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ABSTRACT. We establish almost sure invariance principles, a strong form of
approximation by Brownian motion, for non-stationary time-series arising as
observations on dynamical systems. Our examples include observations on
sequential expanding maps, perturbed dynamical systems, non-stationary se-
quences of functions on hyperbolic systems as well as applications to the shrink-
ing target problem in expanding systems.
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1. INTRODUCTION

A recent breakthrough by Cuny and Merlevede [13] establishes conditions under
which the almost sure invariance principle (ASIP) holds for reverse martingales.
The ASIP is a matching of the trajectories of the dynamical system with a Brownian
motion in such a way that the error is negligible in comparison with the Birkhoff
sum. Limit theorems such as the central limit theorem, the functional central limit
theorem and the law of the iterated logarithm transfer from the Brownian motion
to time-series generated by observations on the dynamical system.

Suppose {U;} is a sequence of random variables on a probability space (X, 1)
with p(U;) = 0 for all j. We will say (U;) satisfies the ASIP if there is a sequence
of independent centered Gaussian random variables (Z;) such that, enlarging our
probability space if necessary,

N U;=Y2j+0(e,77)
j=1 j=1
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almost surely for some v > 0 where

> ElZf =0,
j=1

for some 0 < 7 < 1.
If (U;) satisfies the ASIP, then (U;) satisfies the (self-norming) CLT and

1 n
— > U; = N(0,1)
O “
Jj=1
where the convergence is in distribution.
Furthermore if (U;) satisfies the ASIP, then (U;) satisfies the law of the iterated

logarithm and
n

limsup[z Uj1/v/onloglog(o,) =1

while .

hrnnmf[jz1 U]/ ox loglog(o,,) =
In fact there is a matching of the Birkhoff sum Z?:1 U; with a standard Brownian
motion B(t) observed at times t,, = o2 so that > =1 Uj = B(tn) (plus negligible
error) almost surely.

In the Gordin [15] approach to establishing the central limit theorem (CLT),
reverse martingale difference schemes arise naturally.

We recall the definition of a reverse martingale difference scheme. Let B;, i > 1,
be a decreasing sequence of o-algebras, B;11 C B;. A sequence of square-integrable
random variables (X;) is a (with respect to (B;)) if:

(1) X; is B; measurable.
(2) E[X;|Bis1] = 0.

If X, is a stationary reverse martingale difference scheme, under mild conditions,
ﬁ > i—1 X satisfies the CLT.

To establish distributional limit theorems for stationary dynamical systems, such
as the central limit theorem, it is possible to reverse time via the natural extension
and use the martingale central limit theorem in backwards time to establish the
CLT for the original system. This approach does not a priori work for the almost
sure invariance principle, nor for other almost sure limit theorems. To circumvent
this problem Melbourne and Nicol [25,26] used results of Philipp and Stout [31]
based upon the Skorokhod embedding theorem to establish the ASIP for Hoélder
functions on a class of non-uniformly hyperbolic systems, for example those modeled
by Young Towers. Gouézel [I7] used spectral methods to give error rates in the
ASIP for a wide class of dynamical systems, and his formulation does not require
the assumption of a Young Tower. Merlevéde and Rio [27] established the ASIP
for a broader class of observations, satisfying only mild integrability conditions, on
piecewise expanding maps of [0, 1].

We will need the following theorem of Cuny and Merlevede:

Theorem 1.1 ([I3] Theorem 2.3]). Let (X,) be a sequence of square-integrable
random variables adapted to a non-increasing filtration (Gp)nen. Assume that
E(Xu|Gnt1) = 0 a.s., that o2 := >"_, E(X?) = oo and that sup,, E(X?) < oc.
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Let (an)nen be a non-decreasing sequence of positive numbers such that (an/0?)nen
is non-increasing and (an/on)nen s non-decreasing. Assume that

n

(A) S (B(XEGh11) — E(XD) = olan)  P-as,
k=1

(B) Z a, "E(|X,|?) < oo for some 1< v < 2.
n>1

Then enlarging our probability space if necessary it is possible to find a sequence
(Zk)k>1 of independent centered Gaussian variables with E(Z?) = E(X}) such that

k k

sup ZXi_ZZi

= 0((an(| log(c2 /a,)| + log log an))l/z) P-a.s.
Isksn =y i=1

We use this result to provide sufficient conditions to obtain the ASIP for Holder
or BV observations on a large class of expanding sequential dynamical systems. We
also obtain the ASIP for some other classes of non-stationary dynamical systems,
including ASIP limit laws for the shrinking target problem on a class of expanding
maps and non-stationary observations on Axiom A dynamical systems.

In some of our examples the variance o2 grows linearly 02 ~ no? so that S,, =
>S5y ¢j o T7 is approximated by -7, Z;j(= B(o®n)) where Z; are iid Gaussian
all with variance o and B(t) is standard Brownian motion. We will call this case
a standard ASIP with variance o2.

In other settings, like the shrinking target problem, o2 does not grow linearly.
In fact we don’t know precisely its rate of increase, just that it goes to infinity. In
these cases S, = Y7, Uj is approximated by Y7, Z; = B(07.) where the Z; are
independent Gaussian but not with same variance, in fact Z; = B (032'+1) -B (sz) is
a Brownian motion increment, the time difference (equivalently variance) of which
varies with j.

Part of the motivation for this work is to extend our statistical understanding
of physical processes from the stationary to the non-stationary setting, in order to
better model non-equilibrium or time-varying systems. Non-equilibrium statistical
physics is a very active field of research but ergodic theorists have until recently
focused on the stationary setting. The notion of loss of memory for non-equilibrium
dynamical systems was introduced and studied in the work of Ott, Stenlund and
Young [29], but this notion only concerns the rate of convergence of initial distri-
butions (in a metric on the space of measures) under the time-evolution afforded
by the dynamics. In this paper we consider more refined statistics on a variety of
non-stationary dynamical systems.

The term sequential dynamical systems, introduced by Berend and Bergelson [7],
refers to a (non-stationary) system in which a sequence of concatenation of maps
TioTy_10...0T acts on a space, where the maps T; are allowed to vary with 1.
The seminal paper by Conze and Raugi [12] considers the CLT and dynamical
Borel-Cantelli lemmas for such systems. Our work is based to a large extent upon
their work. In fact we show that the (non-stationary) ASIP holds under the same
conditions as stated in [I2, Theorem 5.1] (which implies the non-stationary CLT),
provided a mild condition on the growth of the variance is satisfied.

We consider families F of non-invertible maps T, defined on compact subsets X
of R% or on the torus T? (still denoted with X in the following), and non-singular
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with respect to the Lebesgue or the Haar measure, i.e. m(A4) #0 = m(T(A)) #
0. Such measures will be defined on the Borel sigma algebra B. We will be mostly
concerned with the case d = 1. We fix a family F and take a countable sequence
of maps {Ty}x>1 from it: this sequence defines a sequential dynamical system. A
sequential orbit of x € X will be defined by the concatenation

(1.1) Ton(z):=Tyo0---0Ti(x), n>1.

We denote with P, the Perron-Frobenius (transfer) operator associated to T, de-
fined by the duality relation

/Pafgdm:/fgoTadm, forall f € L, ge L.
M M

Note that here the transfer operator P, is defined with respect to the reference
measure m; in later sections we will consider the transfer operator defined by duality
with respect to a natural invariant measure.

Similarly to (II]), we define the composition of operators as

(1.2) P, =P,0---0P, n>1.

It is easy to check that duality persists under concatenation, namely

/Mg(ﬁ) fdm:/Mg(Tno---oTl) fdm
(1.3)

= [ aPiooPipydm = [ g (Pug) dm.

To deal with probabilistic features of these systems, the martingale approach is
fruitful. We now introduce the basic concepts and notation.

We define B,, := 7, 1B, the o-algebra associated to the n-fold pull back of the
Borel o-algebra B whenever {T}} is a given sequence in the family F. We set
Beo = N> T 'B as the asymptotic o-algebra; we say that the sequence {T}}
is ezact if B is trivial. We take f either in £} or in £5° whichever makes
sense in the following expressions. It was proven in [I2] that for f € Z2° the
quotients |P,, f/Pn1| are bounded by ||f|loc on {P,1 > 0} and P, f(z) = 0 on the
set {P,1 = 0}, which allows us to define | P, f/P,1| = 0 on {P,,1 = 0}. We therefore
have, the expectation being taken w.r.t. the Lebesgue measure:

(1.4) B(/IB) = () o7,

Py Pa(fPil)

(15) E(T|B) = (2

YoTk, 0<I<k<n.

