[PF1] | .
Since |@]oo Py - - - Pry1[P¥1] lies in the cone Cy this implies that
P, ... Poy1[@PF1]| 12< al@|ooz ™.
The following Lemma gives control over the LP-norm of functions with such a bound.

Lemma 2.7 Suppose that f € L'(m) and |f(z)| < Kz=%. Then, provided p > 1 and
ap <1,

l—ap p—1

1f1lp < Capll fI[77" Kp=re

In particular, if |f(z)| < Kz=% and || f]]1 < Mnl==a, then
1
/1l < Cratapn’ 7 for 1 <p<1/a.
Therefore, for 1 < p < 1/(2a), there is § > 0 such that ||f||, < Ck arapn 0.

Proof. The case p =1 is obviously true, so we assume from now on that p > 1. Denote
Ci1 == ||f|]1. Compute, for 0 < z, < 1, and ap < 1: fxl* |fIPde < sup{|f(2)|P7! |z« <2 <

1} fol |fldx < Kp_lx;a(pfl)Cl, and [ |f|Pde < KP [[* 2~ Pdx = 1f_(szifap. We want to

minimize over x, the quantity

—alp— 1 —alp—
G(zy) = KPP~z o(p—1) + Kpixi_ap = Az, o(p—1) + Bmi_o‘p.
1—ap
It reaches its minimum value for xff_l = ﬁg(;f’f;, which gives for the minimum of GY/P the
value
Lmapl  p1 a1
CapCy " PK 7 T
For the last statement notice that =22 > 1 <= 0 < ap < 1/2. n

po

Corollary 2.8 We have:
1. ||Hyllq ts uniformly bounded in n for 1 < g < i

11



2. [|[Hy o T"|, is uniformly bounded inn for 1 <r < 5= — 1.

Proof. Recall that H,, is given in (2.1). By [3, Remark 1.3], P™*(1) > D, > 0 on (0, 1].
We now apply Minkowski’s inequality in the sum defining H,,. Thanks to Lemma 2.7 each
term of the form P, P,_1... P, _¢([¢], , P**711), £ € [0,n — 1] will be bounded in L?
by Dla Co.Kp KI_P%, where K is the C! norm of ¢. The role of h;, in Lemma 2.6 is now
played by P*¢~11 and therefore M = 1. By summing over ¢ from 1 to infinity, we get a
convergent series whenever paw < 1/2. We now write [ [H,o7"|"dz = [ |H,|"P"1 dx. Since
P"1 belongs to LP(m) for 1 < p < é by the definition of Co and its invariance property, it
suffices that the function |Hn|rpj%1 be uniformly in L!(m), and therefore, by the previous
item, that rp%l < ﬁ Thus it suffices to have 1 < r < gp;; for some 1 < p < é, which
means1§r<i—%. [ |

As we said in the Introduction, we will also have a pointwise bound on the H,,’s.
Lemma 2.9 For0 < a < 1/2, there is a constant C' depending on o and K = ||p||c1, such

that
H,(z)| < Cz~ 1 forall z € (0,1], n > 1. (2.3)

Proof. By using again formula (2.1) for H,, (where ¢y = 0) and the bound P"(1) > D,, >

0 we are left with the pointwise estimate of
o[l 1 P"'1) + PoProi([9],,_ o P"21) + -+ + Py Po_y ... Pi([], PO1).

By Corollary 2.6, for each k > 1 one can write [¢], P¥1 = (o — m(p o T*))P*1 = 4j, — By,
where Ay, B € C2 with m(Ay), m(By) uniformly bounded by some constant Cy x < 00.
Therefore, by the decay Theorem 1.2 (and ignoring the log-correction), there is a new

constant C’ depending only on a and K such that
1
PRt (A = Byl < C'(n— k)=, (2.4)

We now recall the footnote to the proof of [19, Lemma 2.3]: if f € Cy with m(f) < M
then
21 £ () — 5™ f ()] < a1+ )Mz —y| for 0 <o,y < 1. (2.5)

But a bound |g(x) — g(y)| < L|z — y| for the Lipschitz-seminorm |g|yi, implies
lgllx = CLllglloo- (2.6)

12



Combining the above observations and since m(P,?;f (f)) = m(f), we obtain that

P (Ar = Blup < (XL (ARl + (X P (Bl < L uniformly for
n>1,1<k<n, and then

_ _ _1
X PE (A = Bi)lloo < 1/CL| X P (Ag = Byl < C"(n— k) ~a !
for a new constant C” depending only on «, K, L, which implies that

Pt (A — B (@) <2 C"(n — k)~a !

and therefore, for 0 < a < 1/2,

n—1 n—1
Z P,?_:lk(Ak — Bp)(z)| <zl Z(n - /{:)*é+1 <Czo!
k=1 k=1
as desired. [ |

We finish this Section by proving a type of Borel-Cantelli Lemma which is an unavoidable

tool in proving non-stationary limit theorems.

Theorem 2.10 (Strong Borel-Cantelli) Suppose that for j > 1, ¢; € C*([0,1]) with
uniformly bounded C'-norms.
(a) If 0 < oo < 1/2 then

n

Y (T =D m(w(T7)) = O(n'*(loglogn)*?)  m-a.e.
j=1

j=1
and therefore, if liminf; m(; o T7) > 0 then

Z?:l %‘(Tjﬂ?)
Z?:l m(¢; o T9)

—1 m-a.e. x.