Finally the martingale convergence theorem ensures that for f € ZL there is
convergence of the conditional expectations (E(f|B,,))n>1 to E(f|Bs) and therefore

Pnf

n—00 w1

)07;1 _E(f‘Boo)Hl =0,

the convergence being m-a.e.
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2. BACKGROUND AND ASSUMPTIONS

In [12] the authors studied extensively a class of § transformations. We consider a
similar class of examples and we will also provide some new examples for the theory
developed in the next section. For each map we will give as well the properties
needed to prove the ASIP; in particular we require two assumptions which we call,
following [12], the (DEC) and (MIN) conditions.

To introduce them we first need to choose a suitable couple of adapted spaces.
Due to the class of maps considered here, we will consider a Banach space V C £}
(1 € V) of functions over X with norm || - ||4, such that ||¢]lcc < C||®]la-

For example we could let V be the Banach space of bounded variation functions
over X with norm ||- || gy given by the sum of the .#}, norm and the total variation
| - |pw. or we could take V to be the space of Lipschitz or Holder functions with the
usual norm.

Property (DEC). Given a family F of non-invertible non-singular maps of a
compact Riemannian manifold there exist constants C' > 0,4 € (0, 1), such that

for any n and any sequence of transfer operators P,, - , P corresponding to maps
chosen from F and any f € V of zero (Lebesgue) mean/y we have
(2.1) 1Puo--oPifla < CH"[fla-

Property (MIN). There exists § > 0 such that for any sequence P,,---, Py in F
we have the uniform lower bound

. ' o > 6, > 1.
(2.2) xlél{/lpo oP1(z) >, VYn>1

3. ASIP FOR SEQUENTIAL EXPANDING MAPS OF THE INTERVAL

In this section we show that with an additional growth rate condition on the
variance the assumptions of [I2, Theorem 5.1] imply not just the CLT but the
ASIP as well. We write E[¢] for the expectation of ¢ with respect to Lebesgue
measure.

Let V be a Banach space with norm ||.|| such that ||@]lcc < C||@||a- If (¢n) is a
sequence in V define 02 = E(}_1"_, &i(T; - --T1))? where ¢, = ¢ —m(d(Ty, -~ T1)).

Theorem 3.1. Let (¢,) be a sequence in V such that sup,, ||pnlla < oco. As-
sume (DEC) and (MIN) and o, > n'/**9 for some 0 < § < 1. Then (¢, o Tp)
satisfies the ASIP, i.e. enlarging our probability space if necessary it is possible to
find a sequence (Zy)r>1 of independent centered Gaussian variables Zj, such that
for any B <9

k

k
sup ‘Zéz(Tle) _ZZi| =o(ol7") m-a.s.

Isksn Gy i=1
Furthermore Y7, E[Z7] = o7 4 O(ay,).
Proof. As above let P,, = P, P,,_1 --- P, and define as in [I2] the operators @, ¢ =

P (¢Prn—11)
Pnl :

L Actually, the definition of the (DEC) property in [12] is slightly more general since it requires
the above property for functions in a suitable subspace, not necessarily that of functions with zero
expectation.
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It follows by a direct calculation that in particular @, T,,¢ = ¢ and E[¢poTi|Bi] =
(Qk@)(Th), so that Qe = 0 implies E[¢ o T |By] = 0.

For convenience, and with a slight abuse of notation, we define the operator
Tri1hnt1 = hpy1 0 Thyr. With h, defined by

hn = Qn&n—l + QnQn—l&n—2 +---+ QnQn—l to qugo
we then obtain that
wn = ¢n + hn - Tn+1hn+1

satisfies @11, = 0. For convenience let us put U,, = 7,1, where T,, denotes the
operator T,1, = 1, o T, where, as before, T,, = T}, o --- o Ty. Thus, as established
by Conze and Raugi [12], (U,,) is a sequence of reversed martingale differences for
the filtration (B,,). Note that

(3.1) DU =Y 65(T5) + ha(Ti) = hn(Taga)

j=1 j=1
and ||hy || is uniformly bounded. Hence

2

ZUj = Z&y + (M (T7) = b1 (Tos))?
=1 =1

n

+2 Z% (T5) | (1(T2) = 1 (Tasa)
and integration yields
ZUj :UEL_‘_O(O-TL)’

where we used that h,, is uniformly bounded in £ (and o,, — 00). Since [U;U; =
0if i # j one has 377, E(U?)=E (23:1 Uj) =02+ O(0,).
In Theorem [T}, we will take a,, to be a2~¢, for some € > 0 sufficiently small (e <

26 will do) so that a2 > n'/29 for all large enough n, where § > 0. Then a, /0?2
is non-increasing and a,, /o, is non-decreasing. Furthermore Conze and Raugi show

2 _ Prt1(¥3iPil) . .
that E[U7|Bi+1] = 77“1(773“11 ) and in [I2] Theorem 4.1] establish that

1Y BB ~ B dm < e0 Y E(UD) < cao?
k=1 k=1

for some constants ci,co > 0. This implies by the Gal-Koksma theorem (see
e.g. [34]) that

> E(UR|Bis1) — E(UR) = o(a}t) = o(an)
k=1
m-a.s. for any n € (0,2 — ). Thus with our choice of a,, we have verified condi-

tion (A) of Theorem [[Jl Taking v = 2 in condition (B) of Theorem [[I] one then
verifies that -, -, a, " E(|U,[*") < oc.
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Thus U, satisfies the ASIP with error term o(c}~#) for any 8 < §. This concludes
the proof since in view of (1) and the fact that the terms involving hy, telescope
and ||hy, || is uniformly bounded, the ASIP for U,, implies the ASIP for (¢;07;). O

4. IMPROVEMENTS OF EARLIER WORK

We collect here examples for which a self-norming CLT was already proven, but
actually a (self-norming) ASIP holds if the variance grows at the rate required by
Theorem [3.11

Conze and Raugi [12, Remark 5.2] show that for sequential systems formed by
taking maps near a given S-transformation with # > 1, by which we mean maps
Tg with 3/ € (8 — 6,8 + ¢) for sufficiently small 6§ > 0, the conditions (DEC)
and (MIN) are satisfied and if ¢ is not a coboundary for T, then the variance for
¢ € BV grows as \/n.

Néndori, Szdsz and Varju [28, Theorem 1] give conditions under which sequential
systems satisfy a self-norming CLT. These conditions include (DEC) and (MIN)
(the maps all preserve a fixed measure p, so one can use the transfer operator with
respect to p), and their main condition gives the rate of growth for the variance
(see [28, page 1220]). If this rate satisfies the requirement of Theorem Bl then
for such systems the ASIP holds as well. Such cases follow from their Examples
1 and 2, where the maps are selected from the family T,(z) = az(mod 1), a > 2
integer, and Lebesgue as the invariant measure. Note however that their Example
2 includes sequential systems whose variance growth is slower than any power of n,
but still satisfy the self-norming CLT.

5. ASIP FOR THE SHRINKING TARGET PROBLEM: EXPANDING MAPS

We now consider a fixed expanding map (T, X, ) acting on the unit interval
equipped with a unique ergodic absolutely continuous invariant probability mea-
sure u. Examples to which our results apply include S-transformations, smooth
expanding maps, the Gauss map, and mixing Rychlik-type maps. We will de-
fine the transfer operator with respect to the natural invariant measure p, so that
J(Pfgdp= [ fg(T)du for all f € £ (), g € L>(p).

We assume that the transfer operator P is quasicompact in the bounded variation
norm so that we have exponential decay of correlations in the bounded variation
norm and ||P"¢||gy < C0"|¢| gy for all ¢ € BV (X) such that [ ¢dp = 0 (here
C >0 and 0 < 0 < 1 are constants independent of ¢).

We say that (T, X, u) has exponential decay in the BV norm versus .Z!(p) if
there exist constants C' > 0, 0 < § < 1 so that for all ¢ € BV, ¢ € .£(uu) such

that [ ¢dp = [+ dp=0:
] [ovor du} < co™gllsvllvl:

where |[¢[|1 = [ [1|du. If the density 92 of ;1 with respect to Lebesgue measure
m is strictly bounded below, 5_51 > ¢ > 0 for some constant ¢, then ||P"¢|py <
CO"||¢|| gy implies exponential decay in the BV norm versus #(u); see for in-
stance [9, Proposition 3.1]. Suppose ¢; =1 4, are indicator functions of a sequence
of nested intervals A;, where p is the unique invariant measure for the map 7.
The variance is given by o2 = u(31, ¢; o TH)?, where ¢ = ¢ — pu(¢) and

E, = Z?:l u(¢j).
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Theorem 5.1. Suppose (T, X, p) is a dynamical system with exponential decay in
the BV norm versus £1(u) and whose transfer operator P satisfies |P"¢||py <
C0"||¢|l gy for all ¢ € BV (X) such that [ ¢du = 0. Suppose ¢; = 14, are indicator
functions of a sequence of nested sets A; such that sup,, ||¢nll v < 00, n(A4,) >n="7
for some v > 0 and E, := Z;.l:l = u(Ay,) diverges. Then (¢, 0 T™)n>1 satisfies
the ASIP, i.e. enlarging our probability space if necessary it is possible to find a
sequence (Zi)k>1 of independent centered Gaussian variables Zy such that for all

1
B<3
sup \E $ioT — g Zi| = o(c}7?) [-a.s.

1<k<n =S
Furthermore > i | E[Z? = o2 + O(Un).

Proof. From 22, Lemma 2.4] we see that for sufficiently large n, 02 > E,, (note
that there is a typo in the statement of [22] Lemma 2.4] and limsup should be
replaced with liminf). We follow the proof of Theorem [B.1] based on [12] Theorem
5.1] taking T}, = T for all k, m as the invariant measure p and f,, = 14, . Note that
conditions (DEC) and (MIN) are satisfied automatically under the assumption that
we have exponential decay of correlations in BV norm versus .Z! and the transfer
operator P is defined with respect to the invariant measure p in the usual way by
[(Pfgdu = [ fg(T)dp for all f € L (u), g € £L>°(n). Hence P1 = 1 and in
particular |Pdle < |¢|oo. We write P™ for the n-fold composition of the linear
operator P. Let ¢; = ¢; — ju(¢;). As before define h,, = > Pid,_; and write

Y = &n"’hn _hn+1 oT.
Again, for convenience we put
Un = 'l/}n o™

so that (U,) is a sequence of reversed martingale differences for the filtration ( n)
As in the case of sequential expanding maps one shows that > . | E[U?] = 02 +
O(op). Condition (A) of Theorem [Tl holds exactly as before.

In order to estimate p(|U,|*) observe that by Minkovski’s inequality (p > 1)

n—1
Mol < D 1P Gnijllp,

J=1
where
| P bn—jllp < 1P pn—jllBv < 19| dn-1lBv < c2¥?

for all n and j < n. For small values of j we use the estimate (as |¢n_j|oo < 1)

[1Prans] < [|Prdss] < [ Py + utaey)
— [ nmso T+ uAomy) = 2u(A0y).

If we let g, be the smallest integer so that ¥ < (/QL(An,qn))%, then

dn

[hallp < Z 2u(An—j))7 + Z e’ < caqn (1(An—q,))
j=1

J=dn

B =
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A similar estimate applies to h,11. Note that g, < c4logn for some constant cy.
Let us put p = 4; then factoring out yields

/ = O(u(An)) + [ — B Tl = O(u(An)) + O 41 1(An_g.)).

Let a < 1 (to be determined below) and put a,, = Ej, where E,, = >0, u(4;).
Then

w(U, )+ qn+1N(An—qn)
< ¢ Z E2a
E 4

Qn+1.u n— (In) /" log™ =

< cg <ec7 dx.
Z E?zaqn ; B, 2o
Since
2a 2a

E2- . L —~ o -
A > oAz | =Y i | zen®

which converge if & > 1. We have thus verified condition (B) of Theorem [l with

1-8
the value v = 2. Thus U, satisfies the ASIP with error term o(E,> ) = o(o}™#)
for any 5 < %

Finally

e conclude that (¢;(77)) satisfies the ASIP with
([

and as |hy,| is uniformly bounde
error term o(o}=?) for all B < 152

"‘Cu

Remark 5.2. The bound u(An) >n~7, v € R, weakens the conditions under which
the CLT has been proven in [I2,22], namely p(A4,) > £ for some n.

6. ASIP FOR NON-STATIONARY OBSERVATIONS
ON INVERTIBLE HYPERBOLIC SYSTEMS

In this section we will suppose that B, is the Banach space of a-Hé6lder functions
on a compact metric space X and that (T, X, u) is an ergodic measure preserving
transformation. Suppose that P is the .#? adjoint of the Koopman operator U,
Up = ¢ oT, with respect to p. First we consider the non-invertible case and
suppose that [|[P"¢|o < CU™||¢[|o for all a-Holder ¢ such that [¢dp = 0 where
C > 0 and 0 < ¥ < 1 are uniform constants. Under this assumption we will
establish the ASIP for sequences of uniformly Holder functions satisfying a certain
variance growth condition. Then we will give a corollary which establishes the ASIP
for sequences of uniformly Holder functions on an Axiom A system satisfying the
same variance growth condition.

The main difficulty in this setting is establishing a strong law of large numbers
with error (condition (A)) for the squares (U?) of the martingale difference scheme.
We are not able to use the Gal-Koksma lemma in the same way as we did in
the setting of decay in bounded variation norm. Nevertheless our results, while
clearly not optimal, point the way to establishing strong statistical properties for
non-stationary time-series of observations on hyperbolic systems.
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Theorem 6.1. Suppose (T, X, u) is a non-invertible ergodic measure preserving
transformation of a Riemannian manifold X and ||P"¢|oa < CO"||@||a for all a-
Holder ¢ such that [ ¢dp =0 where C > 0 and 0 < ¥ < 1 are uniform constants.

Suppose {¢;} is a sequence of a-Holder functions such that [ ¢;du = 0 and
sup; [|#jlla < C1 for some constant Cy < co.

Let 0% = f(z _, ¢; 0 T7)2%du and suppose that a2 > Can® for some § > r L
and a constant C’g < o0. Then there is a sequence of centered independent Gausszan
random variables (Z;) such that, enlarging our probability space if necessary,

iqﬁj 0TI = iZj + O(aL=?)
j=1

W almost surely for any B < \/Z*l.
Furthermore Y | E[Z%] = 02 4+ O(0,,).

Proof. Define h,, = Pp,_1 + P2¢,_o + --- + P"¢ and put
wn - ¢n+hn _thrl oT.

Note P, = 0 and that ||h,|]| = O(1) for n > 1 by the same argument as in
the proof of Theorem 5.1l The sequence U, = 1, o T" is a sequence of reversed
martingale differences with respect to the filtration F,,, where F,, = T~ "F;. We
will take a,, = 027 where 1 > 0 will be determined below. Since [|¢);]|o = O(1) and
consequently ||Uj|lo = O(1) we conclude that

W) i i
RCCLI P SR T
n n n n n

provided 7 > g5. In this case condition (B) of Theorem [T is satisfied for v = 2.
In order to verify condition (A) of Theorem [Tllet us observe that E[UZ|F;i1] =
B2 0 T9|F; 1] = Py 0 T9) 0 T34 = (PIFIUT2) o TIH = (PY2) 0 TH. Wo
now shall prove a strong law of large numbers with rate for the sequence F [U | Fjt1]-

52
For simplicity of notation we denote E[sz‘fj_lrl] by U; .
~ 2
Let us write S, = >3/, [U; — u(U?)] for the LHS of condition (A) in The-

orem [T Then p; = [Shdu = [(X]), (jj2 — E[U?])? du satisfies by decay of
correlations the estimate p2 = O(n), where we used that ||Uj2||a = O(1). Hence

by Chebyshev’s inequality

e

as 02 = O(n®). Since § is never larger than 2, we have 276 — 1 < 1. Then along a
subsequence f(n) = [n¥] for w > wy = 27]5%1 > 1 we can apply the Borel-Cantelli

n
>< p” 1og n < czn~ 3D log?n
lg on'

lemma since P(|Sf(n)| > U??n)/bg f(n)) is summable as > n~“@1-"Dlog?n <
2r1

co. Hence by Borel-Cantelli for p-a.e. z € X, |[Syp)(z)| > 10;}7&) only finitely

often.
In order to control the gaps note that [(n + 1)¥] — [n¥] = (’)( ~1) and let
k € (f(n), f(n+1)). Since along the subsequence Sy,y = o(o 7(7 )) we conclude
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that Sy = o(a}%?n)) +O(n“~1) as there are at most n“~! terms Uj2 —E[U?]=0(1)
in the range j € (f(n), kJ.
Choosing w > wy close enough to wy we conclude that

Slc—o( flny T 1) :o( LU D“) o(ai"),

for n > no where g satisfies 21 = (wo —1)% = 2 517‘15% which implies no = 3, with
— Vi7-1
Yo = 4 .