(b) If 0 < a < 1 then

J=1

% Zq/}j(zj)_Zm(d;joTj) —0 m-a.e x.
j=1

Proof. To prove the first statement in part (a) we will use the Sprindzuk’s Theorem 6.1
in the Appendix. By adding the same constant to all the v;’s and rescaling, we can assume

without loss of generality that inf;m(y; o T7) > 0 and sup;m(y; o T7) < 1. We take

13



gr = m( o TF) and hy = 1 in Theorem 6.1, thus it suffices to give a linear upper bound
for E[(3_7_; ¥j0 T7 —by)?], where b, := > i m(yo T7); note that the same estimate can

be derived for sums over m < j < n. Expand
E[() 0T’ —b)’] =D Eljo T/ —m(y; o T/)P?
j=1 j=1

+23 S B[y 0TI — m(y 0 TI) (s o TF — mlihs o 1)

i=1 j>i

and use the decay to estimate the mixed terms. Denote, following Definition 1.4, [g] j=

g —m(goT7). Then, for j >i>1,

IE[(w; 0 T9 —m(sp; o T9) (Wb 0 T — m(th; 0 T9)]| = [Ellyy]; 0 T7 - [thi]; 0 T
= [E[([;]; 0 T2 [Wil; - PH)]| = B[], - PL (il PP
< W3], lloo P (], PP 11 < C(G — i) =

where in the last inequality we used Corollary 2.6. Therefore
n .
E(> 0T — b))
j=1

<23 |y 0 T — m(thj o T)loom(uy 0 T9) 420 3" S — i)' % < nC",
=1

i=1 j>i
where the constants C,C’ are independent of j and n.. The conclusion now follows from

the Sprindzuk’s Theorem 6.1.
For (b), note that for 1/2 < o < 1 the above computation still gives

E[() wj 0T’ —ba)? < Cn®"a

j=1
which implies that
ij 0T —b, =0(Mn'") as.

J=1

for some 1 > 0, see the standard Lemma 2.11. |

14



Lemma 2.11 Assume the random variables X,, have mean zero, and there are M < oo,

v < 2 such that

| Xnlloo < M, Var (ZXk) <Cn” for all n.
k=1

Then

n
1
EXk =O(n") a.s. forn > phuky

3
k=1

Proof. Denote Sy, := ) ;_; Xi. From Tchebycheff’s inequality,

_ Var(S, o5
PS> n™%) < TG < oo,

Pick § > 0 so that v — 2§ — 2 < 0 and w > 0 such that w(2 — v+ 2§) > 1. Then, for the
subsequence ni = k%,
> P(ISp,| > 1% < o0
k
so, by Borel-Cantelli,
S| = O(ny %) ass. (2.7)
Using (2.7), one has a.s.: if ny, < n < ngyq for some k, then

[Snl < 1Su,| + i1 — nilsup [ Xelloo < O(my™°) + Ck* 7'M < O(n' ) + C(n'/*)~ M
therefore |S,| = O(n") a.s. with

-1
n:max{l—é,w}.
w

Optimize over ¢ and w to get the claimed lower bound on 7. |

3 Central Limit Theorem

We assume in this section that 0 < o < 1/2 (note that in the stationary case the CLT holds
only in this range). With our approach we can only prove the non-stationary CLT for a
lower upper bound on «, which will be stated later.

We define scaling constants oy, = E[(Y7_, [¢]; o T7)?]. This sequence of constants play
the role of non-stationary variance. As we pointed out in the Introduction, giving estimates
on the growth and non-degeneracy of o, in this non-stationary setting is more difficult than

in the usual stationary case.
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Theorem 3.1 (CLT for C! functions) Let ¢ be a C1([0,1]) function, and define S, as
in (1.5),

n

Sn ::Z[<P]kOTﬁko"‘OT61-
k=1

Assume that .

02 = Var(S,) = E[(>_ ¢, 0 T 2 .
=1
Then

1 1 Sn 4
- . LN 1).
0<a<9andﬁ>2(1_2a) = p N(0,1)

In particular, B > 9/14 = 0.643 suffices for any 0 < a < %, and the lower bound on B

1
approaches 5 as « approaches zero.

Remark 3.2 The above Theorem holds, with the same proof, if we allow ¢ to vary but
stay bounded in C! (as in our Strong Borel-Cantelli Theorem 2.10). That is, consider

n

Sn ::Z[Qak]koTﬁk o---0Tp
k=1
where ¢ € C1([0,1]) have uniformly bounded C*-norms.

To keep the notation simpler, we will not prove this more general case.

Following the approach of Gordin we will express S, = >0, [¢]; o T7 as the sum of
a (non-stationary) martingale difference array and a controllable error term and then use
the following Theorem from Conze and Raugi [7, Theorem 5.8], which is a modification of

a result of B. M. Brown [6] from martingale differences to reverse martingale differences.