This concludes the proof of condition (A) with a,, = ¢27. Also note that 7
is larger than o5 which ensures condition (B). Thus {U;} satisfies the ASIP with
error O(oL™P) for 0 < B < By =1 —1mo = 1 — 2 and hence so does {¢; o T7}.
In particular we must require § to be bigger than -y (which is slightly larger than

5. .

We now state a corollary of this theorem for a sequence of non-stationary obser-
vations on Axiom A dynamical systems.

Corollary 6.2. Suppose (T, X, u) is an Aziom A dynamical system, where u is
a Gibbs measure. Suppose {¢;} is a sequence of a-Hélder functions such that
J #5 du=0 and sup, ||¢;]|o < oo for some constant C. Let U%:f(zyzl ¢ 0T™)du

and suppose that o2 > Cn® for some § > @ and a constant C < oco. Then
there is a sequence of centered independent Gaussian random variables (Z;) and a
v > 0 such that, enlarging our probability space if necessary,

D 6T =3 Zi+0(0,7")
j=1 j=1

w almost surely for any B < r V171
Furthermore Y | E[Z?] = on + O(oy).

Proof. The assumption U% > Cn® for some 6§ > ‘/1_171 agrees with Theorem
The basic strategy is now the standard technique of coding first by a two-sided shift
and then reducing to a non-invertible one-sided shift. There is a good description in
Field, Melbourne and T6rok [14]. We use a Markov partition to code (T, X, ) by a
two-sided shift (o, (2, v) in a standard way [8,80]. We lift ¢; to the system (o, 2, v)
keeping the same notation for ¢; for simplicity. Using the Sinai trick [14] Appendix
A] we may write

¢j = +vj —vjp100
where 1); depends only on future coordinates and is Holder of exponent /v if ¢;
is of exponent a. In fact [|¢;]| 5z < K and similarly [lv;|| 5z < K for a uniform
constant K.
There is a slight difference in this setting to the usual construction. Pick a Holder
map G : X — X that depends only on future coordinates (e.g. a map which locally
substitutes all negative coordinates by a fixed string) and define

=Y or(0""x) — gi(c" " Ga).

k>n

It is easy to see that the sum converges since

6 (0* ") — ¢ (c" " Gx)| < CN | di]la
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(where 0 < A < 1) and that ||v,||o < C2 for some uniform Cs.
Since

bn — VU + Vpg1 00 = ¢ (Gx) + Z[@g(ak*"Gx) — (0" "Gox))

k>n

defining ¥, = ¢, — vy, + V41 © 0 We see ¥, depends only on future coordinates.
We let Fy denote the o-algebra consisting of events which depend on past coor-
dinates. This is equivalent to conditioning on local stable manifolds defined by the
Markov partition. Symbolically Fy sets are of the form (s s * % .wowy * * * %) where
x is allowed to be any symbol.
Finally using the transfer operator P associated to the one-sided shift

o(xory ... Tp...) = (r122... Ty ...)

we are in the set-up of Theorem As before we define h,, = Pt,_1 + P%,_o+
-+ 4+ P™)g and put
Vo :¢n+hn_hn+1oT~

The sequence U,, = V,, o T™ is a sequence of reversed martingale differences with
respect to the filtration F,,, where F,, = 07" F,. In fact (UP)f = E[f|loc"'Fy] oo
while (PU)f = f (this is easily checked; see [I4, Remark 3.1.2] or [30]).

Thus U, satisfies the ASIP with error term o(o}~#) for 8 € (0,1 — 3¢). Hence
t, o T™ satisfies the ASIP with error term o(a:=7).

Finally

S 65 =3 w(T9) + [vo — v 0 0" ]
§=0 j=0

as the sum telescopes. As |v,| < C we have the ASIP with error term o(c}~#) for
the sequence {¢,, o T™}. This concludes the proof. a

7. FURTHER APPLICATIONS

We consider here maps for which conditions (DEC) and (MIN) are satisfied,
but in order to guarantee the unboundedness of the variance when ¢ is not a
coboundary, we will see that further assumptions are needed. We follow here again
[12], especially Sect. 5. We begin with looking for a useful sufficient condition to
get the (DEC) condition; we adapt it to the class of maps we are going to introduce.
These maps will be defined on the unit interval or on compact subspaces of R".
The adapted spaces will be denoted by V and L. being V the space of bounded
variation functions in the case of one-dimensional maps, and the space of quasi-
Holder functions for maps defined on compact subsets of R™, n > 1. In both cases
we will denote by || ||, the norm on V: this norm will be again the sum of a suitable
seminorm and of the £}, norm.

We say that a transfer operator P acting on V is ezact if, acting on functions
f €V of zero Lebesgue mean, it verifies: lim,,_, ||P™ f|]1 = 0.

We now begin to list the assumptions we need: we will see that the maps in F
will be close, in a sense we will describe below, to a given map Ty. Call Py the
transfer operator associated to Tj.

Uniform Doeblin-Fortet-Lasota-Yorke inequality (DFLY). Given the fam-
ily F there exist constants A, B < oo,p € (0,1), such that for any n and any
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sequence of operators P, -, P; in F and any f € V we have

(7.1) [Pro---oPiflla < Ap"|flla+ Bl fl-

The bound (ZI) will be true in particular when applied to P§'; we moreover
suppose that:

Exactness property. The operator Py has a spectral gap, which implies that
there are two constants Cy < oo and vy € (0, 1) so that

(Exa) [P flla < Crygllflla

for all f € Vand n > 1. By the very definition of the a norm, we immediately have
that the operator Py is exact.

Then one considers the following distance between two operators P and @) acting
on V:

d(P,Q)= sup |[|Pf=Qf|h-

Feviliflla<i

The useful criterion to verify the (DEC) condition is given in Proposition 2.10
in [12], and in our setting it reads: if Py is exact, then there exists &g > 0, such that
the set {P € F;d(P, Py) < 0o} satisfies the (DEC) condition (2.1).

By induction on the Doeblin-Fortet-Lasota-Yorke inequality for compositions we
immediately have

(7.2) (DS)  d(Pro-o Py B}) < MY d(Py. )
j=1

with M =1+ Ap~! + B.
According to [I2, Lemma 2.13], (DS) and (Exa) imply that there exists a constant
C5 such that

P
1Poo---0Pig = Pygll < Collglla(D d(Puirr Po) + (1 =70)"'98)
k=1

for all integers p < n and all functions ¢ € V.
Lipschitz. Assume that the maps (and their transfer operators) are parametrized

by a sequence of numbers e, k € N, such that limy_,o € = €0, (P, = Fo). We
assume that there exists a constant C3 so that

(Lip) d(P,, P:;) < Cslex — €51, for all k,5 > 0.

We will restrict in the following to the subclass F.., of maps, and therefore of
operators, for which

]:ewa = {Psk S ]:7 |5k _50| < 03_150}

The maps in Fe,, will therefore verify the (DEC) condition; in order to guarantee
the unboundeness of the variance we need something stronger, namely:

Convergence property. We require algebraic convergence of the parameters, that
is, there exist a constant C4 and x > 0 so that

(Conv) len —eo] < Ca Vn > 1.

=
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With these last assumptions, we get a polynomial decay for (Z2)) of the type
O(n=") and in particular we obtain the same algebraic convergence in .Z! of
P,o---0Pi¢to h [ ¢ dm, where h is the density of the absolutely continuous mixing
measure of the map Tj. This convergence is necessary to establish the growth of
the variance o2.

Finally, we also require

Positivity property. The density h for the limiting map T} is strictly positive,
namely
(Pos) inf h(x) > 0.
x

The relevance of these four properties is summarized by the following result.

Lemma 7.1 ([I2] Lemma 5.7]). Assume the assumptions (Exa), (Lip), (Conv)
and (Pos) are satisfied. If ¢ is not a coboundary for Ty, then o2 /n converges as
n — oo to o which moreover is given by

o? = / P[G$ — PG¢|*(z)h(x) d,

~ k
where Py = w is the normalized transfer operator of Ty and G¢=Zk20 M.

Warning. In the next sections we will give several examples of maps satisfying [12]
Lemma 5.7]. The family of maps will be parametrized by a small positive number
e (or a vector with small positive components). When we write sentences like The
maps in F verify condition (Lip), we will tacitly suppose that we restrict to Fepq
having previously proved that the transfer operator P, is exact. This will impose
restriction on the choice of € (less than a constant times dg; see above), and in
this case we will use the terminology for ¢ small enough. In particular we could
eventually take the sequences ¢ with k larger than 1 in the theorems stated below
to get the variance. Particular care will be taken in the verification of the DFLY
condition, which in turn will imply the analogous condition for the unperturbed
operator Py. The exactness of Py will therefore follow by assuming the existence of
a unique mixing absolutely continuous invariant measure (for instance by adding
further properties to the map Tp), or alternatively by restricting to one of the
finitely many mixing components prescribed by the quasicompactness of Fy.

7.1. B transformations. Let 8 > 1 and denote by Ts(x) = Sz mod 1 the S-trans-
formation on the unit circle. Similarly for 5, > 1+c¢> 1, k=1,2,..., we have the
transformations T, of the same kind, z — Srx mod 1. Then F = {Tp, : k} is the
family of functions we want to consider here. The functional space V will coincide
with the function of bounded variation with norm || - ||gpy. The property (DEC)
was proved in [12, Theorem 3.4 (c)] and condition (MIN) in [I2] Proposition 4.3].
Namely, for any 8 > 1 there exist a > 0,6 > 0 such that whenever S, € [8—a, B+a],
then Py o---o Py 1(x) > ¢, where P, is the transfer operator of Tj,. The invariant
density of Tz is bounded below, and continuity (Lip) is precisely the content of
Sect. 5 in [12]. We therefore obtain (see [12, Corollary 5.4]):

Theorem 7.2. Assume that |3, — 3| < n=% 6 > 1/2. Let $ € BV be such that
m(hf) =0, where m is the Lebesgue measure and ¢ is not a coboundary for Tg, so
02 # 0. Then the random variables

Wn=0¢+Ts0¢+ - +1pTp,...Tp, ¢

satisfy a standard ASIP with variance 0.
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7.2. Perturbed expanding maps of the circle. We consider a C? expanding
map T of the circle T; let us put Ay = [vg, vg+1];k = 1,--- ,m, U1 = vy the
closed intervals such that TAy = T and T is injective over [vg, vg41). The family F
then consists of the perturbed maps T, which are given by the translations (additive
noise): Te(x) = T(x) + &, mod 1, where ¢ € (—1,1). The functional space V will
coincide with the function of bounded variation with norm ||-||py. We observe that
the intervals of local injectivity [vg,vky1), k= 1,---,m, of T. are independent of
e. We call A the partition {Ay, : k} into intervals of monotonicity. We assume there
exist constants A > 1 and C7 < oo so that

D*T.(x)

. > A; I Sl
(7.3) inf |DT'(x)| > A; sup sup DT (2)

z€T ee(—1,1) z€T

< (.

Lemma 7.3. The maps F = {I.} for € small enough satisfy the conditions of
Lemma [Tl

Proof. (I) (DFLY) It is well known that any such map 7. satisfying (73] verifies
a Doeblin-Fortet-Lasota-Yorke inequality || P f||sv < pl|f|lsv + B||f||1 where p €
(0,1) and B < oo are independent of ¢ (P. is the associated transfer operator of
T.). For any concatenation of maps one consequently has

B
[Pufllav < o*llfllBv + TpllfIll,

where P, = P, o---0F,,.

(IT) (MIN) In order to obtain the lower bound property (MIN) we have to con-
sider an upper bound for concatenations of operators. Since each T, has m intervals
of monotonicity we have (where 7, =T, o---oT, as before)

m
1
(7.4) Ppl(x) = _ — X Ly e e (3),
km‘;/;:l |DT (Tk1781 o Tk:”,an (I))‘ ko

where T} 151 , ki € [1,m], denotes the local inverse of T, restricted to Ay, and

(7.5) A =T oo T Ay,

k1,e1 kn—1,6n-1

k alAk2 N Ag,

is one of the m™ intervals of monotonicity of 7,. Since those images satisfyﬂ

(76) T, Aslv - 75" — TEn (Akﬂ N jﬂEﬂ 1Akn_1 Nn---NT,

En—1

O...OTElAkl)

and each branch is onto, we have that the inverse image is the full interval. By the
Mean Value Theorem there exists a point &, ... , in the interior of the connected
interval A} such that [DTy, (6, - k)17 = |A€1’ % |, where |A| denotes the
length of the connected interval A. In order to get dlstortlon estimates, let us take

2This can be proved by induction; for instanco for n = 3 we have Te;Te, T, (Tkll61 kz EgAk3
kl slAk2 ﬂAkl) T53T52T51[ k1, 51( Ak3 ﬂAkQ nglAkl)] = T53T52(T

k: b Ag. 53 N Ak2
2, 52 2,E2
TglAkl) = T€3T52[ Ak.g n TEzAkz n TEQTE1 Akl )] = T€3 (Ak'g n TEzAkz n TEQTE1 Akl)

ko, 62(
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two points u, v in the closure of Aii "% Then (7p is the identity map)

DTy (u)
D] = ewllog|DT, (0] - log DT, (1))
= expz 10g|DTEJ |—log’DT oTj— 1(1))‘)
j=1

|D2T, (
= epZ T P] |31<u> Ti-1(0)]

for some points ¢; in 7},1A211’7 %, Using the second bound in (7.3) and the fact
that |7;_1(u) — Tj_1(v)| < A0~ 1 we finally have

DT, (u)/ DT, (v)| < €75
which in turn implies that
Pul(z) > e 18
and this independently of any choice of the e,k =1,--- ,n, and of n.
(III) The strict positivity condition (Pos) holds since the map T is Bernoulli and
for such maps it is well known that its invariant densities are uniformly bounded
from below away from zero [1].

(IV) The continuity condition (Lip) follows the same proof as in the next section
and therefore we refer to that. O

We now conclude by Lemma [Z.1] the following result:

Theorem 7.4. Let F be a family of functions as described in this section. Then for
any function ¢ which is not a coboundary for Tz we have that the random variables

n—1
W=D ¢oT,
=0

satisfy a standard ASIP with variance 0.

7.3. Covering maps: Special cases.

7.3.1. One-dimensional maps. The next example concerns piecewise uniformly ex-
panding maps 7" on the unit interval. The family F will consist of maps T, which
are constructed with local additive noise starting from 7', which in turn satisfies:

(i) T is locally injective on the open intervals Ag,k = 1,...,m, that give a
partition A = {Ay, : k} of the unit interval [0,1] = M (up to zero measure
sets).

(i) T is C? on each Ay and has a C? extension to the boundaries. More-
over there exist A > 1,0y < oo, such that inf,cp |[DT(x)] > A and

DTz) <0

SUPze M ’ DT (z)

At this point we give the construction of the family F of maps 7. by defining
them locally on each interval A;. On each interval Ay we put T.(x) = T(x) + ¢
where |e| < 1 and we extend by continuity to the boundaries. We restrict to values
of € so that the image T.(Ay) stays in the unit interval; this we achieve for a given
€ by choosing the sign of € so that the image of Ay remains in the unit interval; if
not we do not move the map. The sign will consequently vary with each interval.
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We now add the new assumption. Assume there exists an element A, € A so
that:
(iii) Ay CT A forallT. € Fand k=1,...,m
(iv) The map T send A,, on [0, 1] and therefore it will not be affected there by the
addition of €. In particular it will exist 1 > L’ > 0 such that Vk =1,...,¢q
we have [T(A,) N Ag| > L'. The functional space V will coincide with the
function of bounded variation with norm || - ||pv.

Lemma 7.5. The maps T. satsify the conditions (DFLY), (MIN), (Pos) and (Lip).

Proof. (I) The condition (DFLY) follows from assumption (ii).

(IT) In order to prove the lower bound condition (MIN) we begin by observing
that, thanks to (iv), the union over the m™ images of the intervals of monotonicity
of any concatenation of n maps, still covers M. Assumption (iii) above does not re-
quire that each branch of the maps in F be onto; instead, and thanks again to (Z.6)),
we see that each image 7;1421 o will have at least length L = AL’, so that the
reciprocal of the derivative of T over Aal’ B ‘2" will be of order L™ |Azl1 9 (as
before T, =T, 0---0T,,). By dlstortlon we make it precise by multlplylng by the

same dlstort1on constant e e as above. In conclusion we have
Cq
P. o---oP. 1(x)> L e =

(ITI) To show strict positivity of the invariant density h for the map T we use
Assumption (iv). Since h is of bounded variation, it will be strictly positive on an
open interval J, where inf,¢ s h(z) > h, where h, > 0. We now choose a partition
element R, of the join A" = \/?:701 T—A, such that R, C J. This is possible by
choosing n large enough since the partition A is generating. By iterating n times
forward we achieve that 7, R, covers A, and therefore after n + 1 iterations the
image of A,, will cover the entire unit interval. Then for any z in the unit interval:

h(z) = P**h(z) > (T, "D (@) [ DT I = b | DTS,

where TQ(HH) is one of the inverse branches of 77! which sends x into R,,.