Theorem 3.3 ([7, Theorem 5.8]) Let (X;,B;) be a sequence of differences of square in-
tegrable reversed martingales, defined on a probability space (2,8, P). For n >0 let

n—1 n—1
Sop=Xo+...+Xp1, 0o =Y E[X{], Vo= E[X}|Brpl-
k=0 k=0

Assume the following two conditions hold:
(i) the sequence of random variables (o,,%Vy)n>1 converges in probability to 1.

(ii) For each & > 0, lim,, o 0}, 2 Zz;é E[X,flﬂxkpsan}] = 0.

16



Then

lim sup
n—oo a€R

PS” ’ ‘ﬁd
o< g [ -

Proof of Theorem 3.1.
We will apply Theorem 3.3 with the following identifications:

o Xy =tYpoT".
o B, =T "B.

e 02 = E[(X1L, [¢]; o T%)? as defined earlier, but if o < % then 02 = E[(}1 1 o
T9? + O(1) by Lemma 2.1 and Corollary 2.8.

Let us take H,, defined in (2.1) and v, given in (2.2)
wn = [‘P]n +H, - Hn+1 S Tn—s—l'

Recall that 1, o T™ is a reverse martingale difference scheme, uniformly bounded in
L™ (m) provided 1 <7y < 55 — 5 (because so is Hy, o T*, see the second item in Corollary
2.8). Once we establish (: ) and (73) it follows that lim, . (TZJ (i o T7 — N(0,1)
in distribution. Finally, since [ 7_; [¢]; o 7] — D590 T7] = Hpyq 0 T is uni-
formly bounded in L? if a < 1/5, we conclude that limy, e 7 Sy leljo T7 = N(0,1) in
distribution as well.

We will now verify conditions (i) and (ii) of Theorem 3.3. We defer to the end of this
proof the discussion about the possible choices for o and 3, see (3.8).

For condition (ii) we begin by noticing that the functions (¢, o 7™)? have a uniformly
bounded LP-norm if the same is true for (H,,1107,1)?; this holds provided 1 < 2p < 55— %,
and we also need p > 1 (for a Holder inequality, see below). By Minkowski’s 1nequahty,
| (n © T™)2|| Lo (m) will therefore be bounded uniformly in n by some constant C,. Then we

have by Holder’s and Tchebychefl’s inequality, where 1/p+1/¢ = 1:

n—1 n—1

1

022 Y B[k 0 T*) 1 pomt)meont) S 00 D Ik 0 T pm(|n o TF| > e0n)
k=0 k=0

”le o Tl | Gy Bl o )

2 n n
< SUPuwkoTk”%pSUPHwkOTkHS s 242 =C 212 (3.1)
k k ciog, ¢ gioy,
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if1 <s< 5 —1%:=35().Since g = (1-1/p)~' > =2 := g(a) provided a < %, the largest

1-5a
2&3%;2, for 0 < ¢ small. If we now

assume that the variance grows as o2 > n?, then we need > %

for the upper bound (3.1) to vanish as n tends to infinity. It is easy to check that when

value we can use for the exponent of o, is 2 + g =2+

:= ba(1), in order

¢(a) and s(«) are positive then the function ¢ +— b,(¢) is decreasing for ¢ > 0, so suffices to
. 4
require that 8 > b, (0) = =%
The hard part lies in establishing (7). This is in contrast with the stationary setting
where condition (i) is usually a straightforward consequence of the ergodic theorem.

For (i), we first prove that

1 < :
= Z %2- o77 — 1 in probability as n — co. (3.2)

That (3.2) implies (i) follows from Theorem 3.6.

We follow [15, Lemma 3.3 and proof of Theorem 3.1 (II)], which uses an argument of
Peligrad [20]. Since ¢; = []; + H; — Hjt1 0 Tjtq,

Vi =[]} +2[e]; Hy + H} + Hi 0 Tjay — 2H; 1 0 Ty (9] + Hy)
= [(p]] + 2 [QO]] H] + HJ2 + H?—i—l o T‘j—i-l — 2Hj+1 o 11]+1(¢J + Hj+1 o) 7}'_._1)
= [+ (H} —H}, 0 Tjy1) — 205 - Hjy 0 Tyyy + 2], Hj.

Therefore

Z%%Tj = (HioTh —H2, 0Tn1) — Z¢joTj-Hj+1on+1
j=1

j=1

n

+ DT/ +2 () (¢l Hy)oT’
P j

Jj=1

By Corollary 2.8, H,, o 7™ is uniformly bounded in L? for a < é , SO U%H%_H o7 =0
in probability.
Next we show that

n

1 |w— . ,
P Z YjoT? - Hjp1 0T =0 in probability. (3.3)
j=1

Define
Hj = H;1m, <eon)-

18



By Lemma 2.2,

n

2
Un2 = / Z[wj o TV . H§+1 o Tj+1] _ /ZWJ o T H;—i-l o Tj—H]Q.
j=1

Jj=1

Hence, using Lemma 2.1 for the equality in the next computation (note that Hy o 7% € L?
if a < 1),

[l emi [HiaT - [B 0T <20l (3)
j=1

For any a > € we obtain, using Tchebycheft’s inequality in the third and fourth lines below,
the inequality (3.4), and that Hj o 77 is uniformly bounded in L" by some constant D
(Corollary 2.8)

n

1 . A
m| | = oT) Hi 10T > ¢
U% Zw] 7+1
J=1
1 n
< m | max |HJ+10'7']+|>5<7n +m || =Y YjoT! Hi 40T T >a
1<j<n O'ZL . J
Jj=1
= 1
41 2
§ Zm(|Hj+1 ¢) T] | > €Un) + WUH
— n
J
nD" g2

n .
H. J+1|r < e h—
(con)” (m"/ o '>+a2 = lony a2

Take a = /¢; ifweusethata,%Znﬁ, thenﬁ>%with1§r< i—%, that is 8 > 14—‘3‘&
allows us to obtain (3.3).

Finally, we show that
izn:([ 2 +2[¢]. Hj) o T? — 1 in probabilit (3.5)
= el ¢l; H; in pr ility. .
We know from our Strong Borel-Cantelli Theorem 2.10 that

Z 2077 = ZE 20T + 0(n2+‘5) m-a.e. (3.6)

J=1
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We will show in Lemma 3.4 that

n

1
p= E ([o]; Hy) o T — E E[( )oT7] | = 0 in probability. (3.7)
no\ =1

In view of Lemma 2.3, equations (3.5) and (3.7) imply 0%[2?:1 [gp]? o T +

23771 (l¢l; Hj) o T/] — 1 in probability. u

Lemma 3.4 For 0 < a < 1/5 and the variance growing as o2 2> n” with 3 > 2(1=2a) 2a), we

have
n

1
) Z([ )o T — ZE Yo T71 | = 0 in probability.

j=1
Proof. Write S, = Y%, ([¢]; H;) o T7 and E,, = Y5 E[([¢],; H;) o T7] and estimate

E(|S, — En| > 02¢) = E(|S, — E,|* > ole?)

< —E(S. - Buf2).

1
1.2
lopia

When we expand E(|S,, — E,|?) we have, as usual, the diagonal terms and a double

summation of off-diagonal terms:

E(|Sn — Eal?) = Y E((l¢]; Hy) o T2 — ml(¢]; Hy) o T9)PP)

j=1
n j—1
+QZZ/[([¢]jHj)OTj—m(([% 7)o TON(lel; Hi) o T* — m(([]; i) 0 T7)]dee
j=1 i=1

The sum of diagonal terms is O(n) as ([¢]; Hj)o oT7 € L?(m) with uniformly bounded norm
if @ < 1/5. Therefore, if 02 ~ n®, then the exponent 3 must verify 5 > 1/2.
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We now consider

S>3 [l By 077 — (o) Hy) o TNl B 0 T = () B T
=35 [l By — (Il Hy) 0 7)) o T - i) Hy = () Ho) o )] o T
=22 / (i) B = m(([el; Hy) 0 T o T - (o] B — ([l Hi) o T)] - P11 d
=2 /Mj H; — m(([¢]; Hy) o T9)] - PL Hi [¢], P'1 — m(([¢]; Hy) o T))P1] da.

We will prove in Lemma 3.5 below that a < 1/2 implies HPZJJ:f [P1H; [¢], —
Pirm(([¢], Hi)TH]||2 < (]fﬁ, where C* is a constant depending only on « and the C!
norm of ¢ (and uniform in ¢ and j). Here the numerator i comes about as 1 <1i < j—1
and o = % follows from the decay Theorem 1.2 and Lemma 2.7. Note also that
[([¢]; Hy) — m(([¢]; Hj) o T7)||2 is uniformly bounded in j provided a < %, see Corol-
lary 2.8.

We have to show that each row summation satisfies

J

1> /[([90]]- H;) — m((l¢]; Hy) o TP/ [P1H; [p), — PIm(([¢], Hi) 0 T7)] da| < jX
=1

where n!*X = o(c) otherwise the double summation contributes a term which is too large.
So we divide the sum into two parts, with 0 < § < 1
j—1
> /[(Mj H;) — m(([¢]; Hy) o T)IPLIP'1H, [, — P'im(([o]; Hy) 0 T)] da
S

i=j—i

+ Z; /[(Mj H;) — m(([¢]; Hy) o TP [P'IH; [o], — P'1m(([¢]; Hi) o T7)] da.

We bound the first sum by C*j° using L? bounds without decay. The second sum uses our
decay estimate (see Lemma 3.5) and we get Zi;f(s (jz*)i* < Ccrjl-(a’=13 — ox jl+6-a"s
provided o* > 1 ( <= 0 < a < 1/2). Then |07} [[([¢],H)) — m(([¢]; Hy) o

Tj)]Pf:f[PilHi [0l — Piam(([¢]; Hy) o TY)] dz| < C(5° + j1H97"9) which is lowest for
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0 = 1/a,.. We obtain

n j—l1
133 161 0T () ) Tl B o T = i ) o T

7j=1 1=
< C* n1+1/a* — C* nl/(lea)

SO
E(|S, — Ep|?) < Cn!/(72),

By dividing for o2 and asking again for a growth like 02 > n” we have now that 8 > 30—20) 2a)

This estimate allows us to show that é (Z? 1([¢]; Hy) o TI — > -1 Ellpl; Hy) o TJ]> —
|

0 in probability.
We now collect the various inequalities involving o and 3, which is the scaling of o2 > n/:
e for our proof of condition (ii) in Brown’s Theorem 3.3 we need a < 1 and 8 > 14—“&
B> 3;

e in Peligrad’s argument we needed a < Land g > g a,

e in Lemma 3.4, using that a < %, we have 8 > 2(?1204)

e for Theorem 3.6 we use 8 > %, and a < % to obtain a uniform L*-bound for ¢, o T" =
[, oT"+H,oT" —Hy4q 0 T+ (see Corollary 2.8).