(IV) To prove the continuity property (Lip) we must estimate the difference
|| Pz, f — P, f]|1 for all f in BV. We will adapt for that to the one-dimensional case
a similar property proved in the multidimensional setting in Proposition 4.3 in [3].
We have

P51f( )_P€2f( )

1 1
= + f- 1Uc ) +
Z DI, (T o) DI, (T )|

+Z e )T = (0 1) )

= E1( )+E2( )+E3($).

The term FE; comes from those points & which we omitted in the sum because

they have only one pre-image in each interval of monotonicity. The total error

= [ Ey(x) dz is then estimated by |E;| < 4mley — o || P flloo- But ||P.flloe <
\DTE2 T i ol 1

||f”°°Zl L DT, (T} 2)] [DTey (T )]
|A;] > n, and 7 is the minimum of the length T(Ax),k = 1,...,m. Due to the

where 2’ is the point so that DT, (T La')]-

€
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bounded distortion property, the first ratio inside the summation is bounded by
some constant D.; therefore

D. & D
Ey < dmley — & - ||f\|oon|Az| < dmler — e - Hf||o<>70

We now bound FEs. For any [, the term in the square bracket (we drop this index

in the derivatives in the next formulas), will be equal to [gTTsf])g T () = T, (@),
where £ is an interior point of A;. The first factor is uniformly bounded by Cj.
Since » = T, (T (x)) = T((T 1 (%)) + &1 = T((T, (7)) + £2 = To, (T, (@), we

€1 €1

obtain [T (z) — T, (2)| = |ex — e2||DT(E')| 7, for some & € A;. We now use

€2

distortion to replace £ with T_llx and get
1
|Ey(z)|de < |e1 —e2|C1 D, / T ey
/ Z ) IDTE (T )]
— la - 2leiDe [ P (7))
le1 — e2|C1Dc|| f1-

To bound the third error term we use formula (3.11) in [I2]

/ sup |f(y) — f(x)|dz < 26Var(f)

ly—z|<t

and again use the fact that [T (z) — T, (z)| = |e1 — e2||DT(¢')|!, for some
¢’ € A;. Integrating Es5(x) yields

/|E3(x)|dx < 2mA e — ga|Var(flye) < 10mA™" |ey — eo|Var(f).

Combining the three error estimates we conclude that there exists a constant C
such that

|P2, f = Py fll1 < Cler — 2|l fll B
O

Theorem 7.6. Assume T is a map of the unit interval defined above and such
that it has only one absolutely continuous invariant measure, which is also mizing.
Let F be the associated family of maps consisting of the sequence {T, }, where the
sequence {ey}r>1 satisfies |ex| < k=%, 0 > 1/2. If ¢ is not a coboundary for T,
then

satisfies a standard ASIP with variance o*.

7.3.2. Multidimensional maps. We give here a multidimensional version of the maps
considered in the preceding section; these maps were extensively investigated in
[2BL2TL221385] and we defer to those papers for more details. Let M be a compact
subset of RV which is the closure of its non-empty interior. We take a map T :

M — M and let A = {A;}", be a finite family of disjoint open sets such that the
Lebesgue measure of M\ |J; A4; is zero, and there exist open sets A; D A; and C1He
maps 7T : A; — RY, for some real number 0 < o < 1 and some sufficiently small
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real number £; > 0 such that

(1) Ti(Ai) D Bc,(T(A;)) for each i, where B.(V)) denotes a neighborhood of
size € of the set V. The maps T; are the local extensions of T' to the A;.
(2) There exists a constant Cy so that for each ¢ and x,y € T(A4;) with dist(z, y)
§ €1,
|det DT, (x) — det DT, *(y)| < Cy| det DT, (z)|dist(, y)“.

(3) There exists s = s(T) < 1 such that Va,y € T(A;) with dist(x,y) < ey,
and we have
dist(T; 'z, T, 'y) < sdist(x,y).
(4) Each 9A; is a codimension-one embedded compact piecewise C'* submani-
fold and

4 .
(7.7) s — Nt

zZ(T
I—s @) N

where Z(T) = sup, »_, #{smooth pieces intersecting dA; containing x}
and 7y is the volume of the unit ball in RY.

<1,

Given such a map T we define locally on each A; the map T; by T.(z) := T'(x)+¢
where now ¢ is an n-dimensional vector with all the components of absolute value
less than one. As in the previous example the translation by ¢ is allowed if the image
T.A; remains in M: in this regard, we could play with the sign of the components
of € or not move the map at all. As in the one-dimensional case, we shall also
make the following assumption on F. We assume that there exists a set A, € A
satisfying:

(i) Ay CT A for al VT, € F and for all k =1,...,m.
(ii) TA,, is the whole M, which in turn implies that there exists 1 > L' > 0
such that Vk =1,...,q and VT, € F, diameter(T.(A4,) N Ax) > L'.

As V C £ (m) we use the space of quasi-Holder functions, for which we refer

again to [211[35].

Theorem 7.7. Assume T : M — M is a map as above such that it has only one
absolutely continuous invariant measure, which is also mixing. If conditions (i) and
(i) hold, let F be the family of maps consisting of the sequence {T¢, }, where the
sequence {ey, y1>1 satisfies |lex]| < k=%, 6 > 1/2. If ¢ is not a coboundary for T,
then

n—1
7=0

satisfies a standard ASIP with variance o>.

Proof. The transfer operator is suitably defined on the space of quasi-Holder func-
tions, and on this functional space it satisfies a Doeblin-Fortet-Lasota-Yorke in-
equality. The proof of the lower bound condition (MIN) follows the same path
taken in the one-dimensional case in Section [[.3.1] using the distortion bound on
the determinants and Assumption (ii) which ensures that the images of the domains
of local injectivity of any concatenation have diameter large enough. The positivity
of the density follows by the same argument used for maps of the unit interval since
the space of quasi-Holder functions has the nice property that a non-identically
zero function in such a space is strictly positive on some ball [35]. Finally, Lips-
chitz continuity has been proved for additive noise in Proposition 4.3 in [3]. ([l
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7.4. Covering maps: A general class. We now present a more general class
of examples which were introduced in [6] to study metastability for randomly per-
turbed maps. As before the family F will be constructed around a given map T
which is again defined on the unit interval M. The functional space V will coincide
with the function of bounded variation with norm || - ||py. We therefore begin to
introduce such a map T'.

(A1) There exists a partition A = {A; : ¢ = 1,...,m} of M, which consists
of pairwise disjoint intervals A;. Let A; = [¢i0,Cit1,0]. We assume there exists
§ > 0 such that T; o := T (¢, o,ci11.0) 18 C? and extends to a C? function T; on a
neighbourhood [c; o — §, ¢it1,0 + 8] of A;.

(A2) There exists Sy < & so that inf,epc, |T7(x)| > By ', where Co = {ci 0}

We note that Assumption (A2), more precisely the fact that 5y bis strictly
bigger than 2 instead of 1, is sufficient to get the uniform Doeblin-Fortet-Lasota-
Yorke inequality (ZI0) below, as explained in Section 4.2 of [I8]. We now construct
the family F by choosing maps T, € F close to T.—o := T in the following way:

Each map T, € F has m branches and there exists a partition of M into intervals
{A;i 3y, Ao N Aj . =0for i # j, Aj e :=[Cie, Cit1,e] such that

(i) for each i one has that [c; 0+0, ¢iy1,0—0] C [Cies Cit1,e] C [€i,0—0, Ciy1,0+0];
whenever ¢i,9 =0 or ¢g41,0 = 1, we do not move them with §. In this way
we have established a one-to-one correspondence between the unperturbed
and the perturbed extreme points of A; and A; .. (The quantity ¢ is from
Assumption (A1) above.)