Therefore, it is sufficient to take

1 1 4a 1 1
_ d = . .
O<a<gan 5>max{2 1 o/2(1—2a)} 21 — 2q) (38)

To conclude the proof we need Theorem 3.6 to show that (3.2) implies condition (i) of

Brown’s Theorem 3.3, and the statement of Lemma 3.5.

Lemma 3.5 Forl1<p<1l/a

1—a

IPf ([P'1H: ], — P'im(([), Hi) 0 T))) [lp < i Cap Cp 775 ™ (logm) e

'B

Proof. See Section 6.2 in the Appendix. |
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Theorem 3.6 Assume 1; o T? is uniformly bounded in L* and o2 = E(Z?:l 1/}? o T7) +
O(1) 2 n® with B> %. Then

n

1 . .
o2 2(1/’]2 oT7 — E[T/sz o T7|Bj11]) = 0 in probability.
n ]:1

Proof. Define

Vi = o TF —E[W} o THBrgal,  Tni=) V.

Note that E[Vj|By+1] = 0, so Vj is a reverse martingale difference; by Pythagoras, E(V;2) <
E((@Z’% o T%)2). Applying Pythagoras again,

[ )] =m0 < YEteT)
i=1 =1
therefore, by Tchebycheff

P(|Ty| > one) = P(Tul?* > 07¢%) S

2,4
elop

Since we assumed that o2 > n'/2, it follows that

1
— T, — 0 in probability

n

as claimed. ]

4 Central Limit Theorem for nearby maps

Theorem 4.1 Given 8 € (0,5) and ¢ € C'([0,1]), if ¢ is not a coboundary (up to a

constant) for Ty there exists € > 0 such that for all parameters B, € (B —¢€,8 + €) the
variance grows linearly for any sequential system formed from concatenation of the maps
Tg,

Therefore, by Theorem 3.1, the CLT holds.

Proof.
Recall the quantities defined by a concatenation of different maps:
1 _ n—
H, = = [Po([¢],_1 P"10) + Po P ([@], o P 21) + -+ + Py Pyt ... Pi([g] PP1)]
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and

U =[], + Hp — Hypq 0 Thpr.

First assume that the maps all coincide with Tz so that Pgl — hg (at a polynomial rate
in L?), P,Py,_1..P,_}, = Pg , where hg is the invariant density for T3 and Pg is the transfer
operator for T with respect to Lebesgue measure. Furthermore [p], = ¢ — m(p(T}F)) —
¢ — [ phgdz. Denote the H,, corresponding to this situation by Hg,,.

Note the terms PnPn,l...Pn,j([go]n_j_l
1Py Pt Prj([p],j PP |2 < jQT for some 7 > 1 for 8 < 1/4, by Proposition 1.3

P7I=11) decay at a polynomial rate in L2,

and Lemma 2.4. Note that C' and 7 may be taken as uniform over all Tj, if 3 is close to f3.

Combining this with the fact that Pg1 — hg in L? (and hence Pél — % in L? as both
hg and Pgl are bounded below by a positive constant? ), we see that given ¢ > 0 there
exists an IV such that for alln > N, Hg,, = %[Pg(h/ggp— [ phpdz) —G—Pg(hgcp — [ phgdz)+
et Pév(h[ggo — [ phgdz)] +v(B,n) where ||v(8,n)|2 <. We define Gg y = %[Pg(h/g(p -
[ whgdx) + P3(hgp — [ ohgdz) + ...+ P3' (hgp — [ phgdz)] so that Hg, = G n +7(8,n).

Now suppose ¢ is not a coboundary for T3. Denote by ]55 the transfer operator for T

with respect to the invariant measure dug = hgdx. Then ]Bg(cp) = %Pg(hggo) where Pg is
the transfer operator for T with respect to Lebesgue measure.

Hence -[Ps(hpy — [ phpdz) + P3(hgp — [ phgdz) + ... + Py (hsp — [ ohsda)] =
SN ]3/? [ — [ @dug). If ¢ is not a coboundary then Y 72, ]Bé“ l¢ — [ @dug] converges to a
coboundary Hpg so that

=g+ HgoTs— Hp
defines a martingale difference sequence {QZB o Tg}, where TZ,B # 0 in L? (as ¢ is not a
coboundary for Tj). Suppose |[1g]|2 > 7.

Choose N large enough that for all n > N, ||[Hg, — Hpg p+10713] — [ﬁg —ﬁgng]Hg < 35
and ||Hg — 3., PEle — [ wdug]ll2 < 35 - Then [jo(8,n)||2 > % for all n > N.

Now we consider a concatenation of maps T, where § is close to 3. The idea is to
break H,, into a sum of N terms uniformly close to G(8, N) (no matter what the sequence
of maps) and a small error.

Choose all g’s sufficiently close to S that when we form a concatenation of the maps

2These facts, in particular that Pg1 are uniformly in n bounded from below by a strictly positive constant,

are proved in [19].
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Tg, we have

k

1

pn1 [Pn([SO]n—l Pnil]—) + PnPn—l([‘P]n_Q Pn721) +..

1Gp.n —

+ Pnpnfl T Pn*N([so]n—N—l ,Pn_N_ll)} ||2 < %

We can do this as we have fixed N and the finite terms are continuous in L? as £ — £,
see [17, Theorem 5.1] and Lemmas 2.4, 2.7.

Recall we also have [|y(8,n)[|2 < g5 for all n > N.

Using the uniform contraction (7 and C' are uniform for T where 3 is in a small
neighborhood of 3) we have

1

Pn([@]n—l Pn_ll) + PnPn—l([SO]n—Q Pn_Zl) +..

+ PPy Poo ([0, v PPNl < %

for all n > N. Then [[¢y|]2 > {5 for all n > N and we have linear growth of variance for

the concatenation of maps as 02 = Y_7_, E[tb, o T"]2. |

5 Random compositions of intermittent maps

Suppose S = {T,,,...,Ty,} is a finite number of intermittent type maps as in Section 1,
with a; < %. We will take an iid selection of maps from S according to a probability vector
p = (p1,...,pe) where the probability of choosing map T, is p;. This induces a Bernoulli
measure v on the shift space Q := {1,... ,Z}N, where (i1,42,...,%n,...) corresponds to the
sequence of maps: first apply Ty, , then Ty, and so on. Writing elements of w € (2 as
sequences w := (wp,w1,...,Wn,...) the shift operator S : @ — Q, (Sw); = w;y1 preserves
the measure v.

This random system also induces a Markov process on [0, 1] with the transition prob-
ability function P(x, A) = Zle Pa;14(To,(z)). A measure p is invariant for the Markov
process if P*p = p. In this setting Bahsoun and Bose [5] have shown (among other results)
that there is a unique absolutely continuous invariant measure p and that if ¢ : [0,1] = R
is a Holder function then ¢ satisfies an annealed CLT for this random dynamical system in

the sense that if [ ¢d p =0 then

1 — 1 o2
v X w,x): — Tisivy, - Lwy,z) € A} — /e_%Qd:c
(v x Wf{(w,z) nj;w( (Siw)o - - - T(w)o®) € A} 7
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for some o2 > 0.

In fact the result of Bahsoun and Bose [5] also shows that this convergence is with
respect to (v x m) where m is Lebesgue measure on [0, 1]. This follows from a well known
result by Eagleson [10] which states the equivalence of the convergence in distribution for
measures which are absolutely continuous with respect to each other.

We will strengthen this to a quenched result: almost every realization of choices of
concatenations of maps (with respect to the product measure v), satisfies a self-norming CLT
provided ¢ is not a coboundary — up to a constant — for all maps (see the precise statement
below). First we show that, in this situation, v almost surely a random composition of a
finite number of intermittent type maps has linear growth of the variance. Therefore, we

can apply the CLT proven earlier.

Lemma 5.1 Assume o; < % forall1 <i </ and let

2
n

Rwi= [ (Yoot -mpoTd)| ds
j=1
where T stands for Tis5-10)0 © -+ © T{w)o-

If ¢ is not a coboundary (up to a constant) for one of the maps, i.e.

there exists an i such that ¢ # ¢ + 1 o T, — 1 for any measurable ¥ and any

constant c

then for v-almost every w there exists a C' > 0 (independent of w) and an integer N(w)
such that o2(w) > Cn for all n > N(w).

Remark 5.2 A similar cohomological condition was presented in [4] in the setting of two
random commuting toral automorphisms, and conditions on the maps are given under which

all ¢ # 0 have a linear rate of growth of variance.

Proof.

We will assume that ¢ is not a coboundary (up to constants) for one of the maps,
suppose, without loss of generality, that this map is T, .

Given any k, for v-a.e. w, the sequence of m consecutive applications of the map 7y,, will
occur in the sequence of composed maps prescribed by w at a fixed asymptotic frequency

of p.
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Now we consider T, as a fixed map. T,, has an absolutely continuous invariant prob-
ability measure p,, whose density h,, is in the cone Cy. We let (), denote the transfer
operator of T,, with respect to the invariant measure jo,. Then Qn,1 =1, Py, hay = hq,-

First we construct a martingale decomposition for ¢ using the transfer operator Qg
corresponding to the invariant measure p,, for 7,,,. Note that P, is the transfer operator of
T, with respect to Lebesgue measure m, so the relation between P,, and Qq, is Qq, (¢) =
ﬁPal(halgp), so Qn, (¢) = inl(hm«p) for all n > 0. Qq, has the same decay rate as
P,,.

Define

o
Hoy =) Qb [0 - /wdum] and - /wdual = Yoy + Hoy = Ho, © Ty
j=1

Although it will not be used, but note that {1, o Tj, } is a reverse martingale difference
scheme with respect to jio, and the decreasing filtration F,, := T "B, where B is the
o-algebra of Borel sets on [0, 1].