(ii) The map Ty is locally injective over the closed intervals A; ., of class C? in
their interiors, and expanding with inf, [T/x| > 2. Moreover there exists
o > 0 such that VI. € F,Vi=1,--- ,m and V& € [c;o — 6, cit10+ 6] NA;ic
where ¢; o and ¢; . are two (left or right) corresponding points we have:

(78) |Ci,O - Ci,e‘ S g
and
(7.9) T 0(x) = Tie(2)] < o

Under these assumptions and by taking, with obvious notation, a concatenation
of n transfer operators, we have the uniform Doeblin-Fortet-Lasota-Yorke inequal-
ity, namely there exist € (0,1) and B < oo such that for all f € BV, all n and
all concatenations of n maps of F we have

(7.10) [P, 0o Py fllav < 0™||fllBv + Bllfll1-

In order to deal with lower bound condition (MIN), we have to restrict the class of
maps just defined. This class was first introduced in an unpublished, but circulat-
ing, version of [6]. A similar class has also been used in the recent paper [4]: both
are based on the adaptation to the sequential setting of the covering conditions
introduced formerly by Collet [IT] and then generalized by Liverani [23]. In the lat-
ter, the author studied the Perron-Frobenius operator for a large class of uniformly
piecewise expanding maps of the unit interval M; two ingredients are needed in this
setting. The first is that such an operator satifies the Doeblin-Fortet-Lasota-Yorke
inequality on the pair of adapted spaces BV C £*(m). The second is that the cone
of functions

Go={g € BV; g(z) #0; g(x) >0,Vx € M, Vargga/ gdm}
M
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for a > 0 is invariant under the action of the operator. By using the inequality (Z.10)
with the norm || - || gy replaced by the total variation Var and using the notation
([T2) for the arbitrary concatenation of n operators associated to n maps in F we
see immediately that

Vn, PnGqs C Gua

with 0 < u < 1, provided we choose a > B(1 —n)~'. The next result from [23]
is Lemma 3.2 there, which asserts that given a partition, mod-0, P of M, if each
element p € P is a connected interval with Lebesgue measure less than 1/2a, then
for each g € G,, there exists py € P such that g(x) > % fMgdm, Vz € pgo. Before
continuing we should stress that contrary to the interval maps investigated above,
the domains of injectivity are now (slightly) different from map to map, and in fact
we used the notation A, ., to denote the ¢ domain of injectivity of the map T, .
Therefore the sets ([CH) will now be denoted as

€1, E€n __ —1 -1 -1
Akl,m kn _Tkl,sl o---oT, Ak?mEn n---NT, Ak2,62 mAk?lf':l‘

) kn—1,6n—1 k1,1

Since we have supposed that infr, ¢z i—1,.. mzea, . |[DT:(z)] > Bal > 2, it follows
that the previous intervals have all lengths bounded by 3 independently of the
concatenation we have chosen. We are now ready to strengthen the assumptions
on our maps by requiring the following condition:

Covering property. There exist ng and N(ng) such that:
1

(i) The partition into sets AZZ”‘; has diameter less than 5 —.

(ii) For any sequence €1, ...,En(ny) and ki,. .., ky, we have
€1, sEng
vy 00 Teng Ay, Kng T M.

We now consider g = 1 and note that for any I, P;1 € G,,. Then for any n >
N(ngp), we have (from now on using the notation (L.2]), we mean that the particular

(no)ﬁn*N(no) 1
-n—N(no)

N . .
=P (”O)g, where § = P 1. By looking at the structure of the sequential
operators (74, we see that for any € M (apart at most finitely many points for
a given concatenation, which is irrelevant since what one really needs is the .Z°

norm in the condition (MIN)), there exists a point y in a set of type AZZ‘[’),

where G(y) > § [ §dm, and such that Ty
implies that

. . .. - —N
sequence of maps used in the concatenation is irrelevant), P'1=P

ngy © 0Tz y = x. This immediately

—=n 1
P1>——
(ng)

which is the desired result together with the obvious bound Fll > mgM , for
I < N(no), and where B3y = supr,_¢ » max |DT.|. The positivity condition (Pos) for
the density will follow again along the line used before, since the covering condi-
tion holds in particular for the map T itself. About the continuity (Lip): looking
carefully at the proof of the continuity for the expanding map of the intervals, one
sees that it extends to the actual case if one gets the following bounds:

T (2) = T ()]

€2

DT, (x) — DT, ()| } = O((lex = e21),

where the point z is in the same domain of injectivity of the maps 7, and 7.,,
the comparison of the same functions and derivative in two different points being

, Vn>N(ng),

(7.11)
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controlled by condition (Z.8)). The bounds (TIT]) follow easily by adding to (Z.g]),
[T9) the further assumptions that ¢ = O(e) and requiring a continuity condition
for derivatives like (C9) and with o again being of order €. With these requirements
we can finally state the following theorem.

Theorem 7.8. Let F be the family of maps constructed above and consisting of
the sequence {T;, }, where the sequence {e}r>1 satisfies |ex| < k79,0 >1/2. If ¢
is not a coboundary for T, then

satisfies a standard ASIP with variance o*.

ACKNOWLEDGEMENTS

The third author was partially supported by the Simons Foundation grant 239583.
The second author was partially supported by NSF grant DMS 1101315. The fourth
author was supported by the ANR- Project Perturbations and by the PICS (Projet
International de Coopération Scientifique), Propriétés statistiques des systémes dy-
namiques detérministes et aléatoires, with the University of Houston, n. PICS05968.
The first and fourth authors thank the University of Houston for the support and
kind hospitality during the preparation of this work. The fourth author also ac-
knowledges discussions with R. Aimino about the content of this work. The second
author thanks Christophe Cuny for very helpful comments which improved this
work.

REFERENCES

[1] Roy Adler and Leopold Flatto, Geodesic flows, interval maps, and symbolic dynamics, Bull.
Amer. Math. Soc. (N.S.) 25 (1991), no. 2, 229-334, DOI 10.1090/S0273-0979-1991-16076-3.
MR1085823

José F. Alves, Jorge M. Freitas, Stefano Luzzatto, and Sandro Vaienti, From rates of mizing
to recurrence times via large deviations, Adv. Math. 228 (2011), no. 2, 1203-1236, DOI
10.1016/j.2im.2011.06.014. MR2822221

[3] Hale Aytag, Jorge Milhazes Freitas, and Sandro Vaienti, Laws of rare events for deterministic
and random dynamical systems, Trans. Amer. Math. Soc. 367 (2015), no. 11, 8229-8278, DOI
10.1090/S0002-9947-2014-06300-9. MR3391915

[4] R. Aimino, J. Rousseau, Concentration inequalities for sequential dynamical systems of the
unit interval, to appear on Ergod. Th. €& Dynam. Sys..

[5] Wael Bahsoun, Christopher Bose, and Yuejiao Duan, Decay of correlation for random inter-
mittent maps, Nonlinearity 27 (2014), no. 7, 15431554, DOI 10.1088/0951-7715/27/7/1543.
MR3225871

[6] Wael Bahsoun and Sandro Vaienti, Escape rates formulae and metastability for randomly per-
turbed maps, Nonlinearity 26 (2013), no. 5, 1415-1438, DOI 10.1088/0951-7715/26/5/1415.
MR3056132

[7] Daniel Berend and Vitaly Bergelson, Ergodic and mizing sequences of transformations, Er-
godic Theory Dynam. Systems 4 (1984), no. 3, 353-366, DOI 10.1017/S0143385700002509.
MR776873

[8] Rufus Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms, Lecture
Notes in Mathematics, Vol. 470, Springer-Verlag, Berlin-New York, 1975. MR0442989

[9] Romain Aimino, Matthew Nicol, and Sandro Vaienti, Annealed and quenched limit theorems
for random expanding dynamical systems, Probab. Theory Related Fields 162 (2015), no. 1-2,
233-274, DOI 10.1007/s00440-014-0571-y. MR3350045

[10] N. Chernov and D. Kleinbock, Dynamical Borel-Cantelli lemmas for Gibbs measures, Israel
J. Math. 122 (2001), 1-27, DOI 10.1007/BF02809888. MR 1826488

2

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/mathscinet-getitem?mr=1085823
http://www.ams.org/mathscinet-getitem?mr=2822221
http://www.ams.org/mathscinet-getitem?mr=3391915
http://www.ams.org/mathscinet-getitem?mr=3225871
http://www.ams.org/mathscinet-getitem?mr=3056132
http://www.ams.org/mathscinet-getitem?mr=776873
http://www.ams.org/mathscinet-getitem?mr=0442989
http://www.ams.org/mathscinet-getitem?mr=3350045
http://www.ams.org/mathscinet-getitem?mr=1826488

ASIP FOR SEQUENTIAL AND NON-STATIONARY DYNAMICAL SYSTEMS 5315

[11] P. Collet, An estimate of the decay of correlations for mizing non Markov expanding maps
of the interval, preprint (1984).