Since ¢ — [ @dpa, = Yo, + Ha, — Hq, 0 T, and there are no measurable solutions to
¢ =c+Hy, —H,, oT,, with c constant, the martingale difference function ,, is not zero,
50 [[Yaq[l2 > p > 0.3

Now we consider the analogous quantities defined by a concatenation of different maps,
not just iterates of Tj,,. We will use the notation from previous sections, so that P" :=
Py, 0Py,  o--0F, forsomesequence 7" :=Ty, oT,  o---0oTy, (leaving out the
dependence on w for convenience).

Defining as before

1

B = 5np |

Pn([ﬁp]n—l Pnill) + PnPn—l([SD]n—2 Pn721) +- o+ PoPao. .. Pl([%"]o 7301)]

and 1y, := [¢], +H,, —H,,110T}41, the sequence {1,,0 7"} is a reverse martingale difference
scheme for m and the decreasing filtration {7 "B}.

Our strategy is to show that if k is sufficiently large (independent of n) then ||, 1o —
Yoy ll2 < § and [[pqor1 — Yo ll2 < § every time that 1), 4or corresponds to the reverse
martingale difference produced by following any sequence of n maps chosen from S by 2k+1

applications of T, (i.e., the last 2k + 1 maps applied were T, ).

3Unless explicitly stated, L? stands for L2 (m), and conditional expectations are with respect to m.
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More precisely we will show that ||H,jor — Ho, |2 < £ and [|[Hyqor1 — Holl2 < £,
which will imply [[¢n12k — Yoy ll2 < § since Yo, — nior = [Hay 0 Ty — Hay] — [Hpqop41 0
Tw, —H,y2;]. The proof that [|[Hy,yop41 — Ha,ll2 < 5 is exactly the same as the proof that
[Hy g2k — Hoy ||l2 < {5, so we only give details in the latter case. In fact, to simplify notation
we consider 2k applications of the T, after n applications of any sequence of maps from S.

Once we have established this, by Lemma 2.1,
~ DB o) = /w? Pi(1
j=1

and hence (since P7(1) is bounded away from zero) there is linear growth as for any integer
r, r consecutive applications of T,, will occur with an asymptotic frequency of p/ for v a.e.
w.

To set the stage for our estimates we make the assumption that n maps have been

applied followed by 2k applications of T, and write

1 - —
Hyion = W[Pnﬂk([ﬂnwkq P2 + Prpor Prgok—1([0] oo P"T24721)

4+ 4+ Pn+2kpn+2k'—1 cee Pl([SO]O ’PO]_)]

as

Hn+2k’ = A(kvn)[B(ka n) + C(k7n)]

where A(k,n) 1= mizg, B(k,n) := Z?:o PoyokPoror1- - Poyor—j([@),yonj o PPT2771)
and C'(k,n) := Z?Jrl?ill PuyorPoror—1 - Prsok—j ([0 sop_j PPTH7710).

Recall that Y27, Qb [¢ — [ @dia) = 5t[Pay(hay® — hay [ 9haydz) + P2, (hayp —
hay [ ©haydz) + ...+ P (ha,¢ — ha, [ ¢ha,dz)] converges to Hy, at a polynomial rate in
L2,

We define a(k) := t (which does not actually depend on k), 5(k) := Py, (haye —
hay [ ©hadz) + P2 (hay@ — hay [ @ha,dz) + ... + PE (hay o — ha, [ pha,dz) and y(k) ==
Z.?O:k+2 P& [0y = hay [ dpia,]-

We will show that as k increases, uniformly in n, ||A(k,n) — a(k)|2 — 0, ||B(k,n) —
Bk)ll2 = 0, [C(k,n)lla = 0 and [|y(k)[2 = 0. As Ha, = a(F)[(k) + (k)] and Hy 9 =
A(k,n)[B(k,n)+ C(k,n)] this implies (because A(k,n) and a(k) are uniformly bounded in
L) that |Hyyor — Ha,ll2 < {5 for sufficiently large k.

We first consider the terms A(k,n) and a(k).
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For any j and any sequence of j maps Taij o Toéji1 o--- 0T, chosen from S the

corresponding transfer operator with respect to Lebesgue measure Pi = Paij o Paij,l 0---0

P, (again, we leave out the dependence on w for notational convenience) has the property
that P71 lies in the cone Cy and f Pildr = 1.

Furthermore for any n
P%[ho, —P"1] — 0 as k — o0

in L? at a uniform polynomial rate, in fact |P?*[ha, — P"1]||2 < C where C' and
a1 1 77

_ 1
(2k)1+ﬂ
are uniform over P™1.

Hence — % in L? at a polynomial rate as both h,, and P2FP"1 are uniformly
a1

1
P2FPr1
bounded below by a positive constant. Thus there exists C'y > 0 such that for all £ and n

1 1
C
I et ~ oI < Crigrms
This is the same as
1

HA%m%ﬂKMMSCWﬂﬁg

Now we consider C'(k,n) and (k).
The terms Py Pn—1...Pn—j([¢],,_;_1 P"_j_ll) decay at a polynomial rate in L?, in fact
[ PoPrt.-- P[], 1 Pri—11)|. < H,, Note that C' and n may be taken as uniform

over all choices of T, in the concatenation. Hence

Cs

IC (R, )2 < 2he

Similarly

Bl <

Finally we consider the terms B(k,n) and S(k). Observe that

(k n ZPJ_H |: n+2k—j—1 Pn+2k_j_11) - (halsp - hal /@haldx)}

where the terms in square brackets have Lebesgue integral zero and are “uniformly” differ-

ences of functions in the cone Cy (see Corollary 2.6). Therefore
’ C

< .
1

2

Po]:rl |:([(p]n+2kj1 ,PnJerijill) - (hoqu - hoq /(Phozldx)]
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uniformly over n, k and j.

Hence uniformly over n,
Co
1B(k,n) = BRIz < 555
To summarize: we have shown that if we choose k large enough then ||H, o1 — Hq, ||2 <
{5 and |H,j2r, — Ha,ll2 < {5, hence |[¢nqorll2 > §, whenever, independently of n, the
last 2k + 1 maps in the sequence are all T,,,. This implies linear growth in the random
composition setting as almost all choices of maps will have 2k + 1 long sequences of the map

T, at a fixed frequency p?kﬂ. |

The next theorem is an immediate consequence of the previous Lemma and Theorem 3.1.

Theorem 5.3 If a; < % for all 1 < i < { and ¢ is not a coboundary (up to constants) for
one of the maps T,, then o2(w) > Cn for some C >0 andn > N(w), and hence ¢ satisfies

a CLT, for v almost every sequence w of maps.

6 Appendices

6.1 Sprindzuk’s Theorem.

We recall the following result, as formulated by W. Schmidt [21, 22] and stated by
Sprindzuk [23]%:

Theorem 6.1 ([23, page 45, Lemma 10]) Let (2, B,u) be a probability space and let
fr(w), (k =1,2,...) be a sequence of non-negative p measurable functions and gy, hy be
sequences of real numbers such that 0 < g, < hy <1, (k=1,2,...,). Suppose there ezists

C > 0 such that )

/ o kW) —a) | du<C >

m<k<n m<k<n

for arbitrary integers m < mn. Then for any e >0

S h@ = 3 g+ 0(0"2(n)log¥* 0(n))

1<k<n 1<k<n

for p-a.e. w € Q, where ©(n) =3 4o, I

*Quoting Sprindzuk [23]: “The Lemma is abstracted from the work of W. Schmidt, and is based on the

idea of the well-known method of Rademacher in the theory of orthogonal series.”
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6.2 Proof of Lemma 3.5

Proof. For simplicity of notation we discuss only the case k = 1; the general case is
the same, since we use the n Perron-Frobenius maps in P}’ only for the decay given by
Theorem 1.2.

The idea is to write [P'1H; [¢], — P'1m(([¢], H;) o T")] as a difference of 2i functions

in the cone of the same integral. By writing explicitely H; we get

i k—1
[P'1H; [¢],—P 1m(([¢]; H; = D TPk PF1) [, = Pam(([);, Hi) 0 T7)
k=1 j=0
i k—1 k—1 . )
kzl}_lopz il PR Pllzm zP21 Hopij([so]i_kpl_ll)oﬂ)
—Z[ (6l P = Pl S PE () P 0 T

Call Cr; := m(([¢]; 37 Pr ([l P71) o T7); then consider the quantity

i Pl

(+) = [l P (@) PF1) = PLC,.
Since [p], ; € C! and P"*1 € Cy we can write by Lemma 2.4
[l kPR L= Fyp — Giy,

with F;_p,Gi_r € Cs. By the invariance of the cone, the functions hgl_)k =

Pt i Fick hg )k = PF . 1Gi_ are still in the cone, and we rewrite (*) as

(*) - [‘P]l hgl_)k - [SO]Z hgi)k - i,kpil-

Although the functions (in the cone), F;_i, G;_ are not of zero mean, we can still apply
Lemma 2.4 and split the product of [p], with them into the differences of two new functions

belonging to the cone, namely
¢l = MO, - M2 ) hZ = N, - NE)
with M2, N1 € Cy. We finally have
(#) = M+ N2 = M2+ NS+ CoaPi] 2= R — S
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where the functions R;j, S; ) are in the cone and have the same expectation. Before con-
tinuing, let us summarize what we got
i
[P'1H, ], — PAm(([¢], Hi) o T)] = > (Ri — Si)-
k=1

By taking the power P™ on both sides we have by our Theorem 1.2 on the loss of memory

and Proposition 1.3

. . . i _ 1 1l—«a
1P (P18 o), = P am(([]; H) o TON) llp < Y Capl([Rillat 1 Sikll)m 2" (logm)=v=er
k=1

i

From Lemma 2.4, one observes that if we have ¢ € C'([0,1]) and H € Co the splitting
©H = A — B, with A, B € Cy is such that the functions A, B depend only on the C! norm
of ¢ and the integrals m(H),m(pH). In our case since [¢], (z) = @(x) — m(p o T?), we
have that || [¢], [[c1 < |l¢||ct; moreover, at each application of Lemma 2.4, the function H

is either P'1 or obtained by applying P to a function obtained in the previous step and

which only depends upon |¢[/c1; in conclusion the norms || R; k|1, || Si k|1 are bounded by
a function C, which only depends on the choice of the observable ¢. We finally get

l1—«

IP™ (P'L[H; ], — m(([gls Hi) o T))) [lp < i Caup Cp 775 (logrm) e
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