[12] Jean-Pierre Conze and Albert Raugi, Limit theorems for sequential expanding dynamical
systems on [0, 1], Ergodic theory and related fields, Contemp. Math., vol. 430, Amer. Math.
Soc., Providence, RI, 2007, pp. 89-121, DOI 10.1090/conm/430/08253. MR2331327

[13] Christophe Cuny and Florence Merlevede, Strong invariance principles with rate for “re-
verse” martingale differences and applications, J. Theoret. Probab. 28 (2015), no. 1, 137-183,
DOI 10.1007/s10959-013-0506-z. MR3320963

[14] Michael Field, Ian Melbourne, and Andrew Torok, Decay of correlations, central limit theo-
rems and approrimation by Brownian motion for compact Lie group extensions, Ergodic The-
ory Dynam. Systems 23 (2003), no. 1, 87-110, DOI 10.1017/S0143385702000901. MR1971198

[15] M. I. Gordin, The central limit theorem for stationary processes (Russian), Dokl. Akad. Nauk
SSSR 188 (1969), 739-741. MR0251785

[16] Sébastien Gouézel, Central limit theorem and stable laws for intermittent maps, Probab. The-
ory Related Fields 128 (2004), no. 1, 82-122, DOI 10.1007/s00440-003-0300-4. MR2027296

[17] Sébastien Gouézel, Almost sure invariance principle for dynamical systems by spectral meth-
ods, Ann. Probab. 38 (2010), no. 4, 1639-1671, DOI 10.1214/10-A0P525. MR 2663640

[18] Cecilia Gonzdlez-Tokman, Brian R. Hunt, and Paul Wright, Approzimating invariant den-
sities of metastable systems, Ergodic Theory Dynam. Systems 31 (2011), no. 5, 1345-1361,
DOI 10.1017/S0143385710000337. MR2832249

[19] Chinmaya Gupta, William Ott, and Andrei Torok, Memory loss for time-dependent piecewise
expanding systems in higher dimension, Math. Res. Lett. 20 (2013), no. 1, 141-161, DOI
10.4310/MRL.2013.v20.n1.a12. MR3126728

[20] Huyi Hu, Decay of correlations for piecewise smooth maps with indifferent fized points, Er-
godic Theory Dynam. Systems 24 (2004), no. 2, 495-524, DOI 10.1017/S0143385703000671.
MR2054191

[21] Huyi Hu and Sandro Vaienti, Absolutely continuous invariant measures for non-uniformly
expanding maps, Ergodic Theory Dynam. Systems 29 (2009), no. 4, 1185-1215, DOI
10.1017/S0143385708000576. MR2529645

[22] Nicolai Haydn, Matthew Nicol, Sandro Vaienti, and Licheng Zhang, Central limit theorems for
the shrinking target problem, J. Stat. Phys. 153 (2013), no. 5, 864-887, DOI 10.1007/s10955-
013-0860-3. MR3124980

[23] Carlangelo Liverani, Decay of correlations for piecewise expanding maps, J. Statist. Phys. 78
(1995), no. 3-4, 1111-1129, DOI 10.1007/BF02183704. MR1315241

[24] Carlangelo Liverani, Benoit Saussol, and Sandro Vaienti, A probabilistic approach
to intermittency, Ergodic Theory Dynam. Systems 19 (1999), no. 3, 671-685, DOI
10.1017/S0143385799133856. MR1695915

[25] Tan Melbourne and Matthew Nicol, Almost sure invariance principle for nonuniformly hy-
perbolic systems, Comm. Math. Phys. 260 (2005), no. 1, 131-146, DOI 10.1007/s00220-005-
1407-5. MR2175992

[26] Ian Melbourne and Matthew Nicol, A wvector-valued almost sure invariance principle for
hyperbolic dynamical systems, Ann. Probab. 37 (2009), no. 2, 478-505, DOI 10.1214/08-
AOP410. MR2510014

[27] Florence Merlevede and Emmanuel Rio, Strong approzimation of partial sums under de-
pendence conditions with application to dynamical systems, Stochastic Process. Appl. 122
(2012), no. 1, 386-417, DOI 10.1016/j.spa.2011.08.012. MR2860454

(28] Péter Nandori, Domokos Szész, and Tamds Varjd, A central limit theorem for time-dependent
dynamical systems, J. Stat. Phys. 146 (2012), no. 6, 1213-1220, DOI 10.1007/s10955-012-
0451-8. MR2903045

[29] William Ott, Mikko Stenlund, and Lai-Sang Young, Memory loss for time-dependent dynam-
ical systems, Math. Res. Lett. 16 (2009), no. 3, 463—475, DOI 10.4310/MRL.2009.v16.n3.a7.
MR2511626

[30] William Parry and Mark Pollicott, Zeta functions and the periodic orbit structure of
hyperbolic dynamics (English, with French summary), Astérisque 187-188 (1990), 268.
MR1085356

[31] Walter Philipp and William Stout, Almost sure invariance principles for partial sums of
weakly dependent random variables, Mem. Amer. Math. Soc. 2 issue 2, 161 (1975), iv+140.
MR0433597

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/mathscinet-getitem?mr=2331327
http://www.ams.org/mathscinet-getitem?mr=3320963
http://www.ams.org/mathscinet-getitem?mr=1971198
http://www.ams.org/mathscinet-getitem?mr=0251785
http://www.ams.org/mathscinet-getitem?mr=2027296
http://www.ams.org/mathscinet-getitem?mr=2663640
http://www.ams.org/mathscinet-getitem?mr=2832249
http://www.ams.org/mathscinet-getitem?mr=3126728
http://www.ams.org/mathscinet-getitem?mr=2054191
http://www.ams.org/mathscinet-getitem?mr=2529645
http://www.ams.org/mathscinet-getitem?mr=3124980
http://www.ams.org/mathscinet-getitem?mr=1315241
http://www.ams.org/mathscinet-getitem?mr=1695915
http://www.ams.org/mathscinet-getitem?mr=2175992
http://www.ams.org/mathscinet-getitem?mr=2510014
http://www.ams.org/mathscinet-getitem?mr=2860454
http://www.ams.org/mathscinet-getitem?mr=2903045
http://www.ams.org/mathscinet-getitem?mr=2511626
http://www.ams.org/mathscinet-getitem?mr=1085356
http://www.ams.org/mathscinet-getitem?mr=0433597

5316 N. HAYDN, M. NICOL, A. TOROK, AND S. VAIENTI

[32] Omri Sarig, Subezponential decay of correlations, Invent. Math. 150 (2002), no. 3, 629-653,
DOI 10.1007/s00222-002-0248-5. MR1946554

[33] Weixiao Shen and Sebastian van Strien, On stochastic stability of expanding cir-
cle maps with neutral fized points, Dyn. Syst. 28 (2013), no. 3, 423-452, DOI
10.1080/14689367.2013.806733. MR3170624

[34] Vladimir G. Sprindvzuk, Metric theory of Diophantine approzimations, V. H. Winston &
Sons, Washington, D.C.; A Halsted Press Book, John Wiley & Sons, New York-Toronto,
Ont.-London, 1979. Translated from the Russian and edited by Richard A. Silverman; With
a foreword by Donald J. Newman; Scripta Series in Mathematics. MR548467

[35] Mikko Stenlund, Non-stationary compositions of Anosov diffeomorphisms, Nonlinearity 24
(2011), no. 10, 2991-3018, DOI 10.1088/0951-7715/24/10/016. MR2842105

[36] Mikko Stenlund, Lai-Sang Young, and Hongkun Zhang, Dispersing billiards with moving
scatterers, Comm. Math. Phys. 322 (2013), no. 3, 909-955, DOI 10.1007/s00220-013-1746-6.
MR3079336

[37] M. Viana, Stochastic dynamics of deterministic systems, Brazillian Math. Colloquium 1997,
IMPA.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SOUTHERN CALIFORNIA, LOS ANGELES, CAL-
IFORNIA 90089
E-mail address: nhaysdn@math.usc.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HOUSTON, HOUSTON, TEXAS 77204
E-mazil address: nicol@math.uh.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HOUSTON, HOUSTON, TEXAS 77204 — AND — IN-
STITUTE OF MATHEMATICS OF THE ROMANIAN ACADEMY, P.O. Box 1-764, RO-70700 BUCHAREST,
ROMANIA

E-mazil address: torok@math.uh.edu

A1X MARSEILLE UNIVERSITE, UNIVERSITE DE ToULON, CNRS, CPT, MARSEILLE, FRANCE
E-mail address: vaienti@cpt.univ-mrs.fr

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/mathscinet-getitem?mr=1946554
http://www.ams.org/mathscinet-getitem?mr=3170624
http://www.ams.org/mathscinet-getitem?mr=548467
http://www.ams.org/mathscinet-getitem?mr=2842105
http://www.ams.org/mathscinet-getitem?mr=3079336

	1. Introduction
	2. Background and assumptions
	3. ASIP for sequential expanding maps of the interval
	4. Improvements of earlier work
	5. ASIP for the shrinking target problem: Expanding maps
	6. ASIP for non-stationary observations  on invertible hyperbolic systems
	7. Further applications
	Acknowledgements
	References